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| GENTLEMEN, * 


HE firſt Edition of the Royal Road to Geo: 
metry having been well received, andapproved * 
by you, I therefore requeſt your Sanction to this 
new, enlarged, and much improved Edition ; which, 
I flatter myſelf, will be found more deſerving your 


Patronage and Protection. *Tis to You I dedi- © | 


cate it; to the PvuzLic I look for that Encourage- 
nient and Support which it may merit; I requeſt no 
more, I have no right to expect more; nor can all 


| -I might be diſpoſed to ſay in its behalf have any 


weight, ſo as to biaſs, much leſs to impoſe on the 


© Judgment of the candid and impartial Public. 


I ſhall, I muſt, therefore, leave to the Deciſion, 


to the Tribunal of the Public to ſtamp a Merit on it, 
or otherwiſe, as it may be found deſerving; not 


doubting of Candour, I am confident. that their 


Judgment will be impartial and free from Prejudice. 


In conformity with Cuſtom, I was perſuaded to 


dedicate the firſt Impreſſion of this Work to a Gen- 
tleman whom I knew nothing of, not ſo much as by 


Reputation, not perſonally; conſequently, I could 
have no Inducement to be laviſh .in Encomiums on 


his great Endowments. I believe he was a Friend to 

the Perſon who adviſed me, being at the Head of that 
Department, in which he held a valuable Employ- 

ment; and, that 'was in his Power to ferye, ane 
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DED toe. 
be a Friend to me. I acquieſced in it, accordingly; 
what could I leſs? being perſuaded, that it is the 
firſt Motive, and perhaps the beſt, if not the only 
Reaſon that can be given, for Dedications in general. 
1 look on all, or the far greater part of Dedica- 
3 ee e on che many 2550 a 
and extraordinary Qualities, which the Right Ho- 
nourable, or Moſt Noble Perſon might be imagined 
to inherit; who, having done ſome trifling, public 
Action, by which the Author happened to be bene- 
fired, though without any Expence to the public 
ſpirited, Gentleman, or friendly Intention to the 
Author, muſt therefore (though his Virtues never 


ſhone very conſpicuouſly) be a moſt ener, if not a 


= truly benevolent Man.“ 


1 ſhall allow them to put the beſt, or what Con- 
ſtruction they pleaſe on ſuch Acts of Friendſhip, 
ad give the Adulation due, to ſuch exalted Vir- 
tues. I neither ſeek for nor expect the Favour, or 
Patronage, of Individuals; but, from the Public, at 
large, I truſſ that I ſhall find a Reward for my Study - 
and Labour, in an Endeavour te render the firſt, the 


* | moſt valuable, and generally uſeful of all the ma- 


thematical Sciences cafy and familiar; by adapting it 
to the Capacities of all who have any reliſh for, or 


2 Defire to be acquainted with, and converſant in 
Geometry. 


Iam, with dus Reſpect, 
[= he PuzLic's obedient, humble Servant, 


TrHomas Marron. 


PREFACE 


HE reception which the firſt Impreſſion of this 
Work met with, from the Public, might have been 
productive of a ſecond, long ago; no greater proof of 
which need be given, than the great demand there has been 
for it, of late years, and not one to be had, at any price, 


but by accident, for theſe ſeven years paſt, or more: The 


price was Half a guinea, ſtitched, whilſt moſt other oc- 
tavo works, on the Subject, are but five or fix ſhillings, 
bound. It was hoped that the firſt Edition, being the 
firſt eſſay of an obſcure perſon, wholly unknown to the 


world, in the field of Science, would not be too haſtily 
cenſured by thoſe more converſant in mathematical ſcience, 
on account of his having dared to go out of the beaten 
track, ſomewhat; at leaſt, before they had given it a can- 


did peruſal, and fair inſpection; which having paſſed that 


public Ordeal, without cenſure, it is now preſumed, that 
this ſecond Edition, on a greatly improved plan, needs no 
apology from the Author, for obtruding it on the Public 


in a new dreſs, at this time; whoſe unſettled ſituation 


for ſeveral years paſt, and his determination to reprint it | 


on a plan, which would reduce the price (confidering it 


as two volumes) have prevented a ſecond Edition' — 
its appearance ſooner. 


Having made (by al e ſome proficiency i in 
Geometry, and other mathematical Sciences my favourite 
ſtudies, I am much ſurprized at the deficiency of our com- 
mon Schools, for the cultivation of Youth who are in- 
tended to fill the middle Sphere of life, in mechanic t 
Trades, &c. Probably, the blame may, with propriety, - 
be attributed to the Legiſlature, for not ſetling a better 
and more uſeful mode of common Tuition ; and an en- 
_ quiry into the abilities of thoſe who undertake to cultivate 


15 
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. 
the Minds of Youth; of both ſexes. They, almoft i in gene- 
ral, purſue (in boy's ſchools) one common plan or track of 
learning. After the firſt and neceſſary branches, Reading, 
Writing, and Arithmetic (which, indeed, might be ac- 
quired in half the time it uſually is); if the Pupil make 
a progreſs through Arithmetic in any reaſonable time, 
the next ſtep is the grammar of the Latin tongue, 
through which he often labours to little purpoſe. 

It may reaſonably be aſked, why this Time is ſo ſpent ? 
which might be employed to better purpoſe. For, what 
have Mechanics to do with Latin, more than a Po orter or 
. Carman has with Logic? it may indeed make him a pe- 


dantic Coxcomb, but can never be of real uſe in his 


Profeſſion; even, ſuppoſe he make a tolerable proficiency, 
it can anſwer no ↄther purpoſe but to ſet him above his 
Employment, without being of any ſervice in it. 
On the contrary (ſuppoſing no particular avocation 
intended for the ſtudent) if, inſtead of- Latin, Geometry 
and Menſuration, & c. were introduced in all public, com- 
mon Schools, I would aſk any perſon, who has conſidered 
theſe things, and their uſes in life, which is the moſt 


| likely to turn to the pupil's advantage? Is there a me- 


chanic profeſſion in which Geometry or Menſuration may 
not be of ſome uſe? in ſome particular ones, it is well known 
to be of the greateſt, the foundation of it; and yet, although | 
the Youth were particularly intended for that Profeſſion, it 


was, perhaps, never once ſo much as thought on; until, 


by too late experience, he finds the want of it: I mean all 
ſach Trades as relate particularly to Building, in general. 
Had ſome Builders, whom J have known, been conver- 


_- fant in Mathematics, or only in Plane Geometry; in- 


ſtead of ploding on in a low ſphere of Employment, they 


| would, if their natural, mechanical genius had heen pro- 


perly cultivated, have filled a more elevated ſtation. 
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11 only pradtieal Geometry be well inculcated, it will be 
of more ſervice, in common life, than a proficiency in 
Latin can poſſibly be. If the young pupil have a genius, 
and diſcover a reliſh for mathematical ſcience, let him go 
through the Elements. Having acquired a competent 
ſhare of knowledge therein, it will then be time to con- 
fider, what particular Profeſſion he either wiſhes or is deſ- 
tined for: In chooſing of which, regard ought particu- 
larly to be had to the Boy's genius and diſpoſition, which 
will, ere this, be diſcernable. Inſtead of aiming to drive | 
2 uſeleſs dead Language into a ſtupid Boy, let the prac- 
tice of Geometry be introduced in its ſtead ; there is ſome- 
thing entertaining to the Mind, better than burdening 

the memory with Propria que My and other Rules of 
the Latin grammar. | 

Accuſtoming boys, early, to handle and uſe + Compalidl 
and other drawing utenſils, in delineating the diagrams, as 
they proceed, will make it an entertainment to them of 
great utility, rather than a perplexing ſtudy; and make 
them more readily perceive the Demonſtration ; which, 
under a proper tutor, they would ſoon have a reliſh for, 
and then they would proceed with pleaſure : befides, it is 
an introduction to Drawing. A foundation being laid in 
Geometry, they are then qualified to purſue any branch 
of the Mathematics, ſuitable to the Profeſſion they are in- 
tended for; ſuch as Menſuration, Tri igonometry, Navigation, 


Gunnery, Fortification, Architecture (naval, military, or 


civil) Surveying, &c. In ſhort, all the ufeful and ne- 
ceſſary employments, in the mechanic Arts, have their 
foundation in this moſt neceſſary Science; which, being 


acquired, will, moſt probably, make its poſſeſſor ſtrike 


out of the common and vulgar track, and make him emĩ- 

nent and diſtinguiſhable, in whateyer- profeſſion he is ca- 
ſually fixed in; as he will have laid a ſolid and permanent 
foundation, in theory, whereon may, very probably, be ; 
eretted a laſting monument to his future F ame. | 


1 r R EF ACE, 
In the works of ſome able Geometricians, I find it treated 


in a manner ſcarcely intelligible to a beginer, from the 
too great uſe of Symbols and appearance of Algebra; 


| others would be more approved, if they were not ſo prolix, 


dwelling too much on ſelf- evident Propoſitions, or tedious - 
Diſſertations to little purpoſe, on mere Axioms +. Some 
have ſo mutilated the whole Elements , others ſo curtailed 
them &; ſome have ſo varied the Order, according to Eu- 
clid, whilſt others have ſcarce preſerved any order at all; 
inſomuch that, when a ſtudent has acquired ſome know- 
ledge of it, from them, and he afterwards meets with Eu- 
clid's Elements, according to Keil (or Cunn) Profeſſor 
Simſon, Barrow, and others, he can ſcarcely think it the 
fame Subject. But what is, moſt of all, to be lamented; 
the number of trivial and puerile Abridgments, of late 
years, by pedantic, ſelf-ſufficient Teachers : who imagine, 
that juſt ſo much as they ate capacitated to teach is ſuffi- 
cient for ans, perſon to know, which induces them to ex- 
poſe their trifling Works, and themſelves, to the world's 
Cenſure. I ſay, it is much to be lamented; that a Boy of 
genius, and talents for the ſtudy of it, ſhould be obliged 
to wade through their ill digeſted Publications; by which, 
he may, probably, ever after, be limited in his ideas of it, 
and his acquiſitions in Geometry protracted, by a partial 
knowledge obtained from them; according to the con- 
tracted notions, or caprice of his ſupers ois Tutor, or 
greatly defective Author. | 

As the knowledge I have Secnited, 4 in ſuch Grudice, has 
been entirely from Books, without other aſſiſtanee, I may, 
perhaps, have ſeen deficiencies or ſuperfluities in them, 
better than thoſe who bave ſtudied: . 2 Tutor; who. are 
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ih Coon bh Keil) Profeſſor aum Williamſon a TN pro- 
duction) &c. tranſcribers of Euclid, + Emmerſon, T. Simpſon, 
and others. 5 Tacquet, Pardie, Le Clerc, &c. | 


* * F 3 B. | V 
190 to give their been, too often, on credit. perhaps i 
I ſhall be thought raſh, or vain, in preſuming to cenſure, 
as uſeleſs and redundant, ſeveral Propofitions in that able 
and firſt of Geometricians, Euclid ; and with his ſtating 
the Premiſes of others, particularly, the 7th of Book I. 
1 will venture to affirm, that very few, who are not already 
tolerably verſed in Geometry, can conceive what the pro- 
poſition means, or attempts to prove; who, from inſpec- 
tion, only, of a proper Figure, might be fully convinced 
of the truth of the premiſes. x” | 

1 have endeavoured to render every Propoſition clear in 
the premiſes, ſo as to be intelligible to any capacity; and 
have omited none that are uſeful, or neceſſary for attain- 
ing the moſt eſſential. I will be bold to aſſert, that thoſe 
who cannot, from this work, acquire a competent know- 
ledge of all that is requiſite, in common Geometry, will 
neyer be able to attain it at all. Where there is not a 
Capacity adequate to the taſk, they had better deſiſt from 
the- undertaking. An equal talent 1s not given to all; 
fuch as have not a talent, and a natural propenſity to it, 
muſt not expect to acquire any tolerable ſhare of know- 
ledge, in Geometry, 'tis aiming at impoſſibilities. 

But, not to deter any from the ſtudy of it, I would ob- 
ſerve to them, that, Geometry is nothing more than the 
elements and principles of logical reaſoning, of Common 
ſenſe; without which, the ordinary affairs in life could 
not be tranſacted; and have the appearance of difficulty 
and intricacy, only from the artificial arrangement of 
thoſe fimple and familiar Truths, in regular order; and 
being ſomewhat diſguiſed, by drefling it with a few tech- 
nical terms, which will ſoon become familiar to them. 

I ſhall ever be of opinion with Tacquet, and ſome 
others, that, to attempt demonſtration, of Propoſitions 
which are ſelf-evident, is involving Truth, which, in itſelf, 
is clear and conſpicuous, in darkneſs, or perplexity. I 
have always found more = in demonſtrating, to 
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or perſon, ſelf-evident Propoſitions, than the Ry 
intricate of others; and, when den, have only ont 


E more perfect Idea which the pupil had of it, from inſpec- 


tion of the Figure. If the knowledge of ſeveral ſimple 
Properties of figures be acquired, which are neceſſary to 
illuſtrate, to enforce, or prove ſuch as are more complex, 
is not the eaſieſt method the moſt eligible? barely to be 


told ſeveral properties of Triangles is ſufficient for attaining 


the reſt. Some Propoſitions are merely Corollaries; cer- 


; tain conſequences deducible from preceeding propolittons. 


The 16th and 17th Propofitions, Book 1, I deem en- 
tirely uſeleſs ; for ſince (in the 32nd) the external angle 
is proved to be equal to the two remote angles of the tri- 
angle; and, fince all the three angles, of every triangle, 
are there proved equal to two right ones; it ſeems abſurd 
to prove, before hand, that any two of the angles are leſs 
than two right angles, and that the external angle, is 
greater than either of the remote ones ; as if one ſhould un- 
gertake, firſt, to prove that five 1s greater than either 


two, or three, which, ſoon after muſt be proved equal te 


them both. I have, therefore, made free, to alter the diſpoſi- 
tion of the Elements of the firſt Book; that, by a different 
arrangement, omiting ſome, and tranſpoſing the places 


of others, thoſe more ſublime Propoſitions, which depend Fe 


on them, may be briefly and clearly demonſtrated. 
Dr. Keill, in the Preface to his tranſlation of Com- 


mandine, and alſo Mr. Cunn, think it unpardonable in 


Tacquet, to omit the demonſtrations of the 5th Book; 


Cunn aſſerts, that not one Demonſtration in the 6th, 11th 
and 12th, can be obtained without it. But, I muſt beg his 
pardon, for differing from him in opinion, and am, my» 
ſelf, a living witneſs againſt ſuch an aſſertion; for, I do 
aver, that, without any other demonſtration of the 5th 
Book, than what Tacquet has delivered, I was enabled 
to go through all the other; and, without vanity, I think 
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I underſtand them; but, of that, let this Treatiſe bear 
witneſs. I never had patience to go through the tedious 
demonſtrations, delivered in 25 Propoſitions, of the 5th 


Book of uis Euclid 3 had it firſt fallen in my way, I 


ſhould (I verily believe) have lain it aſide before I had 


got through a fourth part of it; yet, I muſt acknowledge, 
that, Tacquet is much too brief. I cannot think it ab- 


ſolutely neceſſary, in order to attain a competent know= 
ledge in Geometry, and of Proportion in particular, to 
tread exactly in the ſame ſteps with Euclid; therefore, 
I have made free to deviate, where I preſume to think it 
for the better, a readier and c!carer way of inveſtigating. 
My aim has been to bring the whole Elements into leſs 
compaſs, by abridging it of every redundancy, and avoid- 


ing that tedious prolixity, which 1s in many Authors, on 


the ſubject; in dwelling too long on ſuch propoſitions 


ſtudy of Geometry more pleaſant and entertaining. Tis 
enough to deter any one from the purſuit of a Science, 
who finds, in the rudiments of it, ſo much perplexity ; 


as are clear in themſelves ; by that means, to render the 


for, I am ſenſible, that, unleſs a perſon has a Rong in- 


clination to it, and a good natural capacity, *tis not a 
pleaſing, ſtudy, at the firſt, until they begin to feel the 


Truths it inculcates; and am therefore of opinion, that, 


the eaſter it is made, in the begining, 'tis the more en- 
gaging, for young ſtudents to perſevere. 
Can there need demonſtration, that any two Sides of a 


Triangle, are greater than the third? is there a perſon ſo 


ignorant as not to know it? it is implanted in us by na- 
ture; every common Porter knows it, or practices it every 


day. Who ever ſaw one of them traverſe two ſides of 


a Square, when he could croſs the diagonal? and why is 


it, but, becauſe he knqws it to he {ſhorter than the two 


Sides? Is it not obvious, that the greateſt angle of every 
triangle, muſt be oppoſite to the greateſt fide? and can 


there be any necd to demonſtrate the converſe + that the 
x : b 2 
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greateſt ſide ſubtends, or is oppoſite to the greateſt angle; 
is not one the conſequence of the other? it is trifling to 
no purpoſe; all converſe Propoſitions may be Corollarics 
to the former. If two ſides of a triangle, equal to two 
ſides of another triangle, contain a greater or leſs angle, 


the remaining fide will be greater or leſs? Theſe, and ſe- 


veral more, are obvious and clear, from a bare inſpection 
of the Figure, nay almoſt without it; 'tis enough to | 

told they have ſuch properties, which will be readily 
granted, as Axioms, being ſelf-evident; not to exhauſt 


the patience of the ſtudent, with a tedious demonſtration 


of what he ſaw clcarer before; if the thing be ſeen or 
known, what need there more? is it intended to perplex, 
only, where it can be of no uſe? to diſcourage the be- 
giner, before he is able to perceive the ſublime” Truths it 


contains? Yet, I do not omit theſe entirely, becauſe the 


whole Elements depend on them ; but I have endeavoured 
to treat them in as ſimple a manner as the nature of the 
Subject will admit of; if it be conciſe, 1 doubt not I thall 
be excuſed, having faid enough. 

Bur, as I think I have ſaid enough, in this place, I ſhall 
ſtraightway proceed to the Subject; through which, if the 
Reader be inclined to follow, with intention to'learn what 
it contains, I am much miſtaken if he loſe his labour ; and 
for ſuch as peruſe it only with intention to cavil, 1 hoes 
they will be diſappointed, and find but little to cavil at. 
I am not fo vain as to ſuppoſe it is without defect, or that 


it will pleaſe all, for that I know is impoſſible ; but, if 


I have made it intelligible, and uſeful to common capa- 
cities, it is what I aimed at, and ſhall reſt ſatisfied in the 
ſuppoſition that my labour is not entirely loſt, 

Correct and well adapted Schemes are of conſequence, in 
which, I have been particular; and have carefully reviſed the 


| Letter prefs, ſo that, I hope, fewerrors have eſcaped my ob- 
| ſervation: For, Errors, in miſplacing the References to the 


{chemes, and ſometimes omiting them entirely (which i 18 
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bent of the did is almoſt unpardonable in mathema- | 


| tical works; having frequently experienced the perplexity 


it occafions ; eſpecially, when the ſubje& is new to the 


ſtudent, But, if any ſhould remain unnoticed, I hope 


the candid reader will impute it to human fallibility, and 


not quarrel with it on that account, for I am confident 


he will not meet with many. _ 
The alterations made in this ſecond Edition are conſi- 
derable, in the arrangement of the Elements very little; 
but, on the whole, it is much improved. In the cond 
Book, more general Demonftrations are given to the firſt _ 


eight Theorems ; the fourth 1 Is abridged of what is merely 


practical, being transferred to the ſecond Part. The: ; 
doctrine of Proportion (in the fifth) is better defined and 4' 
illuſtrated, the Theory is the -ſame, nearly; the theory 
of Menſuration, in tie Appendix, 1s greatly improved. 


There are little or no alterations in the other Books, fave 
the tranſpoſition of the 17th and 19th Theorems, of the 
firft; excepting the abridgements of _— and more ele- 

gant demonſtrations of others. 


Having „ diſtinct Books, theoretic and 


practical, grea part of what was introductory, in the for- 


mer Work, is transfered to the ſecond Part, in which are 
many additional) valuable Problems, of great uſe to Me- 
chanics, in general, ſelected from various other works, 


and otherwiſe collected; nothing trivial has any place 


there, though ſome of them are merely ſpeculative ; at 
leaſt; their uſes are not immediately apparent, to me, 
others may find them. There are many to whom it 
may be of great uſe, who either have not leiſure or in- 


_ clination to go through, or a ready comprehenſion of the 


elementary part, which diſcourages them from proceeding; 


but, thoſe who are not inclined to take the whole on 
credit will readily obtain- demonſtration, from the Theo- 


rems referred to. 


' _ADVERTISEMENC T. 


. may appear ſomewhat Arange, to call ſo copious a Work 
as this, an Abridgment ; which, on examination, and com- 
paring with thoſe who have tranſcribed Euclid, will be found to 
be a great abridgment of the Elements; both in the number of 
Theorems and length of the Demonſtrations. | 
But, they will find in this Work, particularly in the 2 nd, 
the 3rd, the 6th, 7th and 8th Books, ſeveral valuable Theorems 
(in the whole, forty nine) which are not Euclid's; ſome of 
which are elementary, and neceſſary to be known. 
The practical Part, with the Introduction thereto, is now 
made an entire Work, of itſelf, with a ſuitable Appendix. | 
Thc Applicarions, Notes, and Remarks, neceſſary to a young 
Student, and the length of ſome (1n the fitth Buok particularly) 
have ſwelled the Work, conſiderably. The much greater number 


of Terms defined, various ways of demonſtrating ſome 'T hcorems, 
the Preamble to each Book, alſo, the manner of printing, in 
order to have the Figure in view, ſo that, many Vages are not near 
full; all, which, have concured to extend the Work, greatly; 
but, although the Elements are much abridged, it contains the 
whole in Subſtance. The full and perfect knowledge of all, and 
more than is contained in Euelid, may be acquired in a third 
part of the Inne, and with more Eaſe, Pleaſure, and Satisfaction 
to the Leaner (having no Aſs Bridge to go over, but the Road 


ſmooth and even); conſequently, it may, with great propriety, 
. be called an Abridgment. | 
Having deviated greatly from Euclid, I have, in order to make 
it generally uſeſul, put his Number after mine, to each Propo- 
fition; alſo, by means of the Index, is ſnewu where to find any 
Propofition of Euclid, which, in caſe of Reference, in other 
Works, may be readily turned to. I have well conlidered and 
digeſted every Propoſition, have carefully reviſed them over and 
over, with the ſtricteſt attention, and preſume to think that J 
have not omited the ſubſtance of any Propoſition which will ever 
be refered | to, by Authors in any other Science. 


— 
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4 The 7th Prop. I think (ome £ Ay the sth) of the firſt of Enel d, has, 
in the Seminaries of Erudition, been Pr diſtinguiſhed by the Appellation 
oſ the es Bridge, on which, many have foundered, and never r got over; nor 

been able to advance one ſtep e 2 
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_ SHEwiNG where to find the Propoſitions of Euclid, 
in the Firſt, the Third, the Fifth, and Sixth, the 


Eleventh, and Twelfth Books; 


in caſes of Refe- 


rence, to Euclid, by Authors in the Mathematics. 
In the Second and Fourth Books, the Propoſi- 
tions follow in the ſame Order as in Euclid. 


N. B. The Problems, of Euclid, as refered to, are amongſt 
other ſelect Problems, in the ſecond Part. (S. I. Section 1ſt. &c.) 


Note. 


The Numbers in the Firſt Column are Euclid's ; oppoſite 


to them is ſhewn where each Propofition may be found 1n 
this Work, whether Problem or Theorem. | 


Book V. 


Book 1. 5 

Prop. Theo. Prop. Theo. Prop. Theo. Prop. ' Theo. 
1 Prob. 14 30 — — 5. 9 — Cor. to 5. 1 —— 1. 
2 Prob. 110 Prob. 5. S. J. 1 Az 4: 22 3o 4, g nd | 
3 Prob. 3 32 10.11 and 12 — 7. of no uſe at all. 
4 — 8.33 — Cor. to 15.13 - Ax. 6. +. A. 

5 —— 934 15.14 — 3.9 Ax. 5. 

6 — Cor. 3. 9.35, 36, a 1815 nry——_ 4.110 - Ax. 6. 

8 — 7.137 and 38. 16 — 8.11 Ax. 13. 

9 Prob. 12 39 & 40. Coroll. 17 Prob. 4. III. 12 —.— 2. 
10 Prob. 10 f 07 [41 19.18 — Cor. 3. 8.14 - Ax. 

11 Prob. 6{ 442 Prob. 2. S. VI. 19 — Cor. 2. 8.15 - Ax. 7 * 8. 
12 Prob. 8 | | — 17.20 — — 9.0 — — 4 
13 — — 1.44 Prob. 18 VI. 27 10.|17 —_—— 
14 — Cor, 1. I. 45 Prob. „ — 11.18 — — 6. 
15 2.40 Prob. 16. &. I. 23 & 24 are uſeleſs 19 J- 
ib and 17 — 10.47 — 20.25 Pr. C. tos. LIT. 22 —— 9. 
18 12.48 Corollary. 26 and 27 — 10.23 15 
19 — Cor. 1. 12. — 22810 c 24 — Cor. to 3. 
20 13. | 2 pb or. 25 f 3.25 —.— 11. 

41 14.] Book III. 30 Prob. 10. S. I. — nr 
22 Prob. 15 ! F. I. 1 Prob. 1. 8.111.131 —— 12. Boo VI. 

23 Prob. 4 2 - Ax. 5. 32, —— 13. The fir oe.” 

24 & 25 are 33 1.133 Prob 4 III.] are Euclid's. 

a n Cor. to 84 . é , — Cor. 1. 4. 
20 —— 11. Ax. a2. 3 5 — 14. 6 — 

27 and 28 — 4. ee 5.36 — LO; Y — J 

29 Cor, 1 & & 4. 4 J Converſe. [o8c1oProb. 2 
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31 e 358 — ib & 17 uteleſs 
ion — 10.38 — Cor. 3 — Cor. to 9. 
DET tw the END IX, 
Article | | Page 
1. How the Area of a Square is obtained. — — 290 
2. Of any Rectangle whatever. Art. 3. Of the Triangle. 299 
4. All Figures, having equal circuit, are not equal in Area. 292 
5. Square. Greater than any other Rectangle of eq. circuit. 293 
6. Difference between a Rectangle and other Parallelogram. ib. 
7. How the Areas of regular Pohgons are obtained. — 294 
8. Of the Circle; its Area aſcertained, —— — 295 
9. Circle greater than a Square, having equal circuits = 297 
10. Circle more capacious than an Ellipſis ofequal Periphery. 299 
11. The Area of a Rectangle aſcertained, and accounted for. zor 
12. By Duodecimals, or Feet and Inches. — — 302 
13. By Decimal Parts; the diſterence explained. 303 
14. Of irregular Figures; as a Field, &. — — 306 
15. Area of a Triangle; by the meaſure of its Sides only. 307 
16 & 17. Of cylindrical, and, of conical Surfaces. — 309 
18. Of the Surface of a Sphere, and any Segment, or por- 
5 tion between parallel Circles. — — 31•ꝝ0 
Er 80 1 88. 5 
11 1. Of the Cube, and other right- angled Parallelopipeds. 311 
+ 2 & 3. Any Parallelopiped, Priſm or Cylinder whatever. 312 
| 4. Pyramids and Cones, how meaſured. — — 313 
11 . How the Area of a Sphere 1s aſcertained; alſo, — 314 
| - 6. Of the Segment of a Sphere. — — — 315 
a. 7. Of guaging Veſlels. 8. Of irregular Solids, «- 316 
1 Properties of Ellipſes. — — — — 


N 


NE, As 
- 


AN 


- 


INTRODUCTION 
TO 


ox O N = 4 ab 


11 of the TERMs peculiar to, and uſed in 


any Science, with explanatory Notes and Remarks 
on them, where it is neceſſary to enlarge, claim the firſt 


Place. Explanations of all the Abbreviations made uſe 


of in the Work, the next; ſome, uſed here, are explained 


in Grammars, and other ſchool Books, yet may not be 
impertinent, or ſuperfluous : Nothing ſhould be omited, 


that may facilitate, and elucidate the Subject treated on. 


IF T have any pretence to Merit in this Work, it is in 


the attempt to render an apparently intricate, yet generally 


uſeful and moſt neceſſary, Science attainable to ordinary 55 


Capacities; and, at the ſame time, I hope, not exception- 
able to thoſe of acuter talents. | 


I apprehend, that it will not be leſs acceptable to any, 2 
for being eaſy to be attained; to write only for Proficients is 
do little purpoſe. By ſuch I may, in ſome caſes, be thought 
rather prolix, yet, I preſume, not tedious ; a repetition is 
| ſometimes neceſſary to young Minds, and is more agreeable, 
in general, than turning back, which they are too fre- 
quently obliged to do; it being impoſſible to retain, in me- 
mory, all that is paſſed over on the firſt peruſal, 
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. INTRODUCTION 


1 eee 
AccorDING to its original derivation, GeoMETRY 
- ſignifies to meaſure the Earth; from Geo, the Earth, and 
meter, or metior, to meaſure.* It is a Science which con- 
templates continued QUANTITY, EXTENSION, or Ma- 
 NITUDE, abſtractedly conſidered ; it teaches the uſe and 


properties of LixEs, and AED. #2 of en SUR- 
FACES, and SOLIDS. 
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GEOMETRY is in two parts, ſpeculative and practical; 
it demonſtrates the powers and properties of Lines, Fi- 
gures, &c. in ſpeculation; from which is deduced the 
practical part, for various uſes, for the benefit of mankind, 


in mechanic Arts. 


Ever ip has jadieiouy divided the Subject into Books, 

or Sections; each of which, treats of different Figures, or 
different properties of Figures, the power of Lines, Propor- 

tion, &c. which ſome Authors have thought proper to 

deviate from, though, I think, without a Jan reaſon for ſo 

_— #4 
It treats, in the firſt, third, fourth, and ſixth Books, of % 
Plane Figures, and thence is called Plane Geometry; and 
afterwards, in the 11th and 12th of Euclid, the 7th and 
8th of theſe Elements, of Planes and Solids. _ 

Each Book contains ſundry Propoſitions ; from which | 
are deduced Corollaries, Scolia, &c. the fignification of all 
which I ſhall firſt beg leave to explain or define, before I 
proceed with the Definitions of the more eſſential Terms, 
which are the ſubject of Geometry. 


E, Geometry i is ſuppoſed to owe its origin to the overflowing of the Nile, 

in Egypt; by which, their Land marks being obliterated, or removed, it 

became neceffary to have recourſe to Science, for determining the boux- 
daries of each Perſon's property, when the Waters had ſubſided. 
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A DEFINITION is the defining or explaining, the 
true and full ſignification of any Ferm, Name, or techni- 
cal Word, peculiar to, or made uſe of, in that Seience of 
which we are about to treat; the ſignification of which 
not being underſtood, generally, 


A PROPOSITION is either a ThROREM, propoſed to 


be proved or demonſtrated, contemplatively ; or, it propoſes 


ſomething to be done, problematically or mechanically. 
A CONVERSE PROPOSITION is the contrary of 


the other; that, which, in the foregoing, was the Con- 
eluſion, drawn from the Premiſes of it. 


e. g. If a Triangle has two · equal Sides, the > Angles 


which they ſubtend are alſo equal. 


The CoxveRs8 is, that if a Triangle has two equal 
Angles, the Sides ſubtending them are alfo equal. 


A THEOREM is a ſpeculative PROPOSITION ; an af- - 
firmation of certain properties, equality, or other propor- 
tion relative to Quantity, or Fi igure, propoſed to be con- 


ſidered, and demonſtrated. 


A PROBLEM is a ProOPOSITION, which propoſes 
ſomething to be done, practically or mechanically. 


An AXIOM is a ſelf-evident PRorosITION, whites 
does not require to bedemonſtrated. See Axioms, P. 31 & 32. 


A LEMMA is a PROPOSITION, as it were by the bye, 
or out of courſe; ſerving, previouſly, to prepare the mind 
for better comprehendi ng the Demonſtration of the follow- | 
ing Propoſition. | 


I do not make uſe of Lemmas in this Work, as ſome 1 40 
for, if there be a neceſſity for a Lemma, I ſee no reaſon why that Lem- 
ma is not as much a Propoſition as any other. The 7th and 16th Pro- 
poſitions of the firſt Book of Euclid, may be called Lemmas, for they 


are redundant Propoſitions. In various mathematical Subjects, Lemmas 


are frequently neceſſary, when no Propoſition can be found, in Euclid, 
that is directly to the point; but, in Geometry, L think them incon- 
ſiſtent. 2 
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A COROLLARY is a neceſſary ConsEquence FO 
eible from the Propoſition, already demonſtrated. 


A SCOLIUM i is a REMARK, or dul Leſſon derived 
from. the . PROPOSITION, | 


De POSTULATE ; is a PETITION, or 8 which 
is required to be granted. See Pos ruLArEs, P. 30. 


HYPOTHESIS. Whatever is ſuppoſed, or premiſed, in 
2 PROPOSITION, is called the HYPO THESIS or PREMISES 
of it; from which ſome certain Conſequence i is deduced, 
as affirmed, and afterwards demonſtrated ; called the 
THres1s, or AFFIRMATION, 

e.g. IfaRight Line, cuting two Right 8 makes 
equal Angles with them both, thoſe Lines are parallel. | 
Here, the HyyPoTHEs1s is, that the Angles are equal ; 
the ConsEqQUENCE, that the Lines are parallel, 


_ SUPPOSITION. In demonſtrating ſome TyuzorREMs, 
It is neceſſary to have recourſe, frequently, to ſuppoſe ſuch 
and ſuch things, which are not ſo in reality ; by the ab- 
ſurdity of the ConstqQuEnCEs; ariſing from ſuch a Su- 
BOSITIQN, a conclufion is drawn, and the Demonſtration 
is made evidently to appear. 
Such kind. of Demonſtration is called reductio ad abſur- 
dum, i. e. proving it to be abſurd, or impoſſible to be, on 
that or any other ſuch Suppoſition; which, not being di- 
rect and poſitive, is, to many, unſatisfactory; yet, if rightly 
conſidered, is full, though not direct Demonſtration. 


| CONSTRUCTION is the contriving and conſtruct-· 
Ing, geometrically, i. e. drawing Lines and Figures, neceſ- 


ſary for making the Demonſtration appear; and muſt 
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always be of ſuch Figures as are already well underſtood, 
their Properties being previouſly demonſtrated, 


DEMONSTRATION. When any thing is propoſed, 


or affirmed in a PROPOSITION, the Caſe is firſt ſtated and 


prepared, by drawing ſuch Lines, or forming ſuch a Cox- 
STRUCTION as is neceſſary, by means of which it is to be 
demonſtrated ; that is, the truth of the Aſſertion is made to 
appear, obvious, and without the leaſt doubt .remaining ; 


the performance, or operation of which, is called the DE- 


MONSTRATION, 


; The three laſt Terms, being common Words in the Engliſh | 


Tongue, may, by ſome, be thought impertinent; but, notwith- 
ſtanding the common acceptation of them is almoſt univerſal, yet, 
the application of them, in Geometry, requires to be explained, 


n E F 1 N 
Of the eſſential and operative TERMS. 


The Tens of Axr, to be defined in any Science, are Names, 


_ arbitrarily given, by the firſt Authors, or others, to certain Ob- 


jets, Symbols, Figures, Marks, or Characters, poſſeſſing cer- 


tain Properties, or Relations, in reſpe& of Figure, Poſition, 


Situation, Quality, &c, 


Operative Terms are, generally, technical Words, peculiar to 


that Science, though perhaps applicable to others ; which are not g 


of common uſe, in Language, or have different ſignifications. 


The following Definitions are frequently referred to, hereafter, 


for illaftration, or proof of what is advanced in the Propofitions. 


When any Figure, &c. which we are contemplating, is found 
to poſſeſs ſuch or ſuch Qualities, or Properties, as characterize it, 
we affirm it to be ſuch a Figure, as anſwers to them; or, in con- 
templating any Figure, given in the Premiſes, we affirm. that it 


has ſuch or ſuch Properties, arbitrarily, by the Definition of it; 
and therefore, it requires no Demonſtration, | 
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DEFINITIONS 
DEF. 1. A POINT is rather to be imagined than 


conceived, or underſtood, to be without dimen- 
fions ; therefore indiviſible, even in thought. 


In Plane Geometry, it is a Mark, ſu; poſed to be | 
made with a ſharp-pointed Needle, or fine Pen. As A. 


1 DEF. 2. A LINE has length only, without other 


dimenſions, of breadth or thickneſs ; ſeeing it is 
generated, in Idea, by the motion or flowing of 
a Point, which has no Dimenſions. a 


DEF. 3. ARIGHT LINE is the ſhorteſt Ss can 


be drawn between two given Points (A and B) 
uſually called a /treight Line. 


DEF. 4. A CURVE, or CuxvED "7% is any 


other than a Right Line; either regular, as 
ACB; or irregular, as ADB. 
Curve Lines are of various kinds, as circular, ellip- 


tic, parabolic, &c. each of which has particular pro- 
perties peculiar to them, and ſome in common. 


DEF. 5. A SURFACE, or SUPERFICIES, is the 


outer coat or boundary of Bodies, ſolid and fluid, 
having no regard to their ſubſtance ; and there- 


fore, it has but two dimenſions, viz. length and 
breadth. As AB and CD. | | 


SURFACES are various; 3 as Plane, Convex, and | 
Concave. 

Irregular Surfaces are ſuch as are not, uniforml any | 
of the three, but may be compounded of them all, 

A convex Surface 1s one that 1 is externally round or 
protuberant, as AB, 

The curve of a Circle, &c. is convex, outwardly, 

A concave Surface 1s one that 1s round internally, or 


hollow, ſuch as the inſide (J) of a round Veſſel, whi- 
ther globular or cylindrical; the outſide is convex, 


The curve of a Circle towards the Center is concave. 


DEFINITION. 1 
DEF. 6. A PLANE is a perfetlly even and 8 5 


Surface, which is neither convex nor concave, in 
any part; to which, if a Right line (the edge of 

a ſtreight Ruler) be any how applied, i it will touch 
the Plane in every Point. 

Or, if any two Points, ina Plane, be hd by a | 
Right line, the whole Line is in that Plane, 


: N. B. APLANE may be of * Shape or Figure, i in 
reſpect of its bounds or limits, As Z. 


A Pran may be conceived to be generated by the 
direct motion of a Right line, laterally ; or Whirled 
around on any Point in it. 


If the Right line AB be moved; e to en 
there will be generated the Plane ABCD. - 


DEF. 7. PARALLEL. Right Lines are Parallel — | ; 
to each other, which, if produced infinitely, at ei- g B 
ther or both extremes, being in the e | 

would never meet, Ax AB and D. 2235 


„N. B. Parallel Lines are equidiſtant in every part; 7 

between which, all Right Lines, as @a, 5, and cc, 
being alſo parallel, are equal. Their diſtance Kun- 
der is AD, perpendicular to bot. | 


The ſame holds true in parallel 1 Planes. 
PDEp. 8. A PLANE-ANGLE is Corned by the 
meeting, or cuting of two Lines in the ſame 


Plane, ſo as not to fall into and conſtitute one 
Line. As AB and CD. 


Awouze are either thinned, > as Abr B; brd as 
C, D, and E; or mixed, as F and G; which are com- O 
pounded of a Right Line and a curved or crooked —_ | 


N. B. ANnGLEs are neither increaſed nor:diminiſhed 

by the length of the Lines which form them; for the 

Tz le B is greater than the Angle A, notwithſtanding 

> the Lines which form the Angle A, are longer than 

thoſe of the Angle B; but, the Lines for ming the An- 
gle A are more inclined to each other. 


5 
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DEFINITIONS. 


2. Imagine the dotted Lines to repreſent the Angle 
B, to which the Angle A is applied; it is evident, 


that the Angle A is leſs than the _ B, having a 


greater inclination of its Sides, or the aperture be- 


tween them leſs; therefore a leſs Angle may always 
be contained in a greater. | 


3. If the Sides of any Angle (as B) were length- 
ened infinitely, the Angle is not varied, if the incli- 
nation of the Lines remains the ſame; but, if you ſup- 

ſe them moveable, on the angular point, like a 

olding Rule, and are parted farther aſunder, ſo that 
the Sides of A approach towards the dotted Lines, 


their inclination will then be leſs ; and conſequently, 


the Aperture or Opening between them greater ; and 
therefore, the Angle is ſaid to be greater. Sf 


: DEF 9. VERTEX is the angular Point in which 


two Lines, forming a Plane Angle, meet, and 
touch each other. | K 1 7 


N. B. A ſingle Angle is uſually deſeribed by one = 
Letter only, or other Character, as A or B, (Fig. X) 


but, if three or more Lines meet in a Point, then three 


Letters are uſed, to ſpecify the Angle ſpoken of; as 


ABC, CBD, or ABD; of which the middle Letter 
always denotes the Vertex; and means, the Angle 


formed by the Lines AB and BC, or CB and BD, &c. 
wherefore, the middle Letter, denoting the Angle, is 
underſtood to be twice named, 6&&© @© | 


/ DEF. 10. PERPENDICULAR. A Right Line 


is perpendicular to another, when it does not in- 
cline to the other on either Side ; but makes the 
Angle, on one Side, equal to the other. See D.14. 


Thus; if the Angles ACD, DCB, are equal to one 


another, then CD is perpendicular to AB. 


N. B. No more than one Perpendicular can be. 
drawn from the fame Point in a Right Line, on the 
ſame Side, and in the ſame Plane. „ 

For, if any other Line, as CE, be drawn from the 


ſame Point, C, it cannot be a Perpendicular, but will 


incline to AB; and, the inclination is on the ſame Side 


of the Perpendicular CD; 1. e. the Angle ACE is the 
Angle of 1 : 


Inclination of the Lines AB and CE. 


— 
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DEFINITIONS. 


N. B. 2. If another Right line, as FG, be drawn 
in the ſame Plane, from any Point, F, perpendicular to 
AB, on either Side, it will be parallel ro CD. And 
conſequently, any number of Lines, perpendicular to 
AB, will be parallel among themſelves. 


DEF. 11. A RIGHT ANGLE is formed by the 


meeting of two Right Lines which do not incline 


to each other; but, either is perpendicular to the 
other. As ABC. 


N. B. If either Side of a Right angle be produced, 


drawn out beyond the Vertex, there is neceſſarily _ 


generated another Right angle; Conſequently, if 


both Sides are ſo drawn out, there will be generated 


© ABC's a Right angle; if AB or CB, lengthened to- 
wards D or E, make an _ Angle CBD, or ABE. 
It boch are produced, EBD is a fourth. Right angle. 


four Right angles. 


Right angle. ; 


If CB, meeting AB, falls on one Side of a Perpen- 
dicular, at that Point; the Angle ABC, being leſs 
than the Right angle ABD, 1s called Acute. 


— 


DEF. 13. An OBTusE ANGLE is greater than 


a Right angle. 


If BE falls on the other Side of the Perpendicular, | 


BD; the Angle ABE is Obtuſe. | | 
Acute and Obtuſe Angles are alſo called Oblique. 


N. B. The difference, CBD, between an Acute 
angle, ABC, and a Right one, ABD, is called the 
CoMPLEMENT of the Angle ABC. 855 

| And, if either Side of an Obtuſe angle, as AB, 
be produced, the Angle EBF is the Complement of 
the Obtuſe angle; or its deficiency to'two Right An- 

28, ABD, DBF. "SA | | 


DBE is its SUPPLEMENT, to the Right angle ABD. 
N. B. 2. All Right Angles are equal; but, Acute 


and Obtuſe angles are infinitely various, 


C 


"DEF. 12. | An Acurk ANGLE is leſs than a 
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DEFINITIONS. 


DEF. 14. Equar ANGLES. Angles are equal, 
when the Lines, which form them, have the ſame 
nclination each to the other, reſpectively. 


In the Angles abc, ABC; if the Vertex, b, of the | 
one, be applied to the Vertex, B, of the other, in 
ſuch wiſe, that the Side ab falling on AB, cb alſo 

coincides with CB; then, there is the ſame inclination 


of cb to ab as of CB to AB, and the Angles, . 
ABC, are equal. 


Ni. B. The length of the 8 forming the Angle, 
is not conſidered in the equality of Angles. 


AXGLEs have other Denominations, which 
are derived to them only from their Situation, in 
reſpe& of each other; yet ſtill retain the general 

appellation of Right, Acute, or . 2885 
Such are the following. 


- DEF. 15. Vert ICAL and ConTrovors ANGLES. 


If two Lines, AB and CD, cut and 858 each other, 
there are made four Angles, at the Point, E, of their 
mutual Interſection; either two of which, AED, 
CEB, or AEC and DEB, touching at their Vertices, 
only, are called VERTICAL ANGLES. 

Any other two, as AEC, AED, or AEC and CEB, 
&c. having one Side, AE or CE, common to both 


| / Angles, arecalled Contignous or Adjoining AnGLEs. 
. 16. ALTERNATE ANGLES, and others. | 


If a Line croſſes or interſects two Lines, 7 I are 
made eight Angles, A, B, C, D, &c. of which C 
and F, alſo E and D, between the two Lines (one 
- contiguous to each) on different Sides of the cuting 


— An — Line, are called ALTERNATE ANGLES. 
| / | C and E, allo D and F, are called INTERNAL 
˖ | AxolEs on 'the ſame Side: | 
Eand A, F and B, C and G, alſo D and H, are called 


INTERNAL and OprosITE ANGLES, on the lame Side. 


I 


DEFINITIONS. "= 
DEF. 17. A PLANE FIGURE is a Space bounded 
on all ſides by one or more Lines in the ſame Plane, 


And every Line (between two adjacent Angles) 
forming and bounding a Figure, is called a 1 
of that Figure. 


N. B. If a PrAxR Frust be bounded by Right q 
lines, only, it is called a right-lined Ficurg; as X. | . 
And if it be formed of Right lines and curved, it is 8 
called a mixed FIGURE. As AC, or Z. 5 | © N 


DEF. 18. INTERNAL . EXTERNAL Aa 


If any Side of a PLant Ficurt be drawn out be- 
yond the Figure, as AB to D, the Angle E, or ABC, 
and every Angle within the Figure, 1s INTERNAL 3 
and the Angle F, or CBD, without the Fi igure, is cal- A 


led an EXTERNAL ANGLE. 


DEF. 19. A CIRCLE is the empleſt and moſt _ + of 
perfect of all Plane Figures, therefore the firſt. | I 
It is bounded by one regular and uniform 
curved Line, falling again into itſelf ; which is 
called the CIRCUMFERENCE of the Cirele, 


The curved Line ABD is the CixcUmMFERBNCE; | 
the Space, included within it, is the CIRCLE. 
| DEF. 20. CENTER of a CIRCLE, or CENTRE, 
is a Point in the middle of a Circle, or the middle 
Point of a CrxcLE ; which is equally diſtant, | 
1 every way, from the CIRCUMPERENCE. As C. 


N. B. The geneſis of a Circle i is thus underſtood. 


If a Line (CD) be connabund to be revolved quite 
around, on one extreme (C) fixed to a Point; the 
other extreme (D) will, in its revolution, deſeribe the 
= Circumference of the Circle: ABD; and the Line CD, 

| having you over the whole ſpace, has generated the 
Circle, bounded by that Cireumference. 

WES | Hence, it is evident that all Right lines, from f 
; the Center of a Circle to the Circumference, are equal, 
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DEFINITIONS. | 
N. B. 2. Equal Right lines deſcribe equal Circles; 
but, if another Line, CE, or, if any Point, E, be 
aſſumed in the Line CP, anorher Circle will be de- 
ſcribed, on the ſame Center, and in the ſame ſpace of 
time; "whoſe Circumference, F*G, is to that of the 


other Circle, deſcribed by the Point D, in proportion to 
the Lines CE and CD, by which they were generated. 


DEF. 21. DiAME TER, of a CIRCLE, is a Right 
line drawn through the Center, and terminated | 
on both ſides by the Circumference. As AB. 

Half the Diameter of a Circle is called the 
Raprivs. As AC or CB, 


N. B. Every Diameter ile es the Circle, and alſo 
the e in two equal Parts, 


PRę. 22. A SEGMENT of a CIRCLE 18 any por- 
tion cut off by a Right line. | 


| Chord, or SUBTENSE is the Line cuting +Ciiele: 
As AD, making two Segments, AED and AFD. 


N. B. A DIAMETER is alſo a CyorD LINE. . 


DEF. 23. A SEMICIRCLE is a SeGmenT made 
by a DIAMETER, AB. As AEB, or AFB. 


Therefore, the Segment AED, which is. greater 
than a SEMICIRCLE, is called a GREATER SEGMENT 3 3 
and AFD a LESSER SEGMENT. 


DEF. 24. An ARK, or ARCH, is any portion of 
the CIRCUMFERENCE of a Circle. As AB, BC, 
or ABC. 


DEF. 25. A TANGENT is a Right line drawn 
without a Circle, and touching it in a Point only. 
As AB, touching the Circle in B; which is 
called the PoixT oF CONTACT. 

. | 26. A TRIANGLE. is a Plane ED 

. bounded by three Lines; and ien as 

many Angles. As Ts 


DEFINITIONS. 


a Space and form a Figure; wherefore, a Triangle is 
the firſt of all right: -lined Figures, 


TRIANGLES are of various Kinds, as follow. 


DEF. 27.4. An EquiLaTzRAar TRIANGLE has 
all its three Sides equal, to one another. As E. 


only two equal Sides. AB and BC. 


Sides unequal. As 8. 


— 


DEF. 30. 4. ARIOHT-· arc Ey TRIANGLE is 
done that has a Right Angle. B. 9 


2. The Side AC, oppoſite the Right Angle, i is called 


the HPO THEN USE. 


- DEF. 31. 5. An Ovrozs ANGLED TRIANGLE | 


is one which has an On Angle. C. 


. B. The two laſt 3 are not diſtinct ſpecies of Tri- 


angles, but only a particular kind; which ſtill come un- 


der the general Denomination of Ifolceles or Scalene. | 


An lloſceles or Scalene Triangle may be either right 
or obtuſe angled, or have all its Angles acute. 

The Triangle ADB is right-angled; AC; is ob- 
tuſe-angled; and AEB has all its Ang les acute; yet, 
they are all Iſoſceles. 

S8o likewiſe, the Figures of the two lad Definitions 
are Scalene Triangles, 


DEF. 32. A QUADRILATERAL, or QUA- 


DRANGLE, is a PLANE Ficurt which has 
_ four Sides, and four Angles. As. Q. | 


Theſe are- ſynonimous Terms; the firſt expreſ ng 
it by the number of its Sides, the other by its Angles, 


N. B. Not leſs than three Right lines can inelude | 


DEF. 23. 2. An Is0sctLEs TRIANGLE, has 


DEF. 29. 3. A SCALENE TRIANGLE has all its 


— 
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DEFINITIONS. 
DEF. 33. A PARALLELOGRAM is a "A | 


DRILATERAL, whoſe oppoſite Sides are parrallel. 


DEF. 34. A RECTANGLE is a PARALLELO- 
GRA Ks whoſe Angles are all Right ones. As R.“ 


DEF. 35. A SQUARE is a RECTANGLE, whoſe 


Sides are all equal to one another. S. 


N. B. All REcTanGLEs are PARALLELOGRAMSs 


DEF. 36. A RHOMBUS is a PARALLELOGRAM, 
whoſe Sides are all equal, and its Angles not 
Night ones. As. | 


2. If the Sides ofa PARALLELOGRAM are not all equal, 
and the Angles not Right ones, it is called a RnoMBOI DES. 


DEF. 37. A DIAGONAL i is 2 Right line drawn 

between any two Angles, that are not contiguous, 
in any right-lined or mixed Figure; i. e. from 
one Angle to the other, within it. As AC. 


N. B. In ParaLLELOGRAMs, the DIAGONAL is 
uſually called a DIAMETER ; becauſe it paſſes through 
the Center, the middle Point (E) where the two Dia- 

| gonals (AC and BD) interſect; and, as in a Circle, it 
divides the Parallelogram into two congruous Figures. 

Any Right line paltng though its Center, which ter- 
minates in the Sides, is a DiameTER, As FG. 


D. 38.ComeLenenTsofaPARALLELOGRAM. 


If any Point, as E, be taken in the Diagonal of a 
Parallelogram, and, through that Point, two.Right 
lines are drawn parallel to the Sides, both ways (AB 
and CD) it will be divided into four Parallelograms, 
NY, and Z; the two, X and Z, which touch 
ID the. Diameter, in the Point E, only, are called the 
 ConbaemENTS; which, with either of the other, 
about the Diameter, taken together * XYZ or STS) | 
is called a Gx o,, ¾.C 


. That ſuch a Parallelogram can exiſt may be aiſpured ; but, 
the oppoſite Sides being parallel, it is eaſy to conceive, that if 
there be one Right angle, they are, TTY, all ea | 
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DEFINITION SS. 


ſided Figure, 


Parallelogram 1s, conſequently, a TRAPEZIUM. 
As ABCD. | 


* 


Plane Figures, having more than four S1DEs, 
have the general appellation of PoLicons, ſigni- 
fying many Sides. As P. 


N. B. Ordinate or regular Pol icoxs are ſuch as 
have all their SipEs and ANGLES equal; about which 
a Circle may be circumſcribed, whoſe Circumference 


ſhall paſs through ever Angle of the Poligon; and, 
a Circle may alſo be inſcribed, which ſhall touch every | 


Side. As, at a, b, &c. 


axe have various 8 derived to them WE 


from the Number of their Sides; 3 as follow. 


1. A PEN TAC ON has five Sides. No. 1 
2. A HEXAGON has fix Sides. 
3. A HEPTAGON has ſeven Sides. 
4. An OcTAGON has eight Sides. 
5. A NoN AON has nine Sides. 
6. A DECAGON has ten Sides. 
7. A DUODECAGON has twelve Sides. 
8. AQuixpECAGON has fifteen Sides. 


the moſt uſeful amongſt Mechanics. 


r W. Wwe CT v7 
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called its Circumference, or PERIPHERY. 


DEF. 39. A TRAPEZIUM is an irregular four- . 


Wherefore, every QuaDnIiares AL which is not a 


' DEF. 40. A POLIGON. All 1 right-lined or other 


Theſe eight are the moſt eſſential, in Geometry, and 


To ſpecify every kind of Poligon would be infinite, ( 


DEF. 41. PERIMETER i is the ſum or meaſury of © 
all the Sides of a Poli, or other right-lined or 
4 - | mixed Figure, in one Sum; which is ſometimes 


pe 
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| DEFINITIONS. 
DEF. 42. Equ1 ancuLAar FIGURES are ſuch as 
having an equal number of Angles, the Angles 
of one are alſo equal, reſpectiv ely, to the Angles 


of the other; each to its correſponding Angle. 
As, a equal A, b equal B, and c equal C. 
DEF. 43. Concrvovs FIGURES are ſuch as 
have all their ANGLEs equal, reſpectively; alſo, 
the SiDEs, which contain equal Angles, or which 
lie between equal Angles, are equal. 


It the Angle a be equal A, b equal B, e equal 8 
and d equal D; and, if the Side ab is equal AB, 5 
be equal BC, cd equal CD, and ad to AD; then, 
the Fats "abed, ABCD, are congruous, | 


PEP. 44, EQUAL FIGURES are ſuch as have an : 
. equal AREA. See Def. 47. | | 


N. B If two Figures (tho? of different Denomina- 
tions) have an equal Area, they are called equal Figures. 

So, the PARALLELOGRAMABDE is equal tothe T e1- 
ANGLE ABC; the Triangles, BDF, FEC, being equal. 

Concarors FIGURES are equal and lar. 


DEF. 45. BASE, of a PLANE FIGURE, is the 
Side on which it is ſuppoſed to ſtand, | 
As AC, or AB; Fig. X. 

N. B. It may be any Side, at diſcretion ; but is ge- 
nerally applied to the lower Side, or that which is 
next towards us. | 

CDEF. 46. ALTITUDE, of a Ficvzs, is its per- 
pendicular height from the Baſe. 


_ ED, perpendicular to the Baſe, AB, * is the Altitude 
| of the Trapezium ADCB; or of the Triangle ADB. 
DEP. . AREA of a PLANE FIGURE, or other 

Surface, is its ſuperficial Contents; i. e. the mea- 
| ſure, or quantity of Space contained within the 
Bounds of the Figure, expreſſed in ſquare Feet, 
Tongs or any other known meaſure, of length. 


DEFINITIONS. 


of the Line. As AC, or CB, of the Line AB. 


" DEF. 49. To SUBTEND. The Side of a Triangle 


which is oppoſite to any Angle, is ſaid to ſubtend, 
or ſtand under that Angle. 


Thus, AB ſubtends the Angle C, AC ſubtends the 


Angle B, and BC ſubtends the Angle A. 


Likewiſe, the Cnoxbp or SuBTENSE AB, ſubtends 


the Ark ACDB ; and, CB ſubtends the Ark CDB. 


DEF. 50. To BIsEer, is to cut or divide a Line 


or Angle, &c. into two equal Parts. 


Thus, AB is biſected in the Point C; and the Angle 


BAD, is biſected by the Line AE. 
To TRISECT, is io cut equally into three Parts. 


DEF. 51. To PRODUCE is to draw out a Line or 


Plane, to lengthen or extend it, at pleaſure. 
Thus, the Line AB is produced to C. 


DEF. 52. To DESCRIBE a Line, or Figure, is to 


draw a Line, Circle, or other Figure. 
DEF. 53. To IxscRIBRE, is to draw a CI RLE, or 


other F igure, touching every Side of another 


Figure, internally, as X; or, whoſe Angles ſhall 
all be in the Cn of a Circle (as ABCD) 
or touching the Sides of any other Figure. 


DEF. 54. To CIRCUMSCRIBE, is to deſcribe 2 


Circle or other Figure paſſing through all the 
Angles of another Fi gure, As ABCD. 


DEF. 55. EXTREMES or BOUNDS. 


The ExTRrEmEs of a LINE are PornTs; the Bounds 


or Extremes of a SUurxyracy are LINESsVB; and the Ex- | 


tremes of a SoLID are SURFACES. 


N. B. A SPHERE, or GLoBe, has but one gurface; 


alſo, a CixclE is bounded but by one Line, without 


begining or end; 3 they hav enobEXTREMES: 5 


DEF. 48. SEGMENT of a Lani: is any portion 


18 REMARKS on THE 


Sou Readers will, perhaps, think I have already deviated 
from the Plan propoſed in the Preface, to abridge the Elements of 
Euclid. The time ſpent on the Definitions will not be loſt, hav- 
ing made ſeveral of them uſeful Leſſons ; and am perſuaded, that, 
the better they are underſtood, the progreſs, in the Subject they 
relate to, will be thereby facilitated. But, I muſt inform the 

Reader, that *tis not the length of the Definition, itſelf, but the 
number of Terms defined, and Notes to ſeveral, which have 
ſwelled the bulk of them; having near twice the Number which 
ſome Authors have, and, in my opinion, not one ſuperfluous. 

However, not to diſcourage the young Student, I adviſe him 
not to burthen his memory too much, at once; for there is not 
the leaſt neceflity that he mould retain them all, before he pro- 
ceeds further; tis enough, at firſt, to read them over with atten- 
tion, and underſtand them clearly; they will ſoon become familiar 
to him, by frequent uſe, in his ſtudy of the Science. I alſo 
particularly adviſe him, when he meets with any Term hereafter, 
of which he has not a clear Idea, to turn immediately back to the 
Definition of it; he may depend on it, that the time will not be 
uſelefly employed. e | 5 

Several of the Terms here uſed, are abſolutely neceſſary to be 
deſined, though they are not elementary. Such are the 4th, the 
gth, the 14th, 1th, 16th, and 18th, the 36th, the 41ſt, 44th, 
47th, and 48th, and the laſt fix, ſave one, are merely operative. 

The 49th, ;oth, gift, and gad, are as neceſſary to be defined, as 
the 53rdand 54th. The 55th, and laſt, is in three, the 3 d, 6th, 
and 13th of Euclid; yet they are in no wife elementary. ” 


Ir is, or ought to be, the defign of every Author, on any Sci- 
ence, to make his Book a perfect Tutor; conſequently, no par- 
ticular Term, made uſe of in that Science, and which is peculiar 
to it, ſhould be left undefined: for, we ſhould ſuppoſe the Stu- 
dent to be entirely ignorant of all that relates to it. Can any 
thing be more abſurd, than to propoſe biſecting a Line or Angle, 
or producing a Line, &c. to talk of Alternate Angles, &c. of 
Diagonals, „eue Subtenſes, and ſubtending, without 
having firſt defined what is meant by them? I am ſurpriſed at 
the omiſſion of the Definition of a Poligon, and the various kinds 
of Poligons ; the forming, inſcribing, and circumſcribing of which, 
is the principal ſubject of the 4th Book. They are frequently 
called by the Terms Pentagon, Hexagon, & c. but are not, by 
ſome, defined. In the 23rd Definition they are, in general, callad. 
many-lided Figures; *tis an ungeometrical Term, and is never, 
uſed after, but other Names are aſſumed. 

Euclid, himſelf, has not defined a Parallelogram, that moſt uſe- 
ful and neceſſary Figure. I admire Mr. Stone's Apology for that 
omiſſion, as being unwilling to increaſe the Number, unneceffarily; 
and fays, that Euclid has ſufficiently defined it in the 34th Pro- 
poſition. Mr, Stone indeed has, but not Euclid; for why elſe 
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has Keill defined it before the Propoſition? But, if it be thought 

moſt eligible to define that Term, where it is firſt uſed, why are 

not others fo defined ? why are not all, as well as it? | 
And yet, Euclid has, in Mr. Stone's Opinion, given ſeveral - 


unneceſſary Definitions; viz. the 3rd, the 6th, and 13th of his 


Euclid, which certainly are ſo; the-gth I think ſo too, alſo the 


20th, He likewiſe, thinks the 18th, 26th, the 32nd and 33rd, uſe- 
leſs. In reſpe& of the 26th (the 29th of this) I cannot ſay it is 


eſſentially neceſſary ; yet, as Scalene Triangle 1s a general Term, 
including all that are neither Equilateral nor Iſoſceles, I cannot 
think it redundant. „ a | 
The 29th, of which he ſays nothing, is really ſuperfluous, 
viz. + when all the Angles are acute, it is called an acate-angled 
Triangle.“ I know of no properties peculiar to ſuch an acute- 
angled Triangle, that is not common to every Triangle; for every 
Triangle has, neceſſarily, two acute Angles. An equilaterak 


Triangle is included in that Definition, and ſo are the Iſoſceles 


frequently. . 3 | 

Why is not a three-ſided Figure (Def. 21.) called a Triangle, 
as it is always called afterwards ? we might as well goon, to four, 
five, or fifteen fided Figures. An Oblong (Def. 31.) for a Rect- 
angle, is ungeometrical, and never called ſo after. The Terms 
Rhombus and Rhomboides, 32. and 33. (Def. 36. of this) are, 


entirely, uſeleſs, being ſignified in a Parallelogram, which alſo in- 


cludes Squares and other Rectangles; all, which, are only par- 
ticular ſpecies of Parallelograms ; the Term Rhomboides (includ- 


Ing all unequal fided and acute angled) is of no uſe in Geometry, 


I can by no means agree with Mr. Stone, in thinking the 18th 


Definition, of a Semicircle, needleſs; I alſo think, the Radius as 
 neceflary to be defined as the Diameter. In ſpeaking of Angles 


in a Segment of a Circle, Prop. 31. of the 3rd Book (the 12th of 
this) viz. © the Angle in a Semicircle is a Right one;* ſince 


there is a necceſſity for calling it fomething, I think a Semicirele 


more elegant and expreſſive than half a Circle, which does not 
confine it to any particular form; provided it has half the Area, 
it is half a Circle; whereas, the Semicircle is always underſtood 
to be contained under a Diameter and halt the Circumference. 
Mr. Stone is too dogmatical in his Remarks. I cannot be of 
opinion, that the manner in which Euclid has compiled his Ele- 
ments, is the beſt that can poſſibly be, beeauſe Euclid lived two 
thouſand Years ago. Tis not to be imagined that the mathema- 
tical Sciences were at their ze plus ultra in his Days, for it is noto- 
rious they were not; then, why ſhould the Elements of Geome- 


try? I am not ſo wedded to antiquity, as to think the Antients 


were infallible; nor do I think that all Euchd's Definitions are re- 
ceſſary, or that he has omited none that are ſo : Such, therefore, 
as I preſume to think uſeleſs, I have rejected, and have ſupplied 


heir places with others, which I think more neceſſary to be defined. 
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ABBREVIATIONs, &c. ExrLANRD. 


&c. Etcetera, (And all the reſt.) When, what is 
| ſuppoſed to follow may be readily conceived. 
i. e. Id. Tur is. When, what has been ſaid re- 
. quires to be further explained. | 
viz. PFidelicet, To wir; or, that is to fay. When 
any thing advanced is given in Groſs, which 
is more particularly ſpecified, as follows after. 
e. g. Exempli gratia. Fox INSTANCE; or, for the ſako 
| of example. When an . is to be given 
of what is advanced. _ | 
N. B. Nota Bene. MARK WELL. That is, take parti- 
cular notice of that Paragraph. 
Q, E. F. Quod erat faciendum, Which was required to 
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be done. 
Fi | Q. E. D. uod erat demonfirandum. Which was to Ws 
| n 
| DEM. Demonſtration, | Hyp. bs AB. 
COR. Corollary, Perp. Perpendicular, 
SCHOL. Scholium, or Re- Dia. Diameter. 
o Diag. Diagonal. 
- APP. Application, or Trap. Trapezium. 
> Is | Pent. Pentagon, 5 
Par. AB. Parallelogram AB. 


Rea, AB. Rectangle AB, or ABCD, &c. 
R. Ang. ABC. Right Angle ABC, &c. 5 
Line AB. Denotes Re Line AB, &c. 


Note. When it 18 required to Join any two Points, it is 
meant, that a Right Line be drawn between them, i. e. from 
one Point to the other, | 58 | 


X 


ABBREVIATIONS, by way of Reference. 


Poſt. 1. Or 2. Refers to the firſt or nd Poſtulate; where 


it is requeſted that the thing may be granted. 
Def. 6. or 7. Refers to the fixth or ſeventh Definition in 
Or, Def. 6. 3. the general Introduction. But, when there 
or 6. 5. &c. are two numbers, as in the Margin, it 


refers to the 6th Definitions of the zrd 


or 5th Book. 
. Refers t to the third Axiom for Demonſtra- 
N tion, ariſing from een properties 
of things. 
Pr. 1. or 2. &c. Refers to the firſt or ſecond Problem, for 
the conſtructing of ſome Figure, &c. 


P. 1. or 2. &c. Refers to the firſt or ſecond Propoſition of 


that Book, for proof of the Aſſertion. 


P. 2. 3 xc. To the ſecond Propoſition of the third Book. 


C. 2. 4. 1. To the 2d Corollary, of the 4th eren, 


of the firſt Book, 
Hyp. That the thing i is ſo by the Hypotheſis, or is 
En ſuppoſed in the Premiſes. _ 
Sup. That it is ſo by Suppoſition, only. 
Con, That it is ſo by Conſtruction; i. e. the thing 


was formed or made ſo. 


Conſ. conſequently. Th. therefore. Wh. wherefore, it is ſo. 


Note. When there i E but one Number within Parentheſes or 


otherwiſe, as (15.) &c. it refers to the fifteenth Theorem of that 
Book, But if there be two Numbers, as (9. 1.) or (t2. 3.) &c. 
it refers to the gth Prop. of the 2 Book, or to the 12th of 
the third, &c, 
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Explanation of the Mea and ſymbolic Characters 
uſed in this and other mathematical Works. 


= Note of Equality. | 
Thus; A=B, ſignifies that A and B are equal; and 
is thus read, A is equal to B; frequently, A oo” B. 
+. Note of Addition, Plus, or more. 
Thus A+B, ſignifies the Sum of A added to B. 
A and. B repreſenting any Quantity, whatever. 
Let A be 5, and B, 3; then A+B=8, 
— Note of Subtraction; Minus, or leſs. | 
Thus A- B, fignifies the ſum of B taken from A. 
A- Bg, muſt be read, A, leſs B, is equal to 2. 
* Of Multiplication. Ax B, denotes A e 
| into B, or Binto A. | 
„ mukinlied 6 into B is . 15. 
— Of Diviſion. AB implies A divided by B. 
Let A be 6 and B 2; then, A=B=3. | 
:: : Note of Equality of Proportion. 
Thus, A: B:: C: D, fignifies, that 8. bears the lame 
Proportion to B, as C to D. 6:9: : 2 3. 
2 Continued Proportion, or ee Progreſſion. 
Thus, A: B: C: Da fignifies, that A has the ſame 
Proportion to B, as B has to C, and, as C to D. 
In Numbers, thus, 1: 39 27 2 | 
D Square. Thus, AB N, is, the Square of a Line A- B. 


yo | B Rectangle. Thus, AC, or BD; or ABC, means 
2 a Rectangle under the Lines AB and BC; i. e. 


AB x BC. ABC= BDn, muſt. be read, Rectan- 
gle ANC equal BD Square; i. e. to the Square of BD. 
2AgBC; or 2ABD; muſt be read, two Rectangles ABC, 
or twice the Re&. AB; and, 2 or 3 ABQ, muſt be 
underſtood, twice or thrice the Square of AB, 
A Triangle. Thus, — ſignifies the Triangl ABC. 
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HE firſt Book of Euclid's Elements treats of the pro- 
perties of Right lines; and of Angles, formed by 
the interſections of Right lines, &c. which, being entirely 
unconnected with Figures, in this Work, are firſt treated 
on. Next, it treats of right-lined Figures; firſt, of Tri- 
angles, the moſt uſeful and extenſive of all. Then is 
ſhewn the affinity between Triangles and Parallelograms ; 
waich prepares the way for the laſt, grand Propoſition, the 
47th of Euclid, which concludes this Book. 
| 1 
Tre Order in which they are treated, according to 
Euclid, ſeems to me not very regular; begining firſt with 
Figures, then Lines and Angles ; again, Figures and Lines, 
alternately. The fourth Propoſition begins the properties 
of Triangles, in general ; the 5th introduces the Iſoſceles, 
a particular ſpecies of Triangles, merely (in this place) for 
the Demonſtration of the 5th; and that, is of no other 
uſe but to demonſtrate the 8th, which may be clearly de- 
monſtrated (according to Proclus) without it. In the 24th 
and 25th, the ſame general properties.of Triangles is again 
introduced, which are evidently deducible from the fourth. 
For, baving, in the fourth, proved, that, in two Triangles, 
if there are found two Sides, in cach, reſpectiyely equal, and 
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that the Angles, contained between the equal Sides, are 

alſo equal, the remaining Sides are equal; no Perſon con- 

verſant with Plane Angles can want Demonſtration, that 

if, in the Caſe of equality of the Angles, the Sides oppoſite 
thoſe Angles are equal; if one of the Angles be greater or 

leſs, the fide oppoſite will alſo, be greater or leſs? and, vice 
ver ſa (in the 25th) if the Side, or Baſe, lying between the 

equal Sides, be greater or leſs, the Angle it ſubtends muſt 

neceſſarily be ſo too; they are ſuch neceſſary Conſequences, | 
that I would not heſitate to take them for granted. 


Tr1s Bookis encumbered with Demonſtrations of ſeveral 
Propoſitions, which need none; for, what is evident, in it- 
ſelf, needs no Demonſtration ; and ſuch Propoſitions, as 
may eafily and clearly be deduced from preceding ones, 
are as well made Corollaries to them. Such are ali con- 
verſe Propofitions ; I think it muſt perplex and embarraſs 
the Minds of Youths, to demonſtrate what is ſelf-evident, 
and not very eſſential. I have, therefore, greatly abridged, 
and altered the Elements of Euclid's firſt Book; yet, I 
am much miſtzken, if I have not retained all that is eſſen- 
tial in it ; and which, I think, may be much eaſier and 
more regularly acquired, ” 


ere are but twenty theoretic Propoſitions in this firſt 

Book, three of which number (the. 3rd the 6th and 16th) 
are not in Euclid; whereas (excluſive of the Problems) 
Euclid has thirty-four Theorems, twice the number, of 
the remaining ſeventeen, in this Tract. 


THe 7th of Euclid is not only uſeleſs, in itſelf, but the 
Demonſtration 1s intricate, to a beginer ; and ſince the 8th, 
which depends on it, is deducible from the 4th, I fee no 
uſe for it at all. In reſpect of the 4th (my 8th) I muſt own. 
J cannot think the Demonſtration of it geometrical; but, 
fuch as it is, has been generally accepted; and although 
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it is not ſatisfactory to many, yet, I have not ſeen even 
an attempt at any other kind of Demonſtration ; which is 
ſufficient conviction that no other can be given. As it is 
the firſt Propoſition on the properties of Figures, which 
might well paſs for an Axiom, * the Demonſtration, being 
purely mental, 1s ſatisfactory; though it ſuppaſes a ma- 
nual application of one to the other, to make it appear. 

It is not poſſible, for writers on any Science, to treat it 
ſo as to pleaſe all; every Author has his peculiar Notiofis, 
and is prejudiced in favour of his own mode of treating the 
Subject. I think it more regularly introductory to treat, 
firſt, of Lines and Angles, before Figures; the 13th of 
Euclid I have, therefore, made the firſt; for, on the foun- 
dation of it, depends, in a great meaſure, the whole firſt 
Book. I am the more confirmed in it, as Mr. T. Simſon 
has done the ſame; which, I do aver, I had not ſeen or 


knew of, before my plan was ſettled. According to Eu- 


elid, tlie Properties of parallel Lines, cut by another, can- 
not be obtained without having recourſe to Triangles, and 
is the reaſon why the 27th, and the following, are not 
introduced ſooner, which are previouſly neceſſary to de- 
monſtrate the 32nd: in which, the 16th and 17th are more 
fully and perfectly demonſtrated : wherefore; Euclid was 
obliged to have recourſe to the 16th, as a Lemma, in de- 
monſtrating ſeveral Propoſitions previous to them. But, 
for what uſe the 17th is introduced, I am at a loſs to de- 
viſe, it being never once referred to, in the whole Ele- 
ments; it might (if neceſſary) be a Corollary after the 
32nd; but, we can never be at a loſs to know, that any 
two Angles of a Triangle are leſs than two Right angles, 
having full Demonſtration that the three Angles of every 
Triangle are, together, equal to two Right ones. 

In the 18th of this, is contained the 35, 36, 37 and 38th 
of Euclid; including alſo, ina Corollary, the 39th and 42ths 


* Mr, T. Simſon has made it an Axiom. 
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| This Property of Parallelograms and Triangles is very 
extenſive; but the whole is included in the firſt part of 
the 18th, the 35th of Euclid, To dwell ſo long on one 
Property, in fix Propoſitions, becomes tedious, if not 
trifling; for where is the difference, whether Parallelo- 
' grams, or Triangles, have the ſame oran equal Baſe * 


Tux alterations, in the firſt Book, are very eonſider- 
able; the manner of demonſtrating is more conciſe, the 
clearneſs of it muſt be left for others to determine. I do 
not doubt but the judicious, candid, and impartial Reader 
will concur with me, or not diſapprove, entirely, the li- 
berty I have taken. I thought it incumbent on me to ad- 
vertiſe him of the alterations I have made, and, by point- 


ing them out, he may, with more eaſe, form a judgment 
of them. 


Tres firſt fix Propoſitions, and the 3 deduced 
from them, contain all the properties of Right lines, and 
Angles formed by their Interſections; which are eſſentially 
neceſſary to be known, before we can obtain a knowledge 
of the properties of Plane Figures. But, I think it ſcarce 
worth the loſs of time to demonſtrate them, they being in 
a manner ſelf-evident ; inſomuch that, the greateſt part of 


them may be, and are, by ſome, given as firſt Principles, 
or ſelf-evident Propoſitions. 


1. By Def. 10. one Right line, ſtanding perpendicularly | 
en another, makes the Angle, on either ſide, An to the 
other, and are, therefore, Right angles, | 


The Line ob, being common to both Angles, ACD 
and DCB; the two other Sides, AC, CB are, conſequently 
(the Angles being right ones) in one Right line, ACB. 
And, it is clearly evident, that any other Line, or num- 
ber of Lines, as CE, CD, CF, at the ſame Point C, muſt 
make all the Angles, ACE + ECD +DCF + FCB, equal to 
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the two Right angles (ACD DCB) Hence, the firſt Pro- 


poſition and its Corollaries are evidently clear and manifeſt. 


2. AGAIN; (by Def. 11.) if the Parpendicular, CD, be 
produced, towards H, there is generated equal Angles, to 


the oppoſite, on either Side ; for, they are all Right angles, 
_ conſequently equal, by the gth Axiom. 


So likewiſe, if any other, inclined Line, be produced, 


as EC, or FC, it will, neceſſarily, produce equal Angles, 


to the oppoſite, on the other fide of AB; as ACG equal 
FCB, and GCB equal ACF ; and which, together, are 


alſo equal to two Right angles. 


For, if EC biſects the Right angle ACD, CI will alſo 


- biſe& the oppoſite, HCB ; and, if CF triſects the Right 
angle DCB; the oppoſite Angle, ACH, will alſo be tri- 


ſected, if FC be produced, towards G; and ſo, in what- 
ever proportion DCB is divided, by FC, the continuation 
of FC will, neceſſarily, divide the oppoſite, ACH, in the 


ſame Proportion; wherefore, the Angle GCH is equal to 
DC, and -· ACG equal FCB; alſo, CH added to HCB 


is equal DCF added to ACD; and ACG added to GCB is 
equal to FCB added. ACF; i. e. they are each equal to two 
Right angles; and conſequently, all the Angles about the 


Point C are equal to four Right angles. Hence, it is plain, 


that the firſt and ſecond Propoſitions, with their Corollaries, 


are clearly deducible from the roth and IIth Definitions. 


3. Ir is alſo, I preſume, eaſy to be conceived, that two 
or more parallel Lines muſt neceſſarily have the fame In- 


 Clination to any Right line which cuts them all; the Idea 


of Paralleliſm ſeems to indicate it; which being known, 


or underſtood, all the reſt follow of courſe, viz. that the 
Alternate angles are equal to one another, and the two in- 


ternal Angles, on each Side, are equal to two Right angles. 
3 
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For, | ſuppoſe the Right lines AB, CD, and EF, to 
be parallel amongſt themſelves, and all cut by any Right 
line, GE; making, with them, the Angies x, y, z; and, 
ſuppoſe AB to be moved, directly, to CD, ſtill keeping 
parallel to CD, it muſt neceſſarily coincide with CD; 
conſequently, the Angle BAG will remain the ſame, and, 
at laſt, coincide, with ACD. And if AB be moved di- 
rectly forward, to EF, ſtill keeping parallel to its firſt 
poſition, it will alſo coincide with EF, and the Ange. GAB, 
or ACD, with CEF, 

Hence it is plain, that the Angles x, 7 and 2, made 
with GE, are all equal to one another; and, being equal to 
one another, the Right lines AB, CD, and EF are con- 
ſequently parallel e chemſelves. 


4. AGAIN ; ſince the Angles x, 5 and Z are equal to one 
another; and the oppoſite Angles, v, u, Wy are alſo equal 
between themſelves, and to the other (as it was made evi- 
dent in the foregoing) conſequently, the Alternate angles, 
v and y, u and z, &c. are equal; for, they are all equal to one 
another, as above (the Lines AB, CD, and EF being paral- 
Jel); and, converſely, if the Alternate angles are found to be 

_ the FO forming them, are conſequently parallel, 


4; ALso; fince a Right line cuting another Right line 
makes the Agles, on both Sides, equal to two Right an- 
gles (by the firſt) it is evident, that, if the Angles x, y and 2 
are equal to one another, and theadjoining Angles x add- 
ed to A, and y added to C, &c. are each equal to two Right 
angles; conſequently, A, C, and E are alſo equal between 
themſelves, and the internal Angles (between each two 
Lines) A added to y, and C added to 2, are alſo, each 
two, equal to two Right angles; by the 6th Axiom. 


ELEMENTS or GEOMETRY. ag 


Y 6. AND, becauſe A added to v, and y added to o are each 
caqual to two Right angles; and A added to y, on one 
Side GE, are equal to two Right angles; conf, v added to o, 
on the other Side GE, are, alſo, equal to two Right an- 
gles. Therefore, if two parallel Right lines, AB and 
CD, &c. are cut by any other Right line, GE, the inter 
nal Angles, on each Side, are equal to two Right angles ; 
and, conſequently, if a Right line cuts two Right lines, 
which are not parallel (as CD and HI) they will meet 
on that Side where the two internal Angies (ACD, CAT) 
on the ſame Side, are leſs than two Fight angles; wu 55 | 
is Euclid's 12th Axiom. 5 _— | [ 
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| Now, ſince all theſe Properties of Right lines, and of 

Angles formed by Right lines, are manifeſt, from what has 

been advanced already, there is, I think, but little occaſion " 
for Demonſtration ; nevertheleſs, in conformity to the An- 
tients, I have formed them into Propoſitions, for the ſatis- 
faction of the ſerupulous, and for the ſake of reference, in 
other Works, as well as in this; yet, Iam clearly of opi- 
nion, that this brief extract is ſufficient, towards attain- 
ing all the neceſſary knowledge inculcated by the firſt ſix 
Propoſitions, It will, at leaſt, be of uſe to the young 

Student, in giving him a clear Idea of the Properties therein 
demonſtrated; which, by being more familiarized to them, 
will appear more evident and conſpicuous; the neceſfary 
knowledge, contained in them, will be deeper rooted and 
more ſecurely eſtabliſhed, and the Pupil, better prepared 
to proceed with the Demonffentions of the Properties of 
Fight lined Figures, 


< # 


=. 
r rn. 


PosTULATES are Requeſts, that certain fundamental 
Principles or Elements, in a Science (being extremely ſim- 
ple in themſelves) may be granted; as it is not poſſible to 
give perfect and indiſputable Demonſtration, if inſiſted on. 


The following are, therefore, reguęſted to be granted. 


1. That there may be a perfect PLANE; and that it may 
be extended at pleaſure. | 

2. That a RicuT LINE may be drawn between any two 

given Points; 1. e. from one Point to the other. 

3. That a RicnrT LINE may be produced at pleaſure ; 
Ii. e. that a finite Line may be continued or lengthened, 
4. That a CixcLE may be deſcribed on any Center, 

and with any given Radius. „„ 
5. That one Ling, or FI GRE, may be applied to, or 
laid upon another Line or Figure, as required. 


Theſe Poſtulata muſt be granted, at leaſt in Idea, or all Geo- 
metry falls at once to the Ground; for, if there cannot be a 
Plane, a Right line, and a Circle, the whole Elements of Geo- 
metry are to no purpoſe; as it will be impoſſible to form a Con- 
ſtruction, whereby we may demonſtrate the eſſential Propertics 
of Figures, in general; coaſequently, if no Demonſtration can be 
given, there is an end of the Science, having no Data to baild on. 


In every mathematical or phyſical Science, chere is a neceſſity 
for ſome Data or firſt Principles to be given, whereon to frame 
Hypotheſes, in order to demonſtrate the Theorems ; and the more 
{imple thoſe Principles are, the better; becauſe there is leſs cauſe 
to diſpute them. But, nevertheleſs, if they are diſputed, they 
are more diſſicult to demonſtrate, for being the moſt ſimple ; be- 

cauſe, there is no reverting back to any thing more fo; and con- 
ſequently, no Demonſtration can be given. That the thing is 
10. of itſelt, is arbitrary, notwithſtanding there is no poflibility 
of denying it; therefore, the more ſimple the firſt Principles are, 
the readier the aſſent will be given; and Demonſtration of the 
moſt complex e ener will be cafier obtained, more firmly ſup- 
ported, and, conſequently, the whole Science, which 1s built on 
thoſe Principles, more ſolid and permanent, and more ſecurely 
eſtabliſhed, = Eu | £ 


A FO. S. 


Axio Ms (as ad defined) are manifeſt and ſelf-evi- 
dent Propoſitions, clear in themſelves, and therefore do 
not require to be demonſtrated : Nevertheleſs, an Illuſ- 
tration will not, I preſume, be thought ſuperfluous, as 
it may be N to ſome. 


I. THinGs TRY correſpond, coincide, and mu- 
tually agree with each other, in every Part, are 
equal. And if the wholes be equal, the halves 
are alſo equal. 

Thus, A is equal B; if every correſponding 
part of the Figure A is coincident with and 
equal to 2 | | 

4 : 

II. The — 52 is equal to all its Parts; conſ. it 

is greater than a Part of the ſame Thing. 

Thus, AD=SAB+BC+£CD: 


III. If two, or more, THIN GS, or Quantities, are 
each equal to the ſame third Thing or Quantity, 
they are equal between themſelves. 

Thus, if A=C, and if BC, then A=B. 


IV. Things or Quantities, which are each equal 
to half, or a third (or any other portion) of the 
ſame third Thing, or . Things, are equal 
to one another, 

Thus, if A and B are each equal to half of C; 
A and R are equal, to each other. 


4 


3 


| A a . 
V. Trincs, or Quantities, which are each double, 
or triple, &c. of the ſame third Thing, or equal 
Things, or Quantities, are equal to one another. 
Thus, if D and E are cach-equal twice or three 
times F, D is * to E. | , 


VI. If to equal Things be added equals, the Sums, or 
wholes, are equal. 
If to the equal ReQangles A and B, be added 
equals, C and D; then, * 


VII. If from ved Things be taken away equals, the 
remainders will be equal. 
If from the equal Rectangles, A and B, be 8 
away equals, C and D, the remainders of A and 
B are equal. | | 


VIII. If. to or from anequal Things ho ated « or ta- 
ken away equals, the Sums or Remainders will 
be unequal. 

This neceſſarily follows from che two laſt. 


IX. All RIC HT Ax OL Es are equal to one another. 
The Right angle ABC is equal to the * 
angle CBD, or BDE. 
For, CB, being perpendicular to AD, does not in- 
cline to it on either Side; wherefore, the Angles are 
* and they are Right angles; by Def. 10, & 11. 


pn Ts or more Right in being cir to 
the ſame Ragat line, and being in the ſame Plane, | 
are parallel. 
de Angles ABC, BDE, being Right wks 
are equal, by the laſt : Then, ſince neither of them 
inclines to AD, BC is parallel to DE. 
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THEOREM * 13. Euclid. 


If one Right line cuts anotner Right line, at any 
Point apart from its Extremes, it will make two 
Angles; which are either both Right angles, or, 
both together, equal to two Right angles. 


Let CD be a Right line, cuting AB in the Point C, mak - 
ing two Angles; ACD, DCB; I ſay, they are either Right 
angles, or both together equal to two Right angles. | 

If CD be perpendicular to AB the thing is manifeſt ; 
by Def; 10. 

But if CD does not make Right angie with AB; let 
CE be perpendicular te: Al.. 


DEM. Now, ACE, ECB are Rt. Angles (Sur. th, equal | 
But, ACD=ACE+ECD; alſo DCB=ECB—ECD. 
Wherefore, as ECD, the exceſs of the obtuſe Angle, 
ACD, to the Right angle ACE, is alſo the deficiency 
of che acute Angle DCB to the Right angle ECB; be- 
ing taken from one and added to the other, conſequently. 
ACD DC; is ca- to ACE + ECB. Ax. 2. 
Therefore, they are equal to two Right angles. QE. D. 
Cox. 1. If from, the ſame Point in a Right line (as C 
in the Line CD) two Right lines CA, CB are drawn, 
on contrary Sides and in the ſame Plane, making Right | 
angles, or Angles equal to two Right angles, with the | 
given line, they will conſtitute one Right line, ACB.: 
2. Two Angles at the ſame Point, and on the ſame Side 5 
of a Right line, being equal, they are Right angles. 
Wherefore, when two Angles are contiguous or . 
joining, - ne of them, ACE, be a Right angle, the 
other, ECB, is alſo aKight o.c, nd if one of them, ACD, 
be obtuſe, the other, DCB, is conſequently acute, 
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3. Two, three, or more Right lines meeting in the ſame 

Point, and on the ſame Side, of another Right line, make 
all the Angles, together, equal to two Right angles. 

For, ACF +FCD+DCB=ACE +ECB. 

4. When one Right line makes Angles with anothe:, if 

one of the Angles be known the other is alſo known. 
For, it is the difference between the Angle known and 

two Right ones. As, ACDSACE ECB DCB. 


THEOREM II. 15. Euclid. 


vertical or oppoſite Angles, made by the Interſection = 
of two Right lines, are equal to one another. 


AB and CD interſect in E; then, the Angles AEC, 
DEB, are equal; alſo, AED equal to CEB. 


Dru. The Right line AE, cuting the Right line CD, 
makes the Angles AEC, AED, together, equal to two 
J oe =» . - That. 
And, becauſe DE cuts the Right line AB, the Angle 

AED YT DE, are alſo equal to two Right ones. by the ſame. 


Therefore, AEC AED= AED T DEB. Ax. 9. 
And if there be taken away the common Angle AED, 
there will remain AEC equal to DEB. Ax. 7. 
In the ſame manner, AED may be proved equal to CEB. 
Ok, it may be demonſtrated after another manner, thus. 
About E, the point of Interſection, as a Center, deſcribe a 
Circle (with any Radius at diſcretion) cuting the two Lines 
in A, C, B, and D. Then, the Ark AD DBS CBT BD. 
For they are, each two, equal to the Semi- circumference 
eb, 7 > - See N. B. Def. 21. 


Wh. taking away the Ark DB, there remains AD=CB; 


And, the Angles AED, CEB, having equal Arks, are equal. 
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Con. Hence, if two Right lines interſe& each other, the | 


Angles ey make are SO to four Right angles. 


2. All the Angles which can be made about a Point are 
qual to four Right angles. 


4% 


a : EOREM 1. 


If a Right line, cuting two Right Raw makes all 
the Angles, on both Sides, equal amongſt en 
en, the two Lines are ET 


Let the Right line EF cut two Right lines, AB and CD, 
making the Angles AEF, EFC, BEF, and EFD equal 


to one another. 


Then AB i is parallel to CD. 


Dr N. Becauſe the Angle AEF is equal t to BEF, by Hyp. 
EF. is perpendicular to AB = „ 
And, becauſe EFC EF, EFi is, alſo, perpend. toCD. 

Wherefore, ſince EF cuts both Lines, AB and CD, 

_ perpendicularly, the Angles AEF, EFC, &c. (being 

equal) are Right angles; and, AE, EB, CF, and FD 
are perpendicular to Ert. Def. 11. 
But, AE, EB is thetkmewithath; and CF, FD, with CD. 


Therefore, AB and CD, being both perpendicular Fo 


to EF, are parallel, -: 3 XX. 10, 


Cor. From hence it is manifeſt, that, any Right line, 
cuting two parallel Lines, makes the internal Angles, on 
each Side, equal to two Right angles. | 

7 2 | 
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For, if they are cut perpendicularly, as EF, it is clear. 
And, ſince any other Line (FG) cuting them both, makes 
the adjoining Angles (a and 6, c and 4) with each Line 
(AB and CD) equal to two Right angles; - - Th. 1. 
conſ. all the internal Angles (a, 5, c, and 4) which it 


makes with them both, are equal to four Right angles. Ax. 2. f 
Now, ſince AB is parallel CD (Theo.) and the two in- 


ternal Angles, on one Side EF, are equal to tos on the 
other Side (Hyp.) it is cyident, that the internal Angles on 
one Side are, alfo, equal to thoſe on the other Side, of any 


Right line (FG) cuting them both; wh. a+c=b +84. 


But, all the four internal Angles are equal to four Right 


| angles ; conſequently, the internal Angles, a+c,and b+d, - 


on each Side, are, each two, equal to two Right angles. 


Cox. 2. Iftwo Right lines, which are not parallel, be cut 
by another Right line, they will meet on that Side where 
the internal Angles are leſs than two Right ones. 


For, if br be leſs than two R. angles a+c is greater; 


| becauſe, a+b+c+d=four Right angles. - = Th. 1. 


Wherefore, fince AB is inclined: to CD, they will, if 


- produced, meet on that ſide EF, towards B and D, on 


which the Angles, b +4, are leſs than two Right ones. 
Becauſe, the Angles,” 5 + d, on that fide EF, * toge- 
ther, leſs than a+c, on the other Side. 5 


+ — 


If this Theorem, and the Corollaries deduced, cannot be ad- 
mited, as perfect Demonſtration, it may be ſuppoſed a Lemma 
to the next; being an illuſtration, at leaſt, of Euclid's 12th Axiom; 
which, in my opinion, cannot be received as ſuch, by any Per- 

ſon as yet unacquainted with Geometry. From that conlidera- 
tion, it may pg with the moſt ſcrupulous; my deſign is to make 
eme attainable to common Capacities, 
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THEOREM IV. 27. Euclid 


If a Right line, cuting two Right lines, makes the 
alternate Angles equal, to one another; or, ſhall 


make the ext ru equoi to the internal and 
oppoũte; the two Lines are parallel. 


* 


Let FG be a Right line, cuting the two Right lines 


AB and CD, and making the Angles AEF, EFD, equal 


to one another. Then, the two Lines, AB and CD, 
are parallel. 


For, if the Angles AEF, EFC, be not equal to two 
Right angles, they are either greater or leſs; ſuppoſe them 


greater; then, the Lines, AB and CD, will meet on the 


other Side, towards B and D. 


Dem. The Ang.BEF +EFD, is leſsthan AEF+ EFC. Sup. 


And the Angle AEF +BEF=EFC+EFD; - Ax. . 

| for, they are, each two, equal to two Right angles. Th. 1. 
But,the Ang. AEF=EFD(Hyp.)wh.BEF = EPL ER 

| e e BEF +EFD=AEF+EFC, - Ax. 6. 
.e, they are, on each fide, equal to two Right angles. 
Th. AB is par. to CD; as they do not incline on either Side. 


2. Let the Angle GE be equal to EFD. | | 
Now, the Ang. EFD=GEB(Hyp.)and, AEF=GEB. 2. 


Wherefore, AEF is equal to EFD =< < = Ax. z. 


But, GEB+BEF are equal to two Right angles, 1. 


conſ. BEF EF are alſo equal to two. Right angles. 
By the ſame, AEF+EFC are equal to two Kght angles. 
Therefore AB is parallel to CD. 


He Nc, a Right line (as CD) may be drawn througha 


given Point, F, parallel to AB. For, drawing a Line, FG, 
through F, at pleaſure, cuting AB, by making the Angle 


EFD equal AEF, FD, i. e. CD, is parallel to AB. 


R \ 
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Cor. 1. Conv. If a Right line cuts two Right lines, which 
are parallel, the alternate Angles are equal to one another. 
For, AEF+BEF are equal to two Right angles. Th. 1. 
Allo, BEF+EFD are equal to two Rt. angles. C. 1. 3. 
| Wherefore, AEF=EFD; and BEF=EFC. Ax. I. 
Cox. 2. If a Right line cuts two parallel Lines, it makes 
equal Angles with them both. viz. GEB equal to GFD. 


THEOREM v. 30. Euclid. 


; 1 two, or more, Right lines are parallel to any other 
Right line, "_ are parallel between 15 es 


nere two Right Jiu AB and CD, be. both ale 
to the ſame Right line, EF. 


1 fay, that AB is parallel to CD. 


Let any Right line (AG) cut them all; being. pro- 
. if neceſſary. 


Dust. Becauſe AB: is parallel to EF, and-they are both. cut 
by the Rt. line AG, the Angle BAE FEG. -C. 2. 4. 
And, for the ſame reaſon, the Angle DCG=FEG; 
wherefore, the Angle BAE is equal to DCG. - Ax. 3. 
But, thoſe Angles are internal and oppoſite ; - Def. 16. 
_ therefore, AB is parallel to CN. - - 2. Th. 4. 


SCHOL. This Theorem might well paſs for an Axiom; for, by 
adopting en for Things, or Quantity, 'tis the ſame as Axiom 
the Third, 
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THEOREM VI. 

If two Right lines cut each other, and, if there be 
two other Right lines (in the ſame Plane with 
the former) parallel to them, reſpectively, and alſo 
cut each — they contain equal Angles. 


Let he Ride lines DE and DF F ( or DE and DF) be re- 
n parallel to AB and AC. 


1 ſay, the Angle F DE 1 is equal to C AB. 


Produce either Side (if it be neceſſary „ AS . DE, cuting 
AC at E; and DF at F. | 


DEM, Now, becauſe DE i is i to AB, and they are 
both cut by AC, the Angle CAB=CEF - C. 2. 4. 
And, becauſe DF (or D) is parallel to AC, and are 
both cut by DE, the Angle FDE=CEF - - - ſame. 
But, the Angle CAB=CEF; and FDE=CEF proved. 
Therefore, the Angle: FDE is equal to CAB. - Ax, 3. 


Or; becauſe DF is parallel to DF, and both cut 
by DF, the Angle EDF DFG. 


| And, for the ſame reaſon, FDE DFG, PH 
conf. ED is equal to FDE; - <- - - - Axg. 
and therefore, EDF is equal to CAB. 


This valuable Theorem is not in Euclid, except the 10th of the 
eleventh Book, may be compared with it; in *which, the tuo 
Lines ¶cuting each other} are, reſpectively, in different Planes ; 

but they are, neceſſarily, either in the ſame Plane, or in parallel. 
Planes, and it holds equally true, in both. 4 
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THEO RE M VII - 8. Euclid: 


If the three Sides of one Triangle are equal, reſpec- 
tively, to the three Sides of another Triangle, they 
are alſo equiangular; 1. e. the Angles oppoſite to 
equal Sides, are alſo equal, and the whole Triangles N 


are congruous. 


et «thi Triage ach, ACB, have all their three Sides; 
equal; viz. a bequal to AB, be equal BC, and a c equal AC, 
I fay, the Angle a is alſo equal to A, b equal B, and e 
equal to C; and the Triangle abc, 8 to ABC. 


DEA. Ck the Triangle abc aolkd to ABC; any Side, 
ab, to its equal AB, with the Point a to A. - Poſt. 5. 
Then, if the Triangles are alike ſituated, ac will fall on 
AC, and be on BC; the Angle a will coincide with A, 
b with B, and c with C. 
For, becauſe the Side a b is equal to AB, tlie ate 
a being applied to A, b will fall on B; and, becauſe ac is 
equal to AC, and be to BC, the Point c muſt neceſ- 
5 Hrn fall on C. 
If not, let c, if poſ* ble, fall at d, in the Ark Cd, de- 
ſcribed on A, with the radius ac; wh. Ad= AC, equal ac. 
But, Bd is not equal to be; for, if Ce be an Ark of a 
Circle deſcribed, on B, with the Radius bc, being equal 
to BC, it will cut the Ark dd, at C, and the Line Ad, ate. 
Wherefore, the Point c cannot fall at d, nor elſewhere 
but on C, in the interſecting Point of the two Arks. 


3 h. the Trian gles, agreeing in erery fart, are congruous. 


N. B. This Property does not hold good i in any other Figure. 
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THE to R E M vim. 4. Euclid. 


Triangles having two Sides, in each, refutes 
5 equal, and if the Angles, contained by thoſe Sides, 
are alſo equal; then, the remaining Side, of one, 


ſhall be equal to the remaining Side of the other; 


the remaining Angles, of one, equal to the re- 
maining Angles of the other, viz. thoſe that are 


5 - oppoſite equal Sides; and the whole 8 are 
equal, and congruous. | 15 


Let the Triangle, a be, have two Sides, ab, bc, equal, 


reſpectively, to AB and BC, of the Trangt ABC: and, let 
he Angle a be be equal to ABC. 


Then, the Side ac is equal to AC; the Angle a is equal A, 
and c equal C; and the whole Triangle abc, equal to ABC. 


DEM. Suppoſe the Triangle, abc, applied to, or laid 
upon, the Triangle ABC, in ſuch wiſe, that the Side 
ab, of the one, agrees with AB of the other Triangle; 
the Extreme a, with A, and b with B. » Poſt. 5. 

Then, the Side bc will fall upon BC; - by Def. 14; 
for, they contain equal Angles, by the Hypotheſis. 
The Extreme c, of the one, will coincide with C, of 
the other ; becauſe, bc is equal to BC. 

Therefore, the remaining Sides, ac and AC, muſt 
neceſſarily agree, and be equal to each other; the Angle 
a will coincide with A, and c with C; and conſequently, 
the whole Triangles, a be, ABC, are congruous ; | 


therefore, the Triangle a b c is equal to ABC. Q. E.D. 
Con. Hence, if two Sides of one Triangle be equal, re- 


ſpectively, to two Sides of another Triangle, and the con- 


tained Angle, of one, be greater or leſs than the con- 


tained Angle of the other, the remaining Side will alſo 
be greater or leſs ; and converſely, 
G 
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For, ſuppoſe two Na 2 c b, ACB, Having their 

Sides, a b and be, reſpectively equal, to AB and BC. 
: It is evident, that, if the Angle a bc was the leaſt 
"poſlible ; i. e. if the inclination of the Sides, ab, b c, was 
ſuch, that it is not poſſible. to conceive a leſs Angle, the 
two Sides, ab, be, would nearly coincide ; and conſe- 
quently, the length of the remaining Side, ac, would be 
ſomewhat more than the difference between a b and bc; 
viz.ac=ab—bc, nearly. 
Again. Suppoſe the Angle made by the Sides AB, BC, 
| equal ab, bc, the largeſt poſlible, ſo as, nearly to fall 
into one Right line; it is manifeſt, that the remaining Side, 
AC, would be ſomewhat leſs in the length of both, AB 
and BC; ie. AC= AB BC, nearly. 
| Hence i it ĩs plain, that, whether the Angle, abc or ABC, 
contained between a b and be, or AB and BC, be greater 
or leſs, the remaining Side, a c or AC, will alſo be greater 
or leſs; and converſely, the greater or leſs the Side, a c or 
AC, the greater or leſs is the Angle, a be or ABC. 
For, imagine the Triangle abc applied to ABC, the 
Side ab to AB, the Angle a to A, and b to B; and ſuppoſe 
an Ark of a Circle deſcribed, from c to C, on the Center B. 
Then, ſuppoſe the Angle a Bc opened or enlarged, to 
the ſeveral Apertures, a Bd, a Be, aBC; it is evident, that 
as the Angle a Be is increaſed, at a B d, &c. ſo is the re- 
maining Side, A d, A e, &c. continually longer ; from Ac, 
the ſhorteſt poffible, to AC, the longeſt. | | 
HENCE the 24th and 2 Sth of Euclidare clear, and manifeſt, 


THEOREM IX. 285 Euclid. 


| In! Ifoſceles Triangles, the Angles at the Baſe are equal 
to one another ; i.e. if a T riangle have two equal 
Sides, the Angles, oppoſite to them, are calſo equal. 


/ 


A and B. From C, draw CE * to AB. 


Let ABC be an Iſoſceles Triangle; the Side AB many to 
BC. The Angle A is equal to C. 
Let BD biſect the Angle ABC, made by che equal Legs 
AB, BC; it will biſe& the Baſe, AC. 


DEM. In the Triangles ABD, DBC, the Sides AB, BC 


are equal ( Hyp.) and, BD i is common to them both. 

Now, the Sides, AB, BD, are equal CB, BD, re- 
ſpectively; and the Angle ABD is equal to DBC. Con. 
Th. AD=DC, and the Triangle ABD Z= DBC. Theo. 8 
But, in congruous Triangles, oppoſite equal Sides are 
equal Angles. (Th. 7 and 8.) Therefore, the Angle 


ACC, being oppoſite the common Side, BD. Q. E. D. 


Cox. 1. The external Angles, . made by producing equal 
Sides, or the Side lying between them, are alſo equal. 

2. An Equilateral Triangle, is alſo equiangular. 

For, oppoſite to equal Sides are equal Angles. 


3. If a Triangle have two equal Angles, the Sides oppo- | 


ſite them are alſo equal. And, if all the three —_— of 

a Triangle are equal, it is equilateral. 

4. A Right line, biſecting the Angle, and the Baſe, con- 
tained between equal Sides, is perpendicular to the Baſe; 
and conſequently, two Right lines drawn from the ſame 

Point in a Perpendicular to a Right line, to Points 
equally diſtant from the Perpendicular, are equal. 


For, the Angles ADB, BDC, being equal, are conſe- | 


quently Right angles. G 
THEOREM: X. 22. Nac 


If any Side of a Triangle be produced, the external 
Angle, made thereby, is equal to the two remote 


Angles of the Triangle. 


And, the three Angles of every Triangle are, 


5 together, equal to two Right angles. / 


In the Triangle ABC, let any Side, as AC, be 3 
Then, the Ang. BCD is equal to the two "Angles 


er 
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DEM. Becauſe CE is parall. to AB (Con.) and they are both 
cut by the Right line BC, the Angle BCE ABC. Th. 4. 
And, becauſe AB and CE, being parallel, are cut by the 
Right line AD, the external Th ECD=BAC, the 
internal and oppoſite; = - 2.Th.4. 
But, the Ang. BCE (eq. B)+ ECD(eq A) BCD. Ax. a. 
Therefore, the external Angle, BCD, A B, the two 
remote Angles of the Triangles. Q. E. D. Ax. 3. 
2 he three Angles, A BCA, are equal to twoR. angles. 

Having produced AC and drawn CE, parallel to AB. 


Dru. The Angle BCE = ABC, and ECD=BAC,; + 4. 
wh. BCD (eq. BCE ECD) is equal to ABC BAC. 
But, the Angle ACB, BCD, =two Right angles. - 1. 


Therefore, the three Angles, ABA WA, are 8 
to two Right angles. 


This and part is alſo elegantly proved, by drawing 2 


Right line, FG, through any e as B, parallel to the 
oppoſite Side, AC. 


DE. For, the Angle FBA A, and GBC = BCA - 5 

conſ. the Ang. A+ABC+BCA(eq.FBA+ABC+CBG) 

are equal to two Right angles. C. 3. Th. 1. 

Cor. 1. Hence, if one Angle att a Triangle be equal to the 
other two Angles, it is a Right one. 

For, if either Side, containing the Right angle, be pro- 
duced ; the external Angle, being equal to the two remote 
ones, is equal to the Rt angle to which it is contiguous_ 

2. There can be but one Right angle, or one obtuſe 
Angle, in a Triangle. Becauſe, if there be one Right 
angle,ſthe other two are, together, equal toa Right angle, 


3. If a Triangle have one Right angle, the other two are 
acute, and equal to aright one; and, if the Triangle be 
Iſoſceles, the two Angles, at the Hypothenuſe, are each 
equal half a 2 e For, _y are is, gee” - ER 9. 
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& If the ſum of two Angles of a Triangle be known, the 
other is alſo known; For, it is the Complement of two 


Right angles. Alfo, if one Angle be e the Sum of 


| the other two is known. 


= If the Sum of two Angles of a Triangle, either romniling 
or ſeparately, be equal to two Angles of another Tri- 
angle, the two remaining Angles are equal. 
For, the Sum of all the Angles of every Triangle i is 
the ſame; i. e. they are equal to two Right angles. 


6. The equel Angles of every Iſoſceles Triangle are acute. 

For, however ſmall the Angle at the Vertex, the 
Angles at the Baſe are, each, equal to half the difference 
between that Angle and two Right angles. 


7. The Angles of an Equilateral Triangle are each 60 Degs. 
For, it is two thirds of a Right angle, or one third 
of two Right angles. 


5 8. All the Angles of every Quadrilateral _ n 
equal to four Right angles. 


For, by drawing a Diagonal, it is divided into two 
Triangles; and all the Angles, of each Triangle, are equal 
to two Right angles ; conſequently, the ſum of all the 
Angles, of both, are equal to four Right angles; and 
they: are equal to all the Angles of the Quadrilateral, | 

Note. The two following Theorems are alſo deducible from 


the laſt Propoſition ; which, not being PRs are not num- 
bered amongſt the other Theorems, © 


TARO. 1. All the a Angles, BY every dh Ban Fi- 


gure, are equal to twice as many Right angles, wanting 


| Four, as the Figure has Sides. 


Every right lined Figure, may be reſolved into as many 
Triangles, as the Figure has Sides, wanting two; by draw- 


ing Diagonals from any Angle, to all the TO Angles. 
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In the Irregular Hexagon ABCDEF, let there be drawn 


the. Diagonals AC, AD, and AE; which divides it into 
four Triangles, ABC, ACD, &c. 


Dem. Becaufe (by the Theorem) the has” Angles of every 
Triangle are equal to two Right angles, the Sum of all the 
. Angles of the four Triangles, ABC, ACD, &c. is equal 
to eight Right angles, 
And, they are equal to all the internal | Angles of the Hexagon. 
Therefore, all the Angles of the Hexagon are equal to eight 
Right angles. But, a Hexagon has fix Sides, and twice fix is 
twelve; by taking away four, there will remain eight Kight an- 
les; ; which are equal to all the Angles of the Figure. 


Or; by affuming any Point (as F) within the Figure 
ABCDE, and drawing Lines to every Angle, from that 
Point, FA, FB, &c. it will be divided into as many Tri- 
angles, as the Figure has Sides. 

Now, the Angles of ns the five Triangles are equal tc to ten 
Right angles. - - - Theo. 10. 

But, one Angle, of Foes Triangle, is at the Point F, within 
the Figure; and all the Angles about a Point are equal to four 
Right angles (Cor. 2. 2.) conſequently, the remaining Angles, 
of the T py; are equal to the Angles of the Figure; 
which, in a Pentagon, are equal to fix Right angles. | 
Con. Hence, the Sums of all the Angles of every right 
| lined Figure, having an equal number of Sides, are equal. 


THEO. 2. All the external Angles, made by producing every | 
Side, of any right lined Figure, are equal to four Right angles. 


For, fince the internal and contiguous external Angle, BAE+ 
EAG, &c. are equal to two Right angles (Th. 1.) the Sum of 
all he internal and external Angles, together, are equal to twice 
as many Right angles, as the Figure has Sides. 

But, all the internal Angles are equal to as many, wanting 
four ; conſequently, the external Angles are equal to four. 


Cor, The ſums of all the external Angles (taken together) 
of every right lined Figure, are equal. 
SCHOL. T his Property of right lined Figures is nah farprizin » ; for, 


2 external Angles of a Triangle are equal 0 all the external Angles 
of any Poligan, whatever, and, of * Sides. 
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The general utility of the knowledge of chis Property of Tri- 
artgles, 1 in the 1orth Theorem, 1 is very extenſive. It is, perhaps, the 
moſt perfect Demonſtration that can be given; and We may con- 
ceive an Idea of its extenſiveneſs, from the Corollaries and Theo- 
rems already deduced from it, 


THEOREM XI. 26. Enelid. 


Triangles baving two Angles, and one Side, reſpec- 

tively equal to two Angles, anda correſponding Side; 
whether it be the Side, between the equal Angles, 
or either of the other, which are oppoſite to equal 
Angles; the remaining Sides and Angles ſhall be 
equal, and the Triangles are congruous. 


The firſt Art of this Popping viz. when the equal Sides 6 
between the equal Angles, is ſo very obvious, that i it might have 


been made a Corollary to the 8th; from which 1 it is eaſily deduced. 


Dem. For, AB, equal DE, being applied to DE (Poſt, 8.3 


if the Angle A be equal D, and B equal: E (the equal 
Sides, AB, DE, lying between) then will AC fall on 
PDF, and BC on EF. * - Def. 14. 


Conſ. the Angle C, will fall on F, and the Triangle 
* ABC coincide, or agree in every reſpect, with DEF. 


2. Let ABC and DEF be two Triangles, vhoſe Angles A 

and C, of the one, are, reſpectively, equal to D and F, 

of the other; and let the Side Ahr of che one, be equal 
to DE, of the other. 


Then, the Triangles, ABC, DEF, are congruous. 
Px x. Firſt, if the Side AC be not equal to DF, it is either 


greater or leſs; * it leſs, and take DG equal AC, 


and draw EG. 
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Then, becauſe AB DE (Hyp.) and DG=AC, by 
Suppoſition ; the Sides, AB, AC, are reſpeRiycly equal 
to DE, DG; and the Angle BAC EDG; Hyp. 
wh. EG BC, and the Triangle DEG=ABC -- - = 8. 
Conſequently, the remaining Angles, of the one, are equal 
to the remaining Angles of the other, which are oppoſite | 
equal Sides ; wherefore, the Angle DGE is equal ACB. 

And, DFE=ACB (Hyp.) th. DGE=DFE. - Ax. 3. 

But, DGE is greater than DFE; - - Th. 10. 
for it is an external Angle of the Triangle FEG ; 
it is, therefore, both equal and greater, which is abſurd. 
Therefore, AC is not leſs than DF. ae: 

After the ſame manner, it may be proved not greater ; 
conſequently, AC is equal to DF. CLE 
Th. the Triangle ABC is equal to DEF; and congruous. 


AGcain; if it be affirmed, that BC may be either greater 
or leſs than EF; ſuppoſe it greater; then, 
Take BH equal EF, and join AH. 1 


5 Then, the Angle BAC, being equal to EDF, is greater 
chan the Angle BAH; which deſtroys the Hypotheſis. 
Wherefore, BC cannot be greater or leſs than EF. 


This Theorem concludes the general properties of Triangles, 

which I have kept as near together as poſhble ; by which pro- 

perties, peculiar to Triangles, only, we can, with certainty, 
affirm them to be congruous, conſequently equal. 8 


| Firſt, when all the three Sides, of one Triangle, are equal, re- 
ſpectively, to the three Sides of another Triangle. (Th. 3.) 


2nd. When there are found only two Sides reſpectively equal to 
two Sides, and containing equal Angles between thoſe Sides. (8.) 


3dly. When two Angles, of one, are reſpectively equal to two 
Angles of another; and one Side of each Triangle, either lying 
| between them, or oppoſite equal Angles, alſo equal; by the laſt, 
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THEOREM 3it i Euclid, 


In every Triangle, thegreateſt Side ſubtends the greateſt 


Angle; and the leaſt Side ſubtends the leaſt Angle. 


ACB is a Triangle, whoſe Side AC is greater than 


CB; I fay, the Angle B is gfeater than the Angle A. 
Suppoſe AB biſected in E, and ED ran, to 


| "48, join DB. 


Dx. In tlie Triangle ADB, the Side AD=DB: - 0. 4. 9. 
wherefore, the Angle BAD is equal ABD. - - Th. 9. 
But, the Ang. ABD (eq. BAD) is leſs than ABC. Def. 14. 
Therefore, the Angle ABC (oppoſite to AC) is greater 


5 than BAC, which is oppoſite to a leſs Side, BC. Q. E. 95 


Or thus, after Euclid, 
By Hypotheſis, AC is greater than CB, Make co equal 


to CB, and raw DB. 


Then, the Angle CBD=CDB. Th. 9. But the Ang, 
CDB'is greater than CAB. 10. And, CBD (eq. CDB) is 
leſs than ABC. Th. the Angle ABC is greater than CAB. 


and. The leaſt Side ſubtends the leaſt Angle. 


A is leſs than BC; then, the Angle C is leſs than A. 
Make BE equal BA, and draw AE. 


Dem. Now, che Angle AEBZBAE. < '- - Th. 9. 
But, AEB is greater than Ag. 10. 
Th. BAC, which is greater than BAE, is greater than 
ACPB, which is leſs than AEB (equal EAB) Q. E. D. 


Cox. 1. In Triangles, oppoſite the greateſt Angle is the 


greateſt Side; and the leaſt Side ſubtends the leaſt Angle. 
Cox. 2. A Perpendicular is the ſhorteſt Line, which can 

be drawn from any Point to a Right line. And that 

Line, which falls neareſt to the Perpendicular, is ſhorter 
than the more remote ones. 


Let CD be perpend. to AB. 8 at pleaſure CE & os 


<& 
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| Now, ſince CDE is a Right angle, CED is acute. C. 3. 10. 
Therefore, CE, which ſubtends the Right angle, is greater 
than d VV 


2ndly. Becauſe the Angle CED is acute, CEB is obtuſe; 
conſ. CB is greater than CE. | Theo. Therefore, CE, 
which is neareſt to the Perpendicular, CD, is leſs than CB, 

or CF, which is more remote from it. 


THEOREM XIII. 20. Euclid. 
In every Triangle, any two Sides, taken together, are 
N greater than the remaining Side. 


Let AB be the greateſt Side of the Triangle Ac. 
I ſay, the Sides AC, CB, are, together, greater than AB. 
Produce AC to D; make CD equal CB, and join BD. 


Dx x. Then, becauſe CD=CB, the Ang. CBED=CDB q. 

But, the Angle ABD is greater than CBD, equal CDB. 
Then, fince in the Triangle ADR, the Angle ABD is 

greater than ADB; the Side AD is greater than AB - 12. 

But AD=AC+CB (Con. ) therefore, e is 
greater than A.. QED; 


THEOREM XV. . Euclid. 


If, from any Point within a Triangle, two Right 
lines are drawn to the extremes of any Side; thoſe 
Lines, together, are leſs than the other two Sides of 
the Triangle, but they contain a greater Angle. 


In the Tri. AC, affine any Point, E, anddraw EA, EB, 
_ Ifay, that AE added to EB, is leſs than AC added to CB. 


And, the Angle AE is greater than ACB. 
. Produce AE to D. | 


Dex. In the Triangle ACD, the Sides, AC, cb, are 
greater than A >. 8 *** 13. 


Add DB to both; and AC+CD+DB (eq. * 
is greater than AD+DB. - - - - Ax. 8. 
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Again. In the Triangle EDB, the Sides, ED; ty | 


are greater than EB. | 
Add AE to both; and AD Pz is greater than AE + EB. 
But, AC+CB is greater than AD+ DB, - proved. 
Therefore, AC+CB is ſtill greater than AE + EB. 
zndly. The Angle ADB is greater than ACB, and AEB 
is greater than ADB;  -- - - 4 


conſequently, AEB is {till greater than ACB. Q.E.D. _ 
For, the Angle ADB is external, in reſpe& of the Tri- 


angle ACD; and AEB, in reſpe& of BED. 


Con. Hence; if two Triangles have one Side, in each, 


equal to the other, or have one Side common; and, if 


the remaining Sides, of the one, be leſs, reſpectively, than 
the remaining Sides of the other, they will contain a 
greater — 5 


* 


- THEOREM Xv. 34 Euclid. 


In every Paral! elogram, the oppoſite Sides and Angles 
are equal. And, 1t 1s cut into two equal Triangles 
by a Diagonal. 


Let ABCD be a Pm | | 
The Side AB is equal to DC, and AD is equal to BO. 
Alſo, the Angle D is equal to B, and A * to C. 
Draw either Diagonal; as AC. 


Dun; By Def. 33. AB is parallel to DC; and they are 
both cut by AC; wh. the Angle BAC ACD. - Th. 4. 


And, becauſe AD is parallel to BC, and are both cut by 


; AC; the Angle DAC AC B; and AC is common; 
wherefore, the Triangles, ABC, ADC, are congruous- 11. 
Therefore, the Side AB DC, and AD=BOC. - Def. 43. 


Alſo, the Angle B= D (Th. 11.) &, DAB=BCD- Ax. 6. 
(For, BAC ACD, and DAC=ACB (Th. 4.) as above; 


and conſ. BAC CAD SACD ACB.) - QE. D. 
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| Cor. Hence, it is manifeſt, if Right lines be drawn be- 


tween the extreme Points of two Right lines, which 
are equal and parallel (ſo as not to croſs ay other) they 
are alſo equal and parallel. 


As AD and BC, joining the Points A & D, B & C. 
| | Hence, the 33d of Euclid is evident, 


THEOREM XVI 
The two Diagonals of a Parallelogram biſect each 


other. And, every Diameter divides a Parallelo- 
gram into two equal and congruous Figures. 


In the Parallelogram ABCD, draw the Diagonals, 


| AC and BD. I ſay, the Diagonal AC is biſected by DB; 


and, DB is alſo biſected by AC, in the Point E, of their 
mutual Interſection. 


DEM. Becauſe, AB is nl to DC, and are both cut by 
AC and BD; the Ang. BAC ACD, & ABD=BDC. 4. 
But, AB=DC (15.); wh. the Triangle AEB = DEC, 
and alſo congruous. % =». - TYM 
wh. DE=EB, & AE= EC, being oppoſite equal Angles. 
Therefore, the Diagonals, AC, & BD, are biſected, in E. 
zndly. The Diameter, FG, divides the Parallelogram 
ABCD, into equal and congruous Figures, 
AGF is equal to FGBC, and congruous. 
DEM. Now, the Triangle ABC is equal to ACD. 15 
The Angle AEG=FEC (2.) and GAE=ECF, - 4. 
and AE=EC (above) wh. the Tri. AGE=EFO. = 11. 
Let them be taken away; there remains AEFD=CEGB, 
and conf. AAGE+AEFD= AEFC+CEGB. - Ax. 6. 
Th. the Trapezium AGFD is equal to FGBC. Q.E.D. 


Cor. Every Right line, which divides a Parallelogram in 


two Parts, and paſſes through the Center, is biſe&ed at 
the Center. As, FG is bi;ected in E. 
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HE ORE M XVI. 43. Euclid. 
In every Parallelogram, the Complements are equal. 


In the Parallelogram ABCD; aſſume any Point, as I, 

in the Diameter AC; through which, draw EF and 
G, parallel to AB and AD, reſpectively. I ſay, the 
Complements, DI and IB, are equal to each other. 


Dzm. AC divides the Par. DB into two. Tris. ABC ACD; 
And the Parallelograms AGIE and IFC, are divided into 
equal Triangles AGT=AIE, and IFC SICH. - Th. 15. 
Now, if from the equal Triangles ABC, ACD, there be 
taken away equal Triangles AGI, IFC, =AIE, ICH, 

there will e the Par. DEIH L equal to IGHF.-ARY | 


THEOREM XVIII. 2 uv 


Containing the 3 5th, 36th, 37th, and 38th of Euclid. 


Parallelograms, or Triangles, having the ſame or equal 
Baſes, and equal Altitudes, are equal. 


me Parallelogram ABCD is equal to the Parallelogram 
AFGD ; ſtanding on the ſame Baſe AD, and having the 
fame or equal Altitudes. 


' Alſo, the Par. ABCD is equal to EFGH, having equal 


Baſes, AD equal EH. 

Dem. ABCD AF=DG(1 5)and, theAngBAF=CDG; 6. = 
wherefore, the Triangle ABF DCG. 8. wal 
| But, the Triangle ICF is common to both; > 1 
wherefore, the Trapezium ABCI=IFGD. - Ax. 7. | 11 


Add, to both, AID; the Par. ABCD, =AFGD. - Ax. 6. 1160 
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Acain. The Par. ABCD, is proved equal to AFGD; 


for the ſame reaſon, EFGH =AFGD, FG being common. 
Th. the Par. ABCDSEFGH. = <. Ax. 3. 


But, AD=FG and EH=FG 15; wh. AD=EH (Ax. 3.) 
Therefore, the Pars. AC and FH have equal Baſes. 


2ndly. The Triangle ABD is equal half the Par. ABCD; 


and, AFD is equal half AFGD. - - Ph. 15. 


= But, ABCD=AFGD ; wherefore, — Ax. 1. 


Alſo, EGH is equal AFD, equal ABD; 
for EGD=FEG, and FEG g FDG, equal AFD. 
Th. EGD=AFD, which was equal ABD. . 


co R. Equal Parallelograms or Triangles, having the ſame 


or equal. Baſes, have the ſame Altitnde ; or, are con- 
tained between the ſame Parallels. 


This Corollary (the. converſe of the Theorem) contains the 


39th and 4oth Propoſitions of Euclid. 


SCHOL. Hence it is evident, that two Spaces may differ greatly i in 
Circumference, yet contain the ſame Space; and alſo, that two Fi- 
gures or Spaces, of — * may contain wery different Areas. 


THEOR EM . Euclid. 


Every Triangle having the ſame Baſe as a Parallelo- 


gram, andequal Altitude, is eq. half that Parallelogram. 


In the Parallelogram ABCD, from any Point in the 
Side AB, draw EC and ED. . 
The Triangle DEC is equal half the ky i 


ABCD. Draw EF, parallel to AD and BC. 
DEM. The Parallelograms, AEFDand FEBC, are biſected, 


by the Diags DE&EC; ADE DEE, & FEC SEBC-15· 
Wh the Triangle DEF FEC, =ADE + ECB. - Ax. 6. 
But, the Triangle DEC=SDEF+FEC. - Ax. a. 
Therefore, the Triangle DEC=half the Par. ABCD. 
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- produce AB, make BE equal to AE, and draw CE. 
The Triangle BEC is equal AED (8.) And the Pa- 
rallelogram DEEC is equally divided the Diag. EC. 15. 

| | CASE the Second. 

When E falls without the Par. ABCD, in AB _— 
Draw EF parallel to BC; meeting DC, produced, in F. 
DE. DE biſects the Par. AEFD; wh. AED S DEF. * 
and, the Diag. CE, cuts the Par. CBEF, in BEC=ECF, 
Wherefore, the Triangle DEF- CEF (equal DEC) 


is equal half the Parallelogram AF— BF (equal ABCD) 
1. e. the Tri, DECis equal half the Par, ABCD. QED. 


THEOREM XX. 47. Euclid. 
In every Right-angled Triangle, the Square of the 


Hypothenuſe is equal to the Squares of the two 
Sides, containing the Right angle. 


Let ABC be i Right-angled Triangle, and FB, BI, 
Squares, of AB and BC; alſo, let AD be the ſquare of 


Ad, the Hypothenuſe. 


1 fay, the Square AD, of the Hyp. AC, is aol to 
the two Squares, AG and BI of the Sides» AB and BC. 
From the Right angle (B) draw BK perpendicular to 
AC ; which, produce to L, parallel to CD. | 32 

The Square AG is equal to the Rectangle AL; and, the 
Square BI is equal to the Rectangle KD. Draw FC & BE. 


Dx. In the Triangles FCA, ABE, AF, AC are reſpec- 
tively equal to AB, AE; and they contain equal Angles. 
For, FAB=EAC (Ax.9.) and, if BAC be addedto both, 
the Angle FACZ=BAE.  - '- © --.A* 6. 
Wh. FC BE, and the Triangle FCA Sg ABE. - Th. 8. 
But, the Tri. FCA is equal to half the Square FB 19. 
(for, they have the ſame Baſe, FA; and, they are between 
the ſame Parallels, GC and FA.) 


— * 


35 ELEMENTS or GEOMETRY, 
And, the Tri. ABE (eq. FCA) =half the Rect. AKLE; 
(on the ſame Baſe, AE, & between the Parallels, BL& AE) 
Therefore, ſince the Tri. FCA ABE (and they are 
reſpectively equal to half the Square AG, and the Rect. AL) 
the Square AF Gg is equal to the Rectangle AKLE-Ax. 5. 
Again; the Square BI is equal to the Rectangle CKLD; 
| Draw Al and BD. | 
Then, in the Triangles AIC, .CBD, the Sides IC, 
CA, are equal to BC, CD, xcſpectively. | 
And, the Angle ICA BCD(ACBbeingcommon) Ax. 6. 
wherefore, the Triangle Al CgC BD. Th. 8. 
5 But, the Triangle TAC, is equal half the Square CH; 
(having the ſame Baſe, CI and between the Pars. AH, CI) 
And the Tri. CBD (eq. TAC) =half the Re&. \KD - 19. 
(being on the ſame Baſe, DC, & between the Pars. LB, DC) 
Wh. the Square BI is equal to the Rectangle KD - Ax. 5. 

: But, the Square AG was proved equal to the Re&. AL. 
and AL KD SAD (the Square of the Hyp. AC., Ax: 2. 
Therefore, the SquareAFGB + BHIC e bc 
On, it may be, as elegantly and more Ry d onſtra- 

ted after the following manner. 

Fzg and BFaàre Squares of the two Sides AB, BC; let 
the Square of. AC, the Hypothenuſe, be inverted ; 
as AEDC. 
Through B, draw KL paralle] to CD. Join BD & 
BE; and produce IH to D. 
Then, the Square AG is equal t to the Rente AL; 
and CH to the Rectangle CL. | | 


Dee. Now, the Tri. AEB=half the Square AFGB . 19. | 
having the ſame Baſe, AB, and Altitude, BG. 
The Tri. AEB is alſo equal half the Re&. AELK - ſame 
having the ſame Baſe, AE, and Altitude, AK, | 

Th. the Square AG is equal to the Rect. AL = Ax. 5. 
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Again; the Tri. BDC=half the Square BHIC; = 19. 

(on the ſame Baſe, BC, & between the Parallels DI, BC). 

And the Tri. BDC is alſo equal half the Rect. KLDC; 

(having the ſame Baſe, CD, and Altitude LD.) 

Wh. the Squate BHIC=the Re&. KLDC. - Ax. . 
But, theRea, AL+LC—=the Square AEDC. - Ax. 2. 
Th. the Square AEDC {of the Hyp. AC) is equal to the 
Squares, AFGB and BHIC, of the two Sides, AB& BC. 

Cor. (48. Euclid.) Hence; if, in a Triangle, the. Square 
of one Side be equal to the Squares of the other two Sides, 
the Angle, contained by thoſe two, is a Right angle. 
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I have been particular in the Demonſtration of this famous 
Theorem, becauſe it is ſo extraordinary in itſelf, and of ſuch 
ſingular uſe throughout the Mathematics. It is alſo of ſuch uſe 
in the following Books, that, without it, we ſhould not be able to 
advance much further. Pythagoras is faid to be the inventor of its. 
for joy of which, it is, ſaid, that he offered a hundred Oxen to the 
Deity, who inſpired him with fo noble, and ſo uſeful a Theorem. 
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Notwithſtanding the peculiar elegance of the former Con- 
ſtruction and Demonſtration, I cannot but prefer this, 
for its eaſe and ſimplicity; ſeeing that, the ſame Triangle 
(AEB) is equal to half the Square of AB, and to the Rect- 
angle AL, having the ſame Baſe and Altitude of both;: 
and, BDC the ſame, in reſpect of the Square, BI, and 
the Rectangle LC. But 'tis neceſſary to prove, that the 
Square of the Hypothenuſe inverted, thus, muſt neceſſa- 
rily cut the oppoſite Side (FG) of the, largeſt Square; and 
alſo, that the oppoſite Side, IH, of the leſſer Square, being 
produced, will paſs through the Angle D of the Sq. AD; 
in all caſes, whatever, and proportion of the Triangle. 


Dx. FAB and EAC are Right angles, therefore 
equal, and EAB is common; wherefore, FAE = BAC. 
Then, we have FA, AE, equal to AB, AC, reſpec- 
_ tively, and they contain equal Angles ; conſequent!,, 
AEF is congruous with the given Triangle, ABC. 
Ly : Se OR 
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And thus it muſt ever be, in every Right angled Tri- 


angle whatever; and therefore, the Angle E, of the Square 


Ab, muſt fall in the Side FG, of the Square FB. 

And, by the fame reaſoning, it is evident that CDI is 
alſo congruous with ABC; and conſequently, that II, 
produced, muſt paſs through the Angle D. Q. E. D. 


_ _ Havins, in theſe twenty Theorems, gone through the firſt 
Book of the Elements of Geometry, it will not, I preſume, be 
impertinent, before we proceed further, to ſay ſomething of its 
utility. It is reaſonable for a perſon, who has gone ſo far, to aſk, 
of what uſe are all thoſe properties of Triangles and Parallelo- 
grams, &c. ? which — though pertinent enough, it may 
not be ſo eaſy to give an anſwer to, which ſhall be ſatisfactory. 
If the ſtudy of Geometry was of no other uſe, than for the en- 
uring us to Demonſtration; by which we may have conviction in 


% 


the queſt of Truth, it would be great. Geometry is Truth itſelf ; 


the manner of reaſoning, Zeonmnetric ally, is ſolid and convincing. 
It is neceſſary for a Perſon who would be an Orator, at the Bar, &c. 
to ſtudy Geometry; it teaches how to arrange our Ideas, to ſtate 
the Premiſes fairly, and to draw Conclufions from them with 
clearneſs and certainty. But, when we conſider that it is an 
Introduction to the Mathematics, à Key to let in the firſt Ideas to 
the.moſt extenfive knowledge, we ſhall purſue it with avidity. 
The knowledge of the properties of Triangles and Parallelo- 
ams is very extenfive, and of great uſe in moſt mathematical 
eiences; as Surveying, Navigation, Perſpective, Aſtronomy, and 
numerous others, depend on them. The knowledge of the moſt 


fimple general properties of Triangles, in Theo. 7, 8, 9, 11, 12, 


and 13, is neceſſary for the Demonſtration of others, as well as for 
reference from other Works. The roth, a general property, and the 
_ 20th, a particular one, are more ſublime properties of Triangles ; 
and are, perhaps, the moſt perfect Demonſtrations that can be 


given; which are frequently referred to hereafter. | The equa- | 


lity of the Complements of Parallelograms, in the 15th, is of 
great utility ; and the properties of Parallelograms and Trian- 
gles in the 18th, very extenſive. The affinity between Triangles 


and Parallelograms, in Theorem xgth, is the foundation of 


Menſuration of Superficies. 


Ix refpeQof the properties of Right lines, and Angles formed 
by their Interſections, in the firſt fix Theorems, neceſlary for at- 
taining the properties of Figures, I ſhall give one inſtance, as a 
ſpecimen, of what great things may be effected, from the know- 


ledge inculcated by the fourth Theorem, viz, that the alternate An- 


gles, formed by a Right line cuting two parallel Lines, are equal. 


— 
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It would hardly gain credit, with ſome, to aſſert, that *tis poſ- 
fible from the meaſure of a ſmall portion of the Earth's Circum- 
ference to determine the whole, by means of that ſimple property. 
Vet, nothing is more certain; and that, without much more pre- 
vious knowledge, than, that the ſame portion or ark of Every 
Circle gives, or ſubtends, equal Angles at the Center; and con- 
ſequently, equal Angles, being formed at the Centers of Cireles of 
any Radius, will cut off equal portions of the Circumference, 


Ir is practicable to meaſure the diſtance between two. places, on 
a level Plane with accuracy; and, by means of an Inſtrument, 
called a Perambulator, the Ground between two Places, very re- 
mote, may be truly meaſured, let the Road be ever ſo irregular, 


In which cafe, it muſt be obſerved, that the meaſure, ſo obtained, 


is not the real Diſtance between thoſe places, which can only be 


meaſured by a Right line (fee Def..3.) and which is impoſſible to 


be had by an Inſtrument. And, let the Ground between two 
remote Places be ever ſo apparently level, it is not a Plane, but a 
ſpherical Surface; and conſequently, the meaſure, by an Inſtru- 


ment, over the Surface, is the meaſure of an Ark of a Circle, of 
which the Chord Line is the true Diſtance. (See Def. 22.) 
This convexity of the Earth would be obvious, to fight, if its 
Surface was regular, Ina perfect calm, when the ſurface of the 
Sea is at reſt, it is diſcernable, A Ship going from Land, gra- 
dually appears to deſcend ; the Hulk of the Veſſel is ſoon loſt to 
ſight; and, by means of a Teleſcope, the Sails and Rigging may 
be ſeen, when the Hulk is apparently ſunk in the Water; which 
is conviction of the Earth's rotundity, : 


* 


the meaſures taken at Sea; therefore it is impracticable, to ob- 
tain its true Circumference by actual meaſurement. 


It is eaſy to conceive, that two Right lines, or Poles erected 


perpendicular to the Earth's- Surface, at any tolerable diſtance 
aſunder, are not parallel between themſelves; becauſe, the Earth 
being a Globe, or globular, every Right line, or Plane, which 


1s perpendicular to its Surface, would, if produced, paſs through 


its Center. Conſequently, any two Right lines, which are per- 


pendicular, would, if produced, form an Angle at the Center; 
which Angle is greater or leſs, in proportion to the diſtance of 
the Perpendiculars from each other. Hence it is plain, from what - 
has been ſaid, that nothing more is required, than to determine 


the Angle which two Perpendiculars would form at the Earth's 
Center, according to the A between them, „ 
5 N : . 2 = 


> ALTHOUGH it is poſſible to meafure a ſmall portion of the 

Earth's Circumference, with tolerable accuracy, it would be im- 
poſſible to meaſure the whole; becauſe it is, in no part of it, en- 
tirely circumſcribed with Land; and there is no dependence on 
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SUPPOSE a ſmall portion of the Circumference (which may be 
repreſented by the Circle FGH) be meaſured, from B to D, 
where the Earth is as nearly on a level as poſſible. Let AB re- 
preſent a Pole, erected perpendicular to the Horizon at B; it 

will conſequently, tend to the Center, at C; then, the Ark BD 
being meaſured, due North or South, and another Pole, DE, 
erected perpendicular to the Horizon, at D, it will alſo tend 
to the Center, C, making an Angle, ACE, with AB. 
The whole myſtery is to determine that Angle. 


Ir muſt be obſerved, that this can only be performed at or be- 
tween the Tropics ; becauſe, the Sun is never vertical beyond 
them. Suppoſe then, AB erected perpendicular, within or on 

either o the Tropics; ED may be either North or South of it. 

When the Sun is in the Meridian of that Place, the Shadow of 

AB will be projected towards C, the Center of the Earth ; for no 

Shadow of it can be projected on the Surface, the Sun being per- 

pendicular over it. At the fame Time, any other perpendicular 
Line, as ED, at ſome diſtance, North or South off AB, will caſt 
a Shadow, as DF, in proportion to the length of the Perpen- 
dicular DE. 5 


Nou, becauſe ED is perpendicular to DF, the Angle EDF is 
a Right one (Def. 11.). Wherefore, the meaſure of ED being 
known, and the length of the Shadow DF taken, DF being con- 
ſidered as a Tangent, and DE the Radius, the Angle DEF is de- 
terminable, by Trigonometry ; or, by a Scale of equal parts, 
having made a right-angled Triangle fimilar to DEF, 

But, EF (being conſidered as a Ray of Light) is parallel to 
AB; for, from the immenſe diſtance and magnitude of the gun, 
In reſpect of the Earth, its Rays, and, conſequently, Shadows 
of Objects, on the Earth, are projected in Right lines, parallel 
amongſt themſelves. But, EC is à Right line cuting them 
both; wherefore, the Angle ACE is equal to CEF (Theo. 4.) 

Therefore, the Angle, at C, is determined. | 

The Angle BCD being known; then, as-its meaſure, in De- 
grees, * &c. is to 360, ſo is the Ark BD tothe whole Circum- 
terence ; and conſequently, as BD is to the Circumterence, ſo 
. | is the meaſure of BD, in Miles, &c. to is meaſure, 


A Dronkr is the 360th part of the Earth's Circumference; ſo that, the 
Equator, a Meridian (Hour Circles) or any other Great Circle, is ſuppoſed - 
to be ſo divided; each meaſuring 694 Miles; giving 2502e Miles for the 
Circumference; ſomewhat leſs than 800 in Diameter. Wherefore, the 
Circumference of a Circle, of whatever Radius, being fo divided, ſuch Di- 
viſions are called Degrees; by which Diviſions, Angles are meaſured. | 
And, as two Diameters, perpendicular to each other, divide the Circum- 
ference into four equal parts, cach containing go Degrees; a Right avgle 
” 3 an Angle of go Degrees, and is a ſtandard of Proportion tor 
ber. 8 
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Or, having deſcribed a Circle of any Radius, make an An- 
cle (BCD) at the Center, equal to DEF, which a Ray of 
Light makes with the Perpendicular DE, it will intercept a por- 

tion of the Circumference, BD, which being taken in your Com- 
paſſes (begining at B or D) ſee how oft it is contained in the 
Circumference FGH ; which, multiphed into the number 'of 
Miles, meaſured on the Ark BD, will give the meaſure of the 
Earth's Circumference, in Miles. | 


Ir is alſo evident, that, if a large portion of the Earth's Sur- 
face was a Plane, inſtead of being ſpherical (of which let FG be 
a Section) we ſhould, at Jiſtance from I, where a Right 

Une, CI, from tile Centres, is p. cpendicular to FG, appear as 
if on a reglining Plane; and the farther from the point I, the 
greater will be the Inclination ; inſomuch that, in going from I, 

towards F or G, (i. e. in any, or in every direction from the 

Ceater, I,) .z--tho-.:1 ſeem as if climbing an aſcent ; making, at 

K, the acute Angle LKG, with the Plane FG. For, a Perſon, 

ſanding upright at K, would tend towards the Center C, in the 
direction LC; and coniequently, would be more inclined to FG, 

the farther the point K is from the Perpendicular CI. 
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Ir ſuch extraordinary Things can be done by the knowledge 

of this ſimple Property of Right lines, only, which is, in a 

manner, ſelf-cvident, how much greater Matters may be ex- 

pected, from a thorough knowledge of the whole ? cannot but 

occur to the Mind of every inquiſitive and ſpeculative Enquirer 

after Truth; it muſt determine him to loſe no Time in acquiring 
it, and think all his labour inadequate to the acquutitiqn, 
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ME ſecond Book of Elements treats of the Powers of 
Right lines, divided at pleaſure, and otherwiſe ; 


which ſeems, at firſt, being ſo very different from be 


foregoing, obſcure to beginers ; but, if they carefully at- 


tend to what is ſaid, concerning Rectangles, the difficulty 
will ſoon vaniſh. The method or manner of Demonſtra- 


tion is, in the firſt eight Theorems, both mathematical 


and ocular; it is alſo, in the ten firſt, numerical, and does 


not admit of the leaſt doubt to any, who are tolerably 


verſed in the fundamental rules of Arithmetic, 


It is of eſpecial uſe in attaining a knowledge of the pro- 
perties of the Circle, as contained in the third Book. For 
which reaſon, I adviſe the young Student, not to paſs it 
over ſlightly, but to digeſt it carefully, and be ſure he un- 
derſtands it perfectly; the ten firſt particularly, before he 
adyances further; elſe, he will frequently be obliged to 
turn back to them. Therefore, I adviſe him to get them 
by heart, ſo, as to be clearly certain of the power of a 
Line, ſo and ſo divided, whenever it occurs in the courſe 
of the Work; it will greatly facilitate his ſtudy of the re- 
mainder, and ſave him ſome trouble. | 

This ſecond Book treats alſo, more fully, of the Theory 


of Triangles, in general; ſhewing, as in the right-angled, 


the proportion which the Square of any Side of a Triangle, 
of any ſpecies, has to the Squares of the other two; by which 
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means, A Perpendicular, and, conſequently, the Area of 


any Triangle may be obtained by the meaſures of the Sides 


only, a Perpendicular being ctaerwiſe unattainable ; with 


ſome other properties of Triangles and Parallelograms, 


which are not in Euclid. 0 


I have made no alterations i in this Book, nor abridge- | 


ments ; but have added ſome elegant Theorems. The De- 
monſtrations, in general, as well in the other Books as 

this, are as brief as is conſiſtent with perſpicuity, and 
the nature of Demonſtration, | 


RECTANGLES and SQUARES: are alrokdy defined. 
(See Def. 34, & 35, in the general Introduction to Geometry.) 


A RECTANGLE, or right-angled PARALLELOGRAM, 


is faid to be under, or contained under two Lines, which 


are the meaſures of its Sides. | 
If a Right line be any how divided, as A B, in C, the 


Rectangle A C B or BCA is the ſame; and fignifies a Rect- 
angle under the twoSegments, AC & CB; i. e. AC x CB ʒas X. 


But the Rectangles ABC and BAC are different from 


that, and from each other, if the Line be divided unequally. 


ABC ſignifies a Rectangle under the whole line, AP, 
and the Segment, BC, or ABxBC; as Y. 


And, BAC means one under the whole line, AB, and 


the other Segment, AC, or BA * AC; as Z. 
The middle letter is always twice meant. 


AXIOM. RECTANGLES, or SQUARES, contained under 
equal Right Lines, are equal. 


As V and X, under the Line a b, eq. AB, 204 be, eq. BC. 
And the Squares X and Z, on cd, equal CD. 
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THEOREM * 


: The Rectangle contained under any two Right Gi 
15 equal to all the Rectangles, under either Line, 
and the ſeveral Segments of the other, divided in- 
to any number of pn, at un. 


Let AD and Z be the two given Lines; and let AD be 
divided, at pleaſure, in B and C.. 

I fay, that Z multiplied by AB, added to 2 multiplied 
by BC, added to Z multiphed by CD, are W 81 to AD 
mult. into Z. 

On AD, ſuppoſe the Rectangle ADEF 8 

| whoſe Sides AF and DE are each equal to Z. Through Band 
C, draw DG, and CH, parallel to AF and DE. 


Dx. Becauſe AF and DE are both equal to Z; conf. BG 
and CH are alſo equal Z, - Th. 15. 1. & Ax. 3. 
For, ADEF is a Rectangle, by Conſtruction; 

wherefore, AG, BH, and CE are Rectangles. 
But, the Re. AE=all the Re&s. AG, BH, &CE - Ax. 2. 
and the Sides AF, BG, CH, and DE are each equal Z. 
Th. Z * AB Z * BC Z * CD Z x AD. QE. B. 


This is ſelf- evident; the whole Rectangle being divided 
into as many leſſer Rectangles as AD, or Z, into Parts. 
Let AD repreſent, 12 Feet, and, let Z be equal 8. 

Loet the Segment, AB be 3, BC 4, and CD 5. | 
Then, the Rect. AG, i. e. Z * AB, or 8 * 3, 224. 
+ the Rect. BH, i. e. ZX BC, or 8 Xx 4, 232. 

+ the Rect. CE, i. e. Z * CD, or 8 & 5, 40. 
9 he Reck. AE, i. e. Z KAD, or 8 * 12 298. 
Cox. If the two Lines are divided into Parts, at olefins; ; 


the Rectangle under the two whole Lines, is equal to all 
the En under the ſeveral ſegments of both Lines. 
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THEOREM II. 
If a Right line be divided into two or more Parts ; 
Rectangles under the whole Line and each Seg- 


ment are equal to the Square of the whole Line. 


Let AB be divided, at pleaſure, in E. I fay, a AB 


; multiplied by AE, added to AB multiplied by EB, is 


equal to AB multiplied by AB; ie. _ W e of AB. 


Let ABCD be a Square, on the Lins AB. 
Through E, draw EF, parallel to AD. 


DM. Now, ABCD is a Square; by Conſtruction; 
wherefore, AD, and BC are, each, equal to AB - Def. 35. 
And, AEFD, EBCF are Reangles - - - Con.; 
wherefore, EF is equal to AD, or BC; . 15. bs 

But, the Square ABCD=the Rectangles AF,FB - Ax. 2. 
Therefore, ABXAE AB EBS ABAP, or ABQ. 


This Theorem is only a particular Caſe of the former, viz. 
when the two given Lines are equal. For another Line being 
aſſumed, equal to the given one; then, a Rectangle under the 
given and aſſumed Line is a Square; and conſequently, Rect- 
angles under the aſſumed Line, and the ſeveral Parts of the given 


Line is equal to the N of the given _ or Nn, 
under two equal Lines. | 


In Numbers, let the whole 1 AB, be 9; 
and let it be divided in AE, 5, 5, and EB, 3,5 


- Now, the Rea. AF, i.e. AB AE, or 9 X 5,5, =49,5- 


+ the ReQ, FB, i. e. AB EB, org 3, 5, =31,5- 
= the Square AC, i. e. AB x AB, or 9 x9, = 81, o. 


K 
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K 0 R E M III. 
If a Right line be divided at pleaſure; a Rectangle | 


under the whole Line and either of the Segments 
is equal to a Rectangle under the two Segments, 
added to the Square of the Segment firſt taken. 


Let AB be divided in E; unequally. 
I fay, that AB multiplied by BE is equal to AE multplicd 
by EB, added toEB lqgnare- 

Suppoſe a Rectangle ABCD, under the whole Line 
AB and the Segment EB. Draw EF parallel to AD. 


Dem. The Rectangle AEFD added to the 2 255 EBCF 
are equal to the Rectangle ABC . Ax. 
But, the Rect. AF is under the Segments AE, EB;(eq. EF) 

and, EC is the {quare of EB, the Segment firſt taken. 
Th. AB EB (or ABES)=AE EB (AEBD)+EBQ 
Alſo, AB Xx AES AEB YT AE. of of the leſſer Segment, 


This Thebrom's 18 fo a particular caſe of the firſt, viz. when 
the given Lines are, as there, unequal; which 1s the ſame thing 
as one, being ſo cut, that a Segment of it is equal to the lefltr_, 
Line. Or, when a Line given is divided at pleaſure; either Seg- 
ment may be conſidered as another Line, | 

For, AB being divided, unequally, at E; take another 
Line, (as Z) equal to EB, or to AE. | 

Then, Z * AEZ EBS AB Z (AB KEB) as in Th. 1. 
But Z=EB, conf. Z mult. into EB is the Square of EB. 

Andconſ. AB x EB, or AB Exc, =AEBD/AE x EB) +EB 0 
„ the whole Line AB be 10, 5; ſet AE be 4, & EB, 6, 5. 
Then, the Rec. AF, i, e. AB Xx ED, or 4 * 6, 5 26 

Ithe $quaze FB, d. e. EB N EB, or.6,5x6,5=42,25 

Sthe Rëct. ABCD, i. e. AB * EB, or 10,5 x b, 5 0, 25 


I bare given this. Line fractional, and alſo divided the former 
fractional-wiſez For tis the ſame in Numbers, as in Lines, any 
ho divided; Which the young practitioner may prove by various 

fractional diviſions, if he be converſant in Decimals. a 
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T H E OR E M IV. 
If a Right line be divided at pleaſure; the Squares 
of the two Segments, added to two Rectangles un- 


der the Segments, are n to the ue of the 
Gy, whole Line. 


This is nothing more, or leſs, than the laſt taken both | 


ways. For, a Rectangle under the whole Line and one 


Segment is equal to the Rectangle under the Segments, 
added to the Square of that Segment; and, the Rectangle 


under the whole Line and-the other Segment is equal to 


the Rectangle under the Segments, added to the Square of 


the other zj: == = > 2% bra 
But, Rectangles under the whole Line and each Segment 


are equal to the Square of the Line; - = by the 2nd. 


Conſ. the Square of the Line is equal to two ectangles 
under the Segments, added to the Squares ofthe twoSegmentse 


Let AB, the given Line, be divided at E. 


Then will the two Squares, of AE & EB, added to two 


Rectangles, under AE & EB, be equal to the Square of AB. 


n AB, ſuppoſe the Square ABCD conſtructed. Draw 
EF parallel to AD; draw AC; and, through I, draw GH 
parallel, to AB. 


De. Then, becauſe ABCD is a Square (Con. ) the Sides, 
Ad, DC, & BC, are each equal to AB; and the Angles 


A, B, G, and D are all Right ones. Hef 36 


But, AEIG and IHC F are Squares, of AE & EB, 17. 1. 


and GF EHare Rectangles, under the Segments A E& EB 
And they are all equal to ABCD, the Square of AB- Ax. 2. 


Therefore AENA EBN +2 AE x EB=ABDo. Q. E. D. 
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Let the Line AB be 8, divided at E, in 5 and 3. 
. the Square GE, i.e. AEN, or 5 * 5, 225 
the Square FH, i. e. EBU, or 3 * 3, 2 9 
two Rect. GF & EH. 2 AEBD, 2. FXAIS=D 
the Square ABCD, i. e. ABO, or 8x8, =64 


Cor. If a Line be equally divided, a ReQangle under the 
Segments is the ſame as the Square of either. - 
Hence, the Square of a whole Line is equal to four times 


the Square of half the Line. 4x4 X4=8 * 8, 64. 


L + + 


THEOREM. V. 


If a Right line be biſected, and alſo cut unequally, at 
pleaſure ; a Rectangle under the two unequal Parts, 

added to the Square of the intermediate part, is 
equal to the Square of half the Line. 


Let AB be cut equally in C, and unequally i in D. ies, 
the ReQtangle under AD and DB, added to the Square of 
Cb, are equal to the Square of AC, or CB. 

The Rectangle under the unequal Parts is equal to a 
Rectangle under half the Line and leſſersegment, un- 
der the intermediate Part and leſſer Segment, by the firſt; 
and, the Rectangle under the half Line and leſſer Segment 
=Zunder the intermediate Part and leſſer Segment + 
of the leſſer Segment; by the 3rd. Conſequently, the 
Rectangle under the unequal Segments =2 s under the 
intermediate Part and leſſer Segment, + Qof the leſſer. Ax. 2. 

Add, on both Sides, the Square of the intermediate 
Part; then, & under the unequal Parts, + U of the inter- 
mediate Part, =2:259s under the intermediate Part and leſſer 
Segment, + Square of the leſſer Segment, and of the in- 
termediate Part; - = = Ax. 6, 


D xx. Now CF Eg is a Square (Con.) and AC=CB- Hyp. 


_ 
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But, two s under the leſſer Segment and intermediate” 

Part, +2 Us, of the lefſer Segment, andof the intermediate 

Part, = U of half the Line, by the laſt. Therefore, 

the Rectangle under the unequal Parts + ſquare of the 

intermediate Part, is equal to the Square of half the Line. | 
On CB, half AB, ſuppoſe 2 Square CFEB, 


Draw DG parallel to CF; make DH equal DB; draw 
KH parallel to AB, and AK parallel to CF, | 


wh. BEZAC(Ax.3.) & AK, Clare, each DH- Def. 7. 

But DH=DB (Con.) wh. AK &CI are each DB-Ax. Zo 
Th. the Rect. AKIC is equal to the Rect. DGEB. -Ax, 
Add, to both, the Rect. CG; Al + CG=CG+GB = 6. 
but AI +ID (eq. AH) =ADBEZ, & FGHl is the qof CD; 
(CI=BD; conf. I F and GH are each equal CD. - Ax. 7.) 
Th. the Rect. AH + the SquareFH =the SquareCFEB,2. 
i.e. AD *DB4+CDQ =AC, or wy 2 Q. E. D. 


Let the 3 Th AB, *s 16; AC= CB, nh 
= CD be 3, and DB 5; then AC CD, eq. AD, =11. 
Then, the Rect. AH, i. e. ADB, or II * 5=55 
' + the Square FH, i. e. CD, or 3x3= 9 
S the Square CFEB, i. e. CB, or 8x8=64 


THEOREM WW 


If a Right line be divided in two equal Parts, and then 
produced, at pleaſure, or another Line be added; 
the Rectangle under the whole compounded Line 
and the Part added, together with the Square of 
half the given Line, is equal to the Square of hol 
the Line and Part adgedy in one Line. 


1 
1 
1 
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Let the given Line AB be biſeQed in C, and let BD be 
added to it. I fay, the Rectangle ADB, added to ON 
ſquare, 18 equal to the S uare of CD. | : 


A Rectangle under the whole compounded Line, and the 
Part added, = 2s under the half Line 4, U of the Part 
added; by the firſt, And, the ſquare of half the Line and 
part added = 2 Hs under the half Line and the Part 
added, + Qof the Part added, + Qof half the Line 4. 

Therefore, the Square of half the Line is equal to the 
ReQangle under the compounded Line and the part added, 
+ Square. of half the Line, 


On CD, ſappoſe the Square CFED conſtrued ; and, 
on AD, the Rectangle AKLD; by drawing AK parallel 
to CF, and KL to AD, making DL equal to BD. 
Draw BG parallel to DE, and join FD. 


DEM. The Ref. Al IB (Ax.) and IB=GL - - 17.1, 
therefore, Al is equal to Gl. „ 
Conſ. the Rect. AT+IB+BL=IB+BL+GL - Ax. 6. 
And, if to both, be added the Square, IFG, of CB; 
the Rect. AKLD T giFGH= bs. C FED. Ax. 2. 
1. e. AD BFR, or AD'xPB4+CBQ =CDgo. . 


Or thus. Produce BA, and make AE equal to BD. 
Then is ED biſected, in C, and unequally cut, in B. 
Wherefore, the Rectangle EBD, under the unequal parts, 
| ADR): ie. EB BD, CB, CD Q, half the Line. 


Let AB be 12; (AC and CB, 6; each) let BD be 4. 
Then, the Rect. AK LD, i. e. AD x BD; or 16x 4= 64 
+ the Square IFGH, i. e. CBA, or 6x 6= : 36 
= the, Square CFED, i. e. CD, or19x10=109 
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THEOREM vn. 


If a Right line be divided, any how, at pleaſure ; 
the Square of the whole Line, added to the Square 
of either Segment, are equal to two Rectangles, 
under the whole Line and that Segment, together 
with the Square of the other Segment. 


— 4 


AB, the givenLine, is. divided in the point E. | 

Then, - the Square of AB, added to the Square of 
AE, is equal to two Rectangles under AB and that Seg- 

ment, added to the Square of EB, the other Segment. 


The Square of the Line is equal two ReQangles under 
the Parts, + Qsof the Parts, 4th ; to wine letjthe SI 
of either part be added. © 


Then, t under the whole Line and that Park = = = un- 
der the Parts, Hof that Part, by the zrd; which, being 
doubled, and + U of the other Part, we ſhall have two 
s under the whole Line and one Part, + N of the other 
Part, = IA of the whole Line, + U of the contrary Part. 


| Suppoſe ABCD the Square of AB; draw EF parallel to 
AD; draw AC; and GH, through I, parallel to AB. 


Dru. TheRe&.DI=IB(17.1.)addGEto both, & DE GB. 
But, the Rectangle DE + GB, =DI+IB+2GE ;- Th. 3. 
and, if FH, i. e. the Square of EB, be nter 8 
they are equal to tlie Square ADñCB GE. Ax. 2. 
But, theRectangles DE, GB, are under the wholel.ine, AB, 
and the Segment AE; for, AD AB, and AG=AE-Con. 
Therefore 2 AB AE A. EB N, =ABoO +AE 0. 
Alſo, DH FBT GE, DB TFH; 
1. e. 2ABET TAE N, ABT EBA. 
8 ; 1 #2 2 al 
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Let the whole Line, AB, be 8; let AE be 3, and EB 5. 
+ Then the Square ABCD, of AB, i. e. 8x8 =64 
+ the Square AEIG, of AE, i. e. 3x3= 9 f =13 
But, the two Rect DE, GB, i.e. 2ABxAE, 3 
+ the Square IFCH, of EB. 5X5=25 
is alſo =73 


THEOREM vin. 


If a Right line be divided, any how, in two » Parts; a 

four Rectangles under che whole Line and either 

Segment, added to the Square of the other Seg- 
ment, are equal to the Square of a Line, which is 

_ compounded of the whole Line and the Segment 
firſt taken. 


Let AB be divided, at pleaſure, in C. 


Then, four Rectangles under AB and CB added to the 
Square of the Segment AC, will be W to the Square of 
AB added to CB. 


CB. being the Segment taken, make BD 0 to BC. 


| Two Rects. under a Line, divided in two Parts, and 2 
either Segment, + Square of the other, are equal to the 
Square of that Line + Q of the firſt Segment. - Th. 7. 
But, a Rectangle under a Line and Segment of it, 
= = under the Segments, + © of the ſame; — by 3. 
Wherefore, two ſuch Rectangles, — Q of the Segment 
taken ＋ N of the other, = D of the Line. «' Ax. 7. 
Conf. in this caſe, a cg under the whole compa. Line 
and Segment of it, = two ts under the Segments, + U 
of the ſame Segment; and, conſequently, two ſuch ts 
= four under the Segments, + two s of Segment taken. 
And, the Square of the other Segment, doubled, is equal 
four Squares of one Segment. Cor. to the 4th. 


— 
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Wherefore, four as under the Segments, + two Ns of 
the firſt, I four Qs of the other, = Qof the compounded 
Line 4 Qofthe firſt. Segment. aas by 7. 
But, four s under Segments of a Line, + four As f 
either, = four ts under Line and Segment, -' as by g. 
Therefore, four tas under the whole Line and one Seg- 
ment, + of the other, are equal to the Square of a Line, 
compounded of the given Line and a Segment of * | 
On AD, ſuppoſe the Square AEHD conſtrued. Draw 
C and BG, parallel to AE; make AT equal AC, and AL. 
equal to AB, and draw IK, LM, parallel to AD. 1 


DR. CF and BG are parallel to AE; and IK, LM, to AD; ; 
8 wherefore, FG, GH, HM, and MK, &c. are each 
equal CB; conſequently FP, GM, 00. and PK are 
equal Squares. 
And, EO, LN, NB, and QD are LAs” Rectangles. 
ut the Rect. EO Fp, LN+OQ, &c. =AB x.BC - 3. 
Conſ. the four ReQangles EO, LN, &c. added to the four 
Squares FP, GM, &c. are equal to four times AB x BC; 
and, if the Square IC (of AC) be added, they are all 
_ equal to the Square AEHD, of the Line, AD, come 
| pounded of AB and BD, equal the Segment CB, -Ax. a. 
1, e. AAB Ct or 4 times AB x BC ACN, ADG. 
Let AB be 9, divided at C, in 6 and 3; ; and if 0 
be equal CB, then AD will be equal 0 


Then, the Rect. ABC, or AB x BC, i. e. 93227. 
Conſ. 4 Rectangles, AB x BC is equal to 108 
ns * the Square of . — 6 * = 36 
the Square of AD, —12 X12 =144 
* | 
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e THEOREM 4X; 


IT «Right Line be biſected, and alſo cut in two un- 
equal Parts; the two Squares of the unequal Parts 
ate, together, double the Square of half rhe Line, 
together with the Square of the intermediate Part. 


'Let AB be biſected in C, and cut unequally in D. 
. Then, the Square of AD, added to the Sq. of DB, is equal 
| to twice the Sq. of AC, added to twice the'Sq. of CD. 


Let CE be perpendicular to AB, and equal to AC or CB. 
Join AE and EB; draw DG parallel to CE; and, where 
' DS cats EB, draw FG parallel to AB; laſtly, draw AG. 


| Dx; M. Becauſe ACE is a Right angle, and CE is equal AC, 
the Angles CAE and AEC are half right. - C. 3. 10. 1. 
and AE H ACHT CE; i. e. equal 2ACD. - 20.1. 
And, becauſe CG is a Rectangle, F G=CD. - - 15,1 
But, EFG is a Right angle, andF EG is equal FEA, Half 
right; wherefore EGF FEG; conſequently, FE is equal 


to FG, , Therefore eau ual, CD 8 - 12 3. 9,1. 
and conſ. EG, EF 4 FG N, 2 CDH. i. 


Now, AE ©=5 AC N; and EGon=2CDgq - above. 
But AEG is a Night angle, and AGO AEN 1 EG ; 
i. e. equal 2 ACOG 20D). 


Alſo, AG n AD d +DG 0; for. ADG i is a Rightan Ho. 
And DG=DB; for, GDB.is a Right angle, and DBG 
DGB, equal CEB, half a Right one. - 2nd, 4. 1. 
24 Th. AG NA, <q. AED +EG N, i e. eq. 2AC 12058, 
zs alſo equal to ADQ PB, equal BG, n. 


Therefore A8 4 DBN, AC o42CD'no: O. E. D. 
Let the whole Line AB be 14, divided equally, in C, 
and cut unequally, i in D, in 9 & 5 ACq, CDa, & DB 5. 


Then, AD, i. e. gxg=81 ) 7 
+ "DBoO. _ 5x5$=25 : : 
And -ACh, i. e. 7 749 


* CD 2 Ka 4 _ 53 eig 
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THEOREM x. 


8 if a Right Ude be biſected, and then Pe at ; 
_ - pleaſure; the Square of the whole compounded 


Line, together with the Square of the additional 


Part, will be double the Square. of the half Line 


and the Part added, N with twice the Sq 
of the half Line. . 


Let AB be biſected in 1C, & let BD be 1 


1 fay, that the Square of AD added to the Square of BD, 


is equal to twice the Square of CD, added to tw ce AC ſq. 
Let CE be perpendicular to AB, and equal to AC. 


Draw EF parallel to AB, and DE to CE; produce FD. 


Draw EB, and produce it, until FG is cut in G; and 
laſtly, draw AE and AG, 


Dem. Then, ecauſe, ACE is a R. angle, (con. & AC= CE 


the Angles CAE and AEC are half Right C. 3. 10. 1. 


and, for the ſame reaſon, CEB and EBC are half right. 


And, becauſe CEFD is a Rectangle, EF=CD; 15. - 1. 


and fince EFG is a Right angle, and FEG (4 DBG, 
eq. EBC) is half right, FGE is half right. Ax. 3. 


1 wherefore, FG g FE, eq. CD; and DG=DB 0.94 | 


Now, AE H ACNAT CEN ;0qUal 2AC Square.-20. 1. 
And, EGo,=EFo+FGaAa; i. e. equal 2 CDN. 
But, AEG is a R. angle; for AEC, CEG are half right; 
wh. AG, AE 1 EG; i. e. equal 2AC H +2CDaO 
But, ADG is a R. angle; conſ. ann Ms 


and, fince BD=DG, BDoa =DG on; a; "Abe. 


Therefore, ADo +BDn=2 ACo +2 obs. QE. D, 
This Paipoſition may alſo be demonſtrated as the former 


Let the given Line AB 'be' biſected i in C and let BD be 
| added ; alle * AE © Bs BD, in BA e 
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Then, becauſe ED is biſected in C, and cut vaoqgually in , 
EB +BDo,=2 CD T2 CB W. 

But EB=AD ; for AE was made equal to BD, 

Wh. EBo +BDo (eq. AD+BDo)=2 CDo +2 chu. 


| Let AB be 12; divided, in C, equally ; and let BD be 4+ 
Then, the Square of AD, i. e. 16 x16=256 


+ the Square of BD, - * 16 =272 
But, the Square of COD, 10 * 10=100 | 
+ the Square of AC, 6 * 6 L 
I 136 * 2 2272 


| „ hn ©. 

If a Right line be divided in extreme and mean Pro- 
portion; a Rectangle under the whole Line and 
ee Segment is equal to the Square of the greater. 


AB is the Line given. 


| ConsTRUCTION. | | 
At either extreme, as A, let AD be perpendicular a and 
equal to AB; which being biſected in E; join EB. 
Produce DA, until EF is equal to EB; and make Ac 
equal to AF. I ſay, AB is ſo divided, in C, that AB gal 
tiplied into BC is equal to AC ſquare. | ? 


The Squares ADHB, of AB, and AFGC, of AC, heing 
completed; (by drawing DH and BH, parallel to AB and. 
AD, reſpectively; alſo, FG and CG, to AC and AF ) 
produce GC until it cuts DH, at I. 


Dy u. Then, becauſe AD is biſeQed i in 7 and AF is added, 
the Rea. DFA, i.e. DF x AF, AE A EF. -Th. 6. 
But, EF=SEB; wh. EF EBA; i. e. eq. ABO+AED. 

Conſequently, DF x AF AES ABM AE H. 

Take AE frombotł andthere remains DF „AF ABN. 


% 
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But, the Rect. DIGF, is under the whole Line DF, © 

and the Segment AF; and, ADHB is the Square of AB; 

vherefore, the Ret. Fl the Square AH; and if theRe&. 

ADIC, which is common to both, be taken away, there 
is left the Re&. CIHB equal to the Square ACGF. 

1. e. the Rect. ABC (for BH = AB) or AB x SAC Q. 

This Propoſition cannot be exemplified in Numbers, or the 

roof aſcertained arithmetically ; for there is no Number, can be 

ſo divided, that the product of the whole multiplied by one Part, 


ſhall be equal to the other ſquared. Therefore a L. ſo divi- 
ded, and the Parts, are incommenſurable, : 


The Number 144, being divided in 89 and 55, comes 
within one, in 8000, nearly; for, if 144 be to 89, as 89 is 
to 55; then, 89 being the Mean, the Square of 89 would 
be equal to a Rectangle under 144 and 55, i. e. AB CB. 
But, the Square of 89 is 7921, and the Rectangle under 
the Extremes (144 by 55) gives 7920, only, deficiency 


one. By Decimals we may eee much nedrory 
| but neyer be equal. 


THEOREM XII. 


In an obtuſe angled Triangle, the Square of the Side 
which ſubtends theobtuſe angle exceeds the Squares 
of the other two Sides, by two Rectangles, unde 

either Side containing the obtuſe Angle, and the 
part intercepted between the obtuſe Angle, and a 


Perpendicular, from the adjacent Ang; to the 
ſame Side, produced. 


| ARC is an obtuſe angled Triangle. Produce the Sides : 
AB & CB; and, to them, let AE & CD be Perpendiculars. 
I ſay, the Square of AC exceeds the Squares of AB 
and BY . two Rectangles ABD, or COW 


— 
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Den. Firſt, ACnis equal to AD DCG. -- 20. 4. 
and ADO=ABn +BDn +2 ABD - by the 14th. 
| wherefore, ACQ=ABO +BDG +CDDo +2 ANTS, 
But, BC Nis equal to cDn +BDon. 
Therefore, AC =AB o BCO +2 ABDe>, | 
In the ſame manner, ACT may be proved equal ta 
ABo +BCo +2CBE Rectangles. | . 
| Conſequently, the n ABD and CBE are equal: 


"THEOREM XIII. 


In every Triangle, che Square of the Side ſubtending 
an acute Angle is exceeded by the Squares of the 
other two Sides, which contain the acute Angle, 
| by two Rectangles under either of thoſe Sides, and 
a part of it, intercepted between the acute Angle 
and a Perpendicular from the oppoſite Angle. 


In the Triangle ABC, let CD be perpendicular to the 
Side AB. Then, the Square of AC is exceeded by the two 
Squares, of AB and BC, by two Rectangles, ABD, under 
the whole Side, AB, and the Segment BD. 

And, ABg +ACD SBC +2BA NAD. 


Dx. Firſt, ABon =ADoO +DBo +2ADB. | - - | Th. 4. 
And, BC =CDoD +DBon, - - 20. 1. 
Wh. AB TBCO SAD TDC +2DBQ +2ADB. 
But, ADBD2+DBQ=ABDDm. - - Th. 3. 
conſequently, 2 ADB +2 DBQ =2 ABD; 
wherefore, by ſubſtituting theſe for the other, 
then, AB +BCoG =ADoa+DCo+2 ABD. | 
But, ACOH=ADO DC). 20. 1. 
Therefore ABN +BCO=ACHO +2 ABD. QE. DA. 


Secondly, thus, more briefly, when an Angle is obtuſe. 
Produce either Side, AC, or BC; and, let = be Jr: 
| mn to AC Cs: ” | 


— 
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Now, ABS BCH +ACO ACE (by 12th) Add, on 
both Sides, the Square of AC. Then AB AC Q 
30 +2 AC Q +2 ACEDS. . Ax. 6. | 
But, 24CES+2ACO =2EAC; - . = = + 
Therefore, ABN AC =BCqo +2EAC, or AE AC. 
From which 1 it is obvious, that the Rect. BAD EAC. 


By the firſt Method it may be demonſtrated; that the ſquare of 
BC, is exceeded au the ſquares of AB and AC; by two Rectan- 
gles BAD; and b 5 the ſecond, the ſquares of AB and AC, ex- 
ceed the ſquare of BC, by two Rectangles EAC; therefore the : 
Rectangle BAD is equal to EAC. 


SCHOL. From theſe two Theorems it is evident, that, if FE ſmaare 
of one Side of a Triangle exceeds the ſquares of the other "Fvo, the 
Angle ſub ubtended by that Side, and contained by the other two, is ob- 
tue; and, if the ſquare of one Side, be exceeded by the ſquares YL ; 

. the other e it ſubtends an acute: Arb; con when 
Jquare of one Side is equal to the Hare of the ny 2 85 the 2 
it Subtends i is a Right one. 


Cor. Hence, the Perpendicular, and -— the A- 
rea of any Triangle may be found, or obtained by the 
| meaſure of the Sides only. 


-IntheAABC, "AC BC mA +2AC x'CD. Wherefare, 
AC o +BC o—ABo=2ACxCD; by Th. i. e. if AB obeſub- 
tracted from the ſum of AC u +BC o, the remainder will be two 
Rectangles, under AC & DC. Wherefore, if half that Product 
be divided by the Side AC, the Quotient will be the Segment DC. 


But BC n=BDo +DCo; or, AB MAD +BDDp. whe 
BC DC n, or ABo —ADo=BDo. - 20. r. Conf. having 
ſubtra&ed' the ſquare of DC from BC; or of AD from ABn, 
the remainder will be the ſquare of the Perpendicular BD; the 
ſquare Root of which, gives the Perpendicular required. 


5 the ſame means, either of the other e AE 
F, may be found. 


2ndly. When the Pecyeniticadit falls without the Tri- 
angle, from the acute Angles of an obtuſe apes n 
it is thus found: : 


4 


. m arr einer pe aero g ee 
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In the obtuſe - angled Trian le ABC, let BD be P, d 
to the Side AC, p «ra dy 8 eres icular 


Then, AB H AC +CBn +2AC x CD. bt CF 4 Th. 12. 
Wherefore AB, AC Y +CBon,=2 AC x:! . 
half of which Sum being divided by the Side AC gives CD. 


But, CBQ =BDo +CD o (20. I.) wh. CBo—CDn=BDp; 


? 


the {quare Root of which gives the Perpendicular BD. 


THEOREM XIV. 


In every Parallelogram, the Sum of the Squares of the 
two Diagonals is equal to the Sum of the Squares 
of all the Sides. | 


Let ABCD be a Patallelogram, | 
Draw the Diagonals, AC and BD; I the Baſe, 
AD, atid let BE and CF be Perpendiculars to AF. 


Dem. In the obtuſe angled Triangle ACD; 


| AC ADG TDC +2ADFio. - „142. 
And, in the Tri. ABD; BD =ABo +ADo —2DAEDS 


But, EBCF is a Parallelogram, wh. EK BC. . 15. 1. 


and, AD=BC ; wherefore ADSEF «< - - Ax. 3. 
conf. AE=DF, ED being common; wh. ADF=DAED5 
Therefore, as much as AC H exceeds ADQ DC n, viz. 
by the the Rect. ADF, twice; by ſo much ĩs BD NHexceeded 

by AB HA AD n, eq. BCN; viz. by 2 DAED=2ADF. 

Th. AC +BD =ABn +BC Qa+ADna bog 


THEOREM 825 


In Ifoſceles Triangles, the Square of one of the equal 
Sides 1s equal to the Square of any Line drawn from 


the Vertex to the Baſe, added to a Rectangle under 


5 the Segments of the Baſe made by that Line. 


In the Iſoſceles Triangle ABC, if BD be perpendicular, 
it bife&s the Baſe, and is evident; for AB © = BDo + 


AD N; i. e. ADC, or AD x DOG. 20. 12. 
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Let BE be draws, at pleaſure.' F | 
I fay, the Square of AB is equal to BE Fquare added 
to the Rectangle AEC. 


DEM. ABG is equal to BDE A8. „„ ..am* 
and ADD N is equal to AECDO+DEO - - 5$g.2, 
(for AC, is cut equally in D, and unequally in E). 

wherefore, AB N =BD DE + AEC. 
But, BE © =BDOQ TDEUů -- = 
Therefore, ABO =BE 0 +AExEC, or AE C=. - 


THEOREM AVE 


If a Perpendicular be drawn from any Angle of a 
| Triangle to the oppoſite Side; the Squares of the 
Sides containing that Angle, added to the Squares 
of the alternate "Segments of the Baſe, are equal ; 
and the difference between the Squares of the Sides 
is equal to the difference between the Squares of 
the Segments. 


In Iſoſceles Triangles the thing i is manifeſt. 
In the Scalene a AS let as: bea Perpendicular, | 
to the Side AC. | 
Then, the Square of AB added to DC query is equal 
to BC ſquare added to AD ſquare. 
And the difference, between the Squares of AB and BC, 
is equal to the difference, between the Squares of AD&DOQ. 


DEM. For ABG =AD © +BDn. Fe 
And, BC BD Q added to DC ſquare. = 20. 1, 
(for the Angles, ADBand BDC, are Right ones, = Con, ) 
Wh. ABo +BDo+DCo=BCo+BDo+ADo; 
that is, ABD BCN, is equal to BCM TAB. - Ax. 3- 
Let there be taken, from both, BD Q, which is common; 
there is left ABQ+DCq equal to BC AD. 
2d. DO=ABn-BDna;&DCn =BCoO-—BDn. 
Therefore, ADG —-=DCa=ABn-BCn. Q. E. D. 
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1＋ HEOREM XVIL 


If any side of a T Rengbs is ; bikes, and a Right 
line be drawn from the oppoſite Angle to the bi- 
ſecting Point; the Squares of the other two Sides 
of the Triangle will be equal to twiee the Square 
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5 | of the biſecting Line, added to half the Square of 
. | | the Side biſectedt. | 

ö | | If the Triangle bs Iſoſceles, the thing is ad; for the 
4 ö | Squares of the equal Sides, are equal to twice the Square of 
1 N the Perpendicular, added to twice the Square of halfthe Baſe. 
11 | In the Scalene Triangle ABC, let the Side AC be 
| 1 | biſected in D, and let BD be drawn. 
1 i Ihen, the Squares of AB and BC, together, are _- 
T1 | to twice BD ſquare, added to twice AD or DC TI, 8 

| Let BE be perpendicular to AE. 


Dx x. ABo=AEn+BEn; and BCO=BEO+EQ0. 
| Wherefore, ABO +BCO=AEn +ECo+2BEn. 

-But AEQ+ECO=2ADoA+2DED. - - 9. & 10. 
Wh. ABn+BCo=2ADon+2DEn++2BEDn. 
But, BDQ=BE+DE ©;conſ.2BDog =2BE a +2DE on 

Th. AB H +BCO=2BDo +2ADDn, — ACDED, = 

or half ACD. Q. E. D. | 


By this Theorem, may alſo be . the 14th ; 
2. The Squares of the two Diagonals of every Parallelo- 
gram are equal to the Squares of all the four Sides. 


In the Par. ABCD (having drawn the Diagonals)through 
the Center, E, draw FG and HI, parallel to AB and AD. 
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In the AAED, AEQ +ED=2EFo+AFo+FDae. 
conf. AEO+EDO=AHD +AFo +FDo+DIo. 5 
And, BE +ECoO =HBo+BGo+GCOoOCl+ano | 
But, AEO +ECO =3ACn;& BENE DON =3BDO- 
Alſo, AFoO+FDD =3ADn;&AH+HBo =jABD. 


and, the Us of BG, GC, CThaeibs IBC+5CDD. 


Th. ACO+BDo =ADoO+ABoa+BCo+CDD. 
THEOREM XVII. 


| In any Trapezium, if the mdidle Points of two op- 


poſite Sides be joined by a Right line; the Sum 
of the Squares of the two other Sides, together 


with the Squares of the Diagonals, is equal to the 
Sum of the Squares of the biſected Sides, added 
to four times the Square of the Line Joining the 
middle Points. 


Let the Sides AB and CD of the Trapenium, * be 


biſected in E and F; and draw EF. 


I fay, the Squares of the two Sides, AB and CD, added 


to Your times the Square of EF, are equal to the Squares of 
BC and AD, together with the 9 of AC and BD. 
Draw AF and BF. 


DM. Now, AFO+BFO=2AEO42EFO. - Th. 17. 
and, AD added to ACM g AF q added to 2F D, 
alſo, BCN added to BDO=2BF © added to 2 FDC. 


conſ. ADQ added to AC added to BC N added to BD | 


is equal to 2AF Q added to 2BF added tp 4FDO. 

But, AF Q added to BF AE © added to 2EF d. 
conf. 2A F added to 2BF 0 =4AE J added to 4EFC Q. 
But, 4A E Square is equal to AB Square; 


and, 4FD Square is equal to CD Square. - Cor. to 4. 


Therefore, AD TAC e 
SAB, CDN AF F Square Q. E. D. 
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E knowledge of the besen of a Circle is the 
| ſubje& of the third Book of Elements. | 
A Circle is the ſimpleſt, and moſt perfe& of Plane Figures; 
the Properties peculiar to the Circle are moſt extraordinary ; 
and, ſome, very extenſive in. their application, 


My hint aim, throughout the Solo of this Work, 
being to render the Study of Geometry eaſy, and agree- 
able to young Students; for which end, I conſider brevity, 
if clear, moſt conducive. I have, therefore, reduced the 


moſt ſelf- evident Propoſitions into Axioms, for the more | 


expeditiouſly attaining the knowledge of other, more eſſen- 
tial Properties; and am perſuaded, that, if the knowledge 
of the moſt ſimple properties of Figures can be attained, 
by any other means, rigid Demonſtration is uſeleſs. 

If a perfe& knowledge of all the Properties of a Circle, 
contained in the Axioms of this third Book, be not ac- 
quired by a bare recital, and inſpection of the Figure, I 
ihall pronounce that perſon's capacity inſufficient, to pur- 
ſue the ſtudy of the more ſublime Properties ; and, if they 
are clearly evident, without, of what uſe is Demonſtration? 


Me 
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When the truth or evidence of an Aſſertion cannot be per- 
ceived, by contemplating the Figure, it is then abſolutely 
neceſſary to demonſtrate, by a regular Proceſs; but, where 
the evidence of Sight is ſufficient, tis Demonſtration ; the 
other is, in that caſe, uſeleſs, and unneceſſary. 

There are ſome critical Geometricians who will not admit 
of any thing without Demonſtration; although they cannot 
but acknowledge many Propoſitions to be ſelf-evident. 

It would, perhaps, be no eaſy matter to give geometrical 
Demonſtration, that all Right lines drawn from the Center of 
à Circle to the Circumference are equal; at the ſame time, 
no Perſon of common ſenſe can deny it, who knows any - 
thing of the Figure, and geneſis of a Circle. If, therefore, 
| ſome things muſt be given, or granted, why not others, 
which are as clear and ſelf-evident? for my part, I ſee no 
reaſon againſt it, and have, therefore, purſued the readieſt 
method for attaining the end aimed at; viz. to acquire a 
knowledge of Geometry in the eaſieſt and moſt familiar 
manner poffible, by diveſting it of all that is ſuperfluous 
and unneceſſary ; I mean unneceſſary Demonſtration, of 
what is clear without it. | | 

[ think it, however, neceſſary to apologize for the liberty 
I haye taken in abridging it. Inſtead of 31 Theorems in 
this third Book, according to Euclid, Thave but fifteen, from 
Euclid; the reſt are diſpoſed of in the manner following. 

The and, the 5th and 6th, the 10th and 1 3th, are made 
A0 The gth is a Corollary to the 5th. | 

'The 18th and 19th are Corollaries to the 8th ; 
the 23rd and 24th may be deduced from the 3rd. 

The 11th and 12th are both included in the 7th. | 
The 26th and 27th are the and Corollary to the gth ; 
the 28th and 29th, Corollary and of the 3rd; and, 

the 37th is the 3rd of the 16th. 

The fix Problems are in the practical Part. 
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DEFINITIONS. 


The a Deknitions of a Circle, and its Attributes, 
are given in the General introduction, in Def. 19, and the 
four following, which need not be repeated here; ſome few 
more (which follow) are particularly neceſſary. 


- 


DEF. I, EqQuaL CiRCLEs are ſuch as have equal Dia- 
meters or equal Radii. 


2. Circles are ſaid to cut one awake, when their 
Circumferences croſs or interſe& each other in 
two Points. A and B. 


3+ Circles are ſaid to touch, . their Circum- 
ferences meeting, either internally orexternally, 
in any part, they do not cut each other. 


As X and Z touching in the Point E. 


A TANGENT is a Right line, which, being in 
the ſame Plane with a Circle, touches the Circum- 
ference, only, without cuting it. As AB in B. 
And, the Point B, in which it touches the 
Circle, is called the Poi x or CONTACT. 


5. A SECANT is a Right line, drawn from any 
Point without a Circle cuting the Circumfe- 
rence in two Points. As AD, in C and D. 


6. AChonn, or SUBTENSE, is any Right line 
drawn within a Circle, cuting it into two Seg- 
ments. See Def. 22 & 23, general Introduction. 


7. The ANGLE ofaSEGMENT, is the mixed Angle | 

which is contained under the Chord line, and a 
portionof the Circumference. As ABDor ABE. 

The Angle ofa greater Segment is obtuſe, of 

a leſſer Segment it is acute; of a Semicircle, the 


Angles are Right ones; as ADB or C. 
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8. An AxcLE in a SEGMENT i 1s that which is 
contained by two Right lines, drawn from each | 
extreme of its Baſe, or Subtenſe, to any Point 

in the Ark of the Segment. As ACB or ADB. 


9. SIMILAR SEGMENTS are ſuch as contain equal 
8 Angles, or whoſe Angles are equal. | 


10. A SrcToOR, of a Circle, is comprehended : ns 
between two Radii or Semi-diameters, and | 
an Ark, or portion of the Circumference, in- 
tereepted between them. | 

As AC, CB, and the Ark AB. 
If the Radii AC, CD contain a Right angle, 
it is called a QUapRAnT ; as ADC. 

ti. An ANGLE in a CIRCLE is ſaid to inſiſt, 

or ſtand, upon the Ark of the Circumference 
which 1 oppoſite to the — 


Circumferences of Circles are convex outwardly ; to- 
wards the Center (inwardly) they are concave. 


i 1 1 % % „ „ . 


The Six Axioms, or Glf-evident Propoſitions which | 
follow, contain Properties of a Circle which are neceſſary to 
be known, previous to the Demonſtration of the following 
Theorems. I call them Axioms, becauſe they are ſelf- 

evident but ſince that will not, by ſome, be allowed, ar- 
bitrarily, I have endeavoured to illuſtrate them, and to make ; 
the truth of the Premiſes appear clear and manifeſt. 


* "ELEMENTS or. GEOMETRY. 


Axon rſt, All Lines drawn from the Center of a Circle a 
the Circumference are equal. As EA, EC, &c. 
For, they are all Radii or Semidiameters. 


d. Two or more Diameters, of a Cirele, mu- oy 
tually biſect each other. * 
i For they all paſs through the ate conſe- 
XY Wa _ quently, they are biſected, in u the Center 
"0 As ABand CD, in the Point E; for EA, 
8. &c. being Radii, are equal, bn the . 


Ms Circles, in the fame Plane, h 
couch each other inwardly (outwardly itis. 

nifeſt) have not the ſame Center... . 

For, if they have the ſame Center, 5 Wa 
r 2 Neat they muſt agree in every parkt. And, if 
1 EZ they have the ſame Center, and unequal; Radu, 
#3 . they are parallel Circles, and can neither cut 
| '| l 1 5 nor touch each other, in any part; for their 

| „ _ Circumferences are, every where, e quiediſtant. ; 
N AB and CD. FW n 


N 


in two points only By ts . | 
For, if it were poſſible to cut, or touch _— 
in three Points, A, B, & C, each of the points of 
Section, will be equally diſtant from the Center 
+ of each Cirele; and conſequentiy they will have 
95 F ſame Center, which is contrary. to che Zrd. 
8 Stb. A Right line joining two Points (A and B) 
EIS in the Circumference of a Circle, falls entirely | 
| within the Circle. This is manifeſt;  _ 
55 For i if not, the Curve of the Circle, ACB, muſt coincide 
in ſome entire part, with the Line AB; which is contrary - 
to the 19th Definition, in the general Introduction, and the. 
geneſis of a Circle, in N. B. Def. 20.; from which it is 
manifeſt, that the Curve of a Circle cannot fall in with a 
Right line, in any part, being uniform in every part. 
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in one Point only. 
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6th. Circles touch each other, or a Right line, 


3. For, if the Circles, AD and BD, touched in- 


wardly, in more than a Point, as at D, the 
Curve of the leſſer Circle, AD, muſt coincide in 
ſome part, entirely, withthe Curve of the larger 
Circle, BD, which, from the geneſis of a Circle, 
cannot be; ſeeing, they have unequal Radii, 
Cb and ED, which produce different Curves, 
according to the Radius; which cannot, jn any 
part, fall into each other (for if they did, they 
muſt coincide entirely in ſome part) therefore, 
they touch each other but in one Point. 


2. If the Circles, A and B, touched outwardly, in 
more than a Point, they muſt cut each other; 
or their Circumferences will be a Right line, 
in ſome part, as CD; which cannot be; for, 
it falls within both Circles, by the $i. 


2, The Circle, B, touches the Right line, EF, 
but in one Point, at G. 

For, if it touched in more than a Point, it muſt co- 
incide, in ſome entire part, with the Right line EF ; 

which cannot be, the Radu being all equal. 

If any other Line, a b, be drawn between the Line EF 
and the Center, it will cut the Circle in two points of its 
Circumference, and the part, a b, of that Line, between 
the two Points, falls within the Circle; by the laſt. 


As this Property of Circles is purely, and en 
ſpeculative, I preſume, that, what J have ſaid is as con- 
victive, and fatisfa&tory, as any Demonſtration whatever 


N 
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THEOREM . ech 


If a Right line, drawn . the Center of a 
Circle, biſects a Chord line, not drawn through 
the Center, it will cut it perpendicularly. 


In the Circle ADB; let the Right line DE paſs through 
C, the Center, dividing the Chord line AB into two equal 


parts, at E. I fay, that DE will be * to AB. 


From the Center, C, draw CA, CB. 
Dx. The T riangles ACE, ECB, are equilateral and equi- 
angular to each other; i. e. congruous. | 
For, CE is common to both; AE=EB, - - Hyp. 
and AC is equal % CB, - = = - - Ak. i. 
Wh. becauſe AC=CB, the Angle CAE=CBE. -Th.9.1- 
Alſo, the Angle AEC=CEB. - <- - 3.1. 
conſequently, they are Right ones. C. 2. 1.1. 
Therefore, DCE is perpendicular to AB-Def. 10. & 11. 1. 
Cor. 1. A Chord (AB) being biſe&ed by another Right 
line, at right angles with it (in E) the perpendicular 
Line (DE) will paſs through the Center of the Circle. 
Cor. 2. A Perpendicular, drawn from the Center of a Cir- 
cle to a Chord line, biſects the Chord; and alſo the Ark 
of that-Chord. As AFB, in F. 


Hence, a Right line, or an Ak of a Circle, is biſected. 


. 
If, in a Circle, two Chord Lines cut each other, and 


are not both drawn through the Center, or can- 
not biſect each other. | 


Let AB and CDbe twoChord Lines cutingeach other, inf. 


Bock III. ELEMENTS or GEOMET RV. 91 


Ik one of them, CD, paſſeth through the Center, it is 
evident, that it cannot be biſe&ed by the other, AB, which 
does not paſs through the Center. 

If neither of them paſſes through the Center, one of 
them may be biſected, but both cannot. 


Dem. For, if AB (Fig. 2.) is biſected, in E, a Right las, 
FE, joining the Center, F, and the point of e E, 
will be perpendicular to A. Th. 1. 
conſequently, AEF & FEB are Right angles. Def. i 1.1. 
And, if CD be alſo biſected, in E; 

FE is, alſo, perpendicular to P). < Th. 1. 
Wherefore, CEF and FED are Right angles. Sup. 
But, AEF, FEB are Right angles. proved. 
conſequently, CEF, FED are not Right angles;- Ax. 2. 1. 
for it is evident, that one is greater and the other leſs. | 


Therefore, CD is not bileQed in E. QE.D 


THEOREM II. 1% Fuchs 


Equal Chord Lines, in a Circle, are equally diſtant 
from the Center; and Chord Lines which are 
equi-diftant, are equal. | 


Let ABandCD be equal Chord Lines in the Circle ADB, 

I fay, they are equally diſtant from the Center, E. 

Let EF and EG be Perpendiculars, to AB ang CD; 
join AE, EB, EC, and ED. 


DEM. Now, AB is equal to CD, by the W 
and AE, EB, EC, and ED are all equal. - - ñNx. 1. 
wh. the Triangles AEB, CE are-congruous. - Def. 43. 

_ conſequently, they are equiangular, = = _ - 7.1. 
And, being Iſoſceles, the Angles at A and B, C and D, 
are all equal amongſt themſelves. - - - = 9. 1. 


"_ ſince AB & CD are bi ſected in F & 6; AF =DG. 


N 2 
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| Wherefore, in the Triangles AFE, EGD, the Sides, 
| AE, AF „are equal to ED, DG, reſpeCtively ; and they 
contain equal Angles, FAE EDG. proved. 
Therefore, EF is equal to E. 8.1. 


2nd. AB and CD are two Chord Lines, n diſtant 
from the Center of the Circle ADB. I ſay, ABS CD. 
EF, and EG, being perpendicular to AB and CD, 
reſpectively, will biſect them, in Fand G. - Cor. 2. 1. 
Draw AE and ED. | 


Dx M. Becauſe AE=ED, EAD EDG n EGo. 
But, AEQ=AFoO+EFon;dEDgoO=EGo + Da. 
conſ. AFOR+EFO=EGo +GDo, wh. AFo GD 
Therefore, AF=GD(Ax.B.2.)&conſ. AB=CD.Ax.5.1. 

The ſecond Part of this is the converſe of the former ; 

which, I ſhould have made a Corollary to it ; but on ac- 

count of the different manner of Demonſtration ; by the 
laſt, of which, Euclid demonſtrates both. | 


Cox. 1. Equal Chord Lines, in the ſame or equal Circles, 
ſubtend equal Angles at the Center. 
For, fince AB is equal to CD, and AE, EB, EC, and 
_EDare all equal, the Triangles AEB, CED are congru- 
ous; conf. the Angle AEB=CED. . J. I. 
And, ſince equal Circles have equal Radu, the Angles 
which equal Chords ſubtend, in equal Circles, are equal. 
| Cox. 2. Equal Chords, in the fame or equal Circles, ſub- 
- tend equal Arks, and cut off equal Segments. And, 
equal Arks have equal Chords. 
ABCD; and, fince EF=EG, if EF and EG be 
produced, to H and I, FH GI. Ax. 7.1. 
And, ſince EF and EG are perpendicular to AB and CD, 
the Arks AHB, CID, are biſected, in H and I, e. 
wherefore, the Triangle AHB is equal to CID; and 


the Arks, AH, HB, CI, and ID, are all equal, ds 0 


the whole Ark AHB is equal to CID, = Ax. 5. 1. 
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For, if AB was applied to CD, being equal, they 
would perfectly agree; the Point A with D, and B with 
C; alſo, the Point H would coincide with the Point I, and 
every other Point, in the Ark AHB, with a correſponding 
Point, in the Ark CID; conſequently, the whole Ark, 
AHB, would coincide with the Ark CID; therefore the 
Segment AHB=CID ; and,. conf. DAHC=ADIB. 

The ſame may be faid of equal Circles ; for, having equal 
Radii, their Circumferences will coincide (ng Pay 
to each other) in every Point. X 


THEOREM Iv. 13. Euclid. 


A Diameter is the greateſt Right line, which can be 
drawn ina Circle; and, of all other Chord Lines, 
that is the greateſt which is neareſt to the Center. 


Loet AB be a Diameter, and E the Center of the Circle. 

CD and FG are Chord Lines, at different diſtances 
from the Center. I ſay, that AB is the greateſt; and FG, 
the fartheſt off, is the leaſt of the three. | 


Let EH and El be e ene to CD and FG, 
from the Center.. * OJ \ 


FG is farther froctl- che Center than CD, therefore, 
EI is greater than EH. (3.) Make EK equal to EH. 
Let KL be perpendicular to EI, and produce LK to M; 
and, laſtly, draw EL, EM, EF, and EG. | 

DEM. Now, becauſe EH is equal to EK, and are perpendi- 
cular to CD and LM; LM is equal to CD. Th. 3. 
But LE+ EM (eq. AE+EB) is greater than LM. - 13. 1. 

Therefore, AB is greater than LM; i. e. than CD, eq. LM. 
5 e 
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and. In the — LEM, FEG, the two Sides LE, EM, 
are equal to the two Sides FE, EG, and the Angle LEM 
is greater than FEG. | 
Therefore, FG is leſs than LM; i. e. chan CD, which 
is _ to LM. - - - Cor. to 8. 1. 


THEOREM . . Een. 


If any Point, except the Center, be taken within a 
Circle, and, from that point, divers Right lines 
be drawn to the Circumference; the greateſt of 
thoſe Lines is that which paſſes through the Cen- 
ee, to the Circumference. 

Of all others, drawn from that Point, that which falls 

neareſt to the Line, paſſing through the Center, is 
greater than the more remote ones; and, but two 
equal Right lines can be drawn, from that Point 
to the Circumference. 


Let A be che Point aſſumed, in the Circls EF G; from 
which, draw AB, AD, AE, &c;= | 

Firſt; AB, which paſſes through the Center, c, is 
greater than AD, or AF, or any other Line, which can be 


1 drawn from the Point A. - Draw DC. 


Du. In the Triangle ADC, the two Sides, AC, CD, 

are greater than the remaining Side, AD „13.1. 
But, CD is equal to CB, - - <- - - - Ax. 1. 
wherefore, AC+CD=AC+CHB, i. e. AB. 6. 1. 
Therefore, AB is greater than AD. 


2nd. AE is the ſhorteſt Line, which can be drawn . | 
the Point A. Draw any other Line, AF, and join FC. 
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Then, in the Triangle AFC, AF + ACis greaterthanCF 
But, CF is equal to CE, = » <- Ax. 1. 
Wh. (taking away AC) AF is greater than AE - Ax. 8.1. 


3rd. That Line is the longeſt, which falls neareſt to AB. 


In the Triangles ADC, AFC, AC, CD are equal to AC, 
CF, reſpectively; for AC is common, and CD=CF. Ax.1. 
But, the Angle ACD i is greater than ACF. Ax. 2. 1. 
Therefore, AD is greater than AF. = Cor. to 8. 1, 


4th. No more than two equal Lines can be drawn, from 
the Point A, to the Circumference, 


For, ſince AF is proved leſs than AD, and AB greater, 
every Line which can be drawn, from A, between D and 
F, will be leſs than AD, and between B and D greater ; 
wherefore, no other Line, _— to CD, can be drawn 
on that Side EB. 
Let the Angle BCG be equal BCD; and draw AG. 
Then, becauſe the Angle BCG =BCD, GCA=ACD. 
For, BCG + GCA=BCD+ DCA. - Th. 1. 1. & Ax. 9. 
And, becauſe CG=CD, and AC is common ; 
we have AC, CG, reſpectively equal to AC, CD; 
and the Angle ACG g ACD; therefore AG=AD= 8. 1. 
No other Line, equal to AG, can be drawn on that 
Side BE; (for the Angle ACG will be either greater or 
leſs than ACD) and as it cannot be on the other, con- 
ſequently, no more than two equal Lines can be drawn 
from the ſame Point, A, to the Circumference. 


Cor. Hence it is evident, that, if from any Point in a 
Circle, more than two equal Lines can be drawn to the 
Circumference, that Point is the Center. . 


\ 
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THEOREM. VI 8.Euclid. 


If from any Point without a Circle, Right lines are 
drawn through it, to the concave Circumference; - 
that which paſſes through the Center, is the great- 

eſt; and that Line which falls neareſt to it, is 
greater than that which is more remote. 
Of thoſe, which fall upon the convexity of the 

Circumference; that is the leaſt, which, if produ- 

cCeęd would paſs through the Center; and that Line, 

which falls neareſt to it, is leſs than any other, far- 

ther off. And, no more than two equal Lines 

can be drawn from any Point, without the Circle, 

either to the convex or concave Part of the Cir- 
cumference. i 


' Aſume any Point, A; and, N C, draw AB; 
alſo, draw AD, and AE, at pleaſure.  * 


f Firſt ; AB which paſſes through the Center, C, is greater i 
than AD or AE, not paſſing through the Center. Draw CD. 
DEM. In the Triangle A CD, the two Sides, AC added 


to CD, are greater than A). Th. 13. 1. 
But, CD=CB; wherefore, AC + CB, i. e. AB, =AC+ CD; 


conſequently, AB is greater than AD. 


2nd. AD is greater than AE. Draw CE. 


Ihen, in the Triangles AEC, ADC, the Sides * 
CE, are reſpectively equal to AC, CD. Ax. 
and the Angle ACD is greater than ACE. Ax. 2. 

t'1crefore, AD is greater than AE, Cor. to * * 


. 
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3rd. AG i is leſs than AH or Al. Draw CH and CI. 
Then, in the Triangle ACH; AH+HC is greater than 
AC. But, GC is equal to HC: Ax. Jo 
Wherefore, AC— -GC, 1. e. AG, is leſs than AH. Ax. 8. 1. 


4th. AH is leſs than Al, vole ebe Ne AC. Ke a2 
For, in the Triangle AIC, the two, Sides, AL, 10, 
are greater than AH, HC drawn to any Point, H, within 


1110 


the Triangle = - - 14. I. 


But IC=HC; wherefore AH; is leſs than AI - Ax, 8. F 


5th. No more than two equal Ling can be drawn Som any 
Point (as. A) without the Circle, either to the convex or 
concave part of the Circumference. ;\,, ') | wb bs 
For, fince all Lines drawn from A, berween ( G and H, 
are leſs than AH, and between ai Sreater; no qther 
Line, drawn on thar Side AB, can be 1 to AH... 
But an equal Line, AK, may be drawn onthe other Side, | 
so likewiſe ; 3 all Lines, drawn from A Ato the e 
| Periphery, between AB and AD, are greater than A] 
and between AD and AE, leſs; conſequently, 1 no other 
Line can be drawn on that Side AB, equal to AD. 
But, if BF be made equal BD, and AF be drawn, 


AF is equal to AD. Draw CF; which 1 18 equal to CD. þ 
For, the Angle FC BS HB CD, by Conktruttion, p< 
Wherefore, FCAZACD., 8 Th. 1 1116 & Ax. B. 


Wh. in the Triangles ADC, AFC, the Sidea AC, CD 
are reſpectively equal to AC, CF; for CF, CD are, Radii; | 
and the Angle A D=ACF; therefore AFA. 8. 1 


No other Line, equal to AF (eq. AD) can be a 
on that Side of AB; wherefore; but two equal Lints can 
be drawn from any Point, A, without the Circle, either 
to the conyex or goncave part of the Circumference. 


. The greateſt, ight line that can be drawn, from a 
Point without a ircle, to the convex. Circumference, i 18 
equal to the leaſt drawn to the concave part. 

For they unite in a Tangent to the Circle, at L. 
0 \ 


— ——— 
: 
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T H E OR E M VII. 11. 12. Euclid. 
If two Circles touch each other; a Right line, join. 


ing their Centers, will paſs through the Point of 
contact of the two Circles. | 


Firſt ; let AB and AH be two Circles, touching each 
other, inwardly, in A. 


C is the Center of the leſſer Circle, AB. 

Draw the Right line AC; it will, if produced, paſs through 
D, the Center of the other Circle. | 
If not; let any other Point, as E, be the Center of AH, 
and draw EC, cuting the two Circles in F & G; join AE, 


DEM. Then, becauſe C is the Center of the Circle AB, 
6 — e -,. Ax - 
If CE be added to both, then CE +CF=CE+CA. -6.1. 

But, CE+CA is greater than A. Th. 13.1. 

and, EA is equal EG (by the Suppoſition).— Ax. 1. 
wherefore, EG is leſs than EF (the greater than the bots) 
which is abſurd, and cannot be. 

Therefore, E is not the Center of the Circle AH; 
conſequently D is the Center; and, the Right line DC 
paſſes through the Point of Contact, A, Q. E. D. 


>. AB and BH are two Circles, touching each other, 
outwardly, at B; C is the Center of AB. 

Draw the Right line CB; which, if produced, will 
paſs through the Center, D, of the other Circle, 


If it be denied, let E be ſuppoſed to be the Center of 
BH, and draw CE and BE. 


Then, becauſe C is the Center of the Circle AB, CF 
is equal to CB; and, if E be the Center of BH, EG=EB. 


Wherefore, CF+tGE=CB+BE. = - Ax. 6. 1. 
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And, if FG be added to the former; CE, i. e. 


GE, is greater than CB+BE. | 
But, CB+BE is greater than K. Th. 13.1. 


wherefore, BC BE is both greater and leſs than CE, 


which is abſurd, and cannot be; therefore E is not the 
Center of the Circle BH; conſequently D is the Center; 


D, paſſes through B, the Point of Contact. 


; Cox, Circles touch each other, either inwardly or out- 
wardly, in a Point only. 


— 


THEOREM VIII 16. Euelid. 
If a Right line be drawn, through the extreme point 


of a Diameter of a Circle, at right angles with the 


| | and, the Right line, CD, joining the two Centers, C and 


Diameter, it will fall wholly without the Circle; 


and no other Right line can be drawn, from the 


Point of Contact, between the Tangent and Circle. 


Loet AB be a Diameter, and DG a Right line drawn at 
right angles with AB, through the extreme B. 

Draw CD, cuting DG in any point, D. 
I fay, the Point D is without the Circle, 


Dem, In the Tri. CDB, the Angle DBC is a a Right « one ; 
conf. BDC is acute; wh. DC is greater than BC.» 12.1. 
But, the Point B, is in the Circumference. 

wherefore, the point D is beyond the Circumference-Ax. 1. 
conſequently, BD falls wholly without the Circle, 


Ox thus, after Euclid, 


If BD does not fall without, it will cut the Circle; 
- e in B and E. * EC. | 
2 


1 
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Then, in the Triangle EBC, EC CB; Av. 1. 
wherefore, the Angle CEB g CBE. 
But, CBE is a Right angle (Hyp. ) conſ. CEBis a right one. 


The two Angles, CEB, EBC, of the Triangle CEB, | 


are Right angles, on this Suppoſition, 
But all the three Angles of every T riangle=two R. angles. 
Therefore, BE, i. e. BD, does not cut the e but 
muſt neceſſarily fall without it. 


and. Let BE be aan (if . between DB and the 


Circumterence of the Circle. 


Now, ſince CBD is a Right angle, CBE i is acute. 

Let CF be drawn perpendicular to BE. 

Then, CF, ſubtending an acute Angle, is leſs than CB. 

But, the Point Bis in the Circumference. | 

conf. CF does not reach the Circumference. e Ax. 1. 
8 Wherefore, the Point F is within the Circle. 

Therefore, the Right line BE cannot be drawn between 

the Tangent, BD, and the Circumference. 


Co. 1. A Tangent touches a Cirele in one Point only. . 
For if it touched in mand, it would not be a Right line. 


. 2. A Right line 3 to the Tangent, a 


the Point of Contact, paſſes through the Center. 


C OR. 3 3. A Right line drawn from the center of a Circle | 


to the Point of Contact, of a Right line touching the 
Circle, is perpendicular to that Tangent. 


Cor. 4. The Angle of a Semicircle is a right one. 


For, 1t 1s greater than any right-lined acute Angle, 


N. B. The external Angle, made by a Tangent and the 
adjoinin g Ark of theCircle, is leſs than any right · lined Angle. 


. . 5 


4 * 
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For it has been provell that a Right line cannot be 
* from the Point of Contact, between the Tangent 


and the Circumference; wherefore, the Angle GBH can- 
not be made leſs by a Right line, ſeeing: it will cut the 
Circle, and conſequently make a larger Angle, at ſome 
other Point in the Circumference. 


Vet may the Angle GBH be leſſened ia by curved 
Lines ; which is, apparently, a Paradox. _ 

For ſince the Angle of a Semicircle is Right, Re the 
Tangent BG is perpendicular to the Diameter, AB, there 
cannot be left any remainder of the Angle as a Compliment 
to it; becauſe, the Compliment of an Angle is its deficiency 
to a Right angle; or (being obtuſe) to two Right angles. 

Now, ſince it has been proved that a Right line cannot 
touch a Cie! but i in one Point only, it muſt hold equally 
true, in reſpect of a large Circle as of a ſmall one. 


Wherefore, if any other Radius, greater than BC, be 


taken, as BI, and an Ark, Ba, be drawn, it is evident 
that the Angle GBa is leſs than GBH. „„ 

If a larger Radius, BA, be taken, and, on the Center A, 
an Ark, Bb, be drawn, the Angle Gh b is leſs than GBa; 
notwithſtanding, the Angles, ABH, ABa, and ABb, are 
the ſame (by the 4th Cor:} and it is evident, that if a {till 
larger Radius be taken, the e CB b Ne 88. be leflened 
infinitely. 


SCHOL. $5 is ; manif: 5 . 2 a 3 Nigbe Be” as GH, is inſi- 
nitely diviſible, by enlarging the Nanu BA infiuttely'; "Jeting that, 
_ the ciner of a Circle cannot coincide with two Points, 
"B and G, of the Right line BG. 


bop! H EOREM IX. 3 Euclid. 


An Angle, at the Center 1 a "Cloak. is- double. of an 
Angle touching the Circumference, when both 
ſtand on the ſame Ark. 
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In the Circle ABC, let AEC be an Angle at its Center, 


and ABC is an Angle touching the Circumference; both 
ſtanding on the ſame Ark, AC, 


I fay, the Angle AEC is double the Angle ABC. 
Draw the Right line BE, and produce i it to D. 


Dax. In the Triangle ABE, becauſe the ſide Ak EB. 


the Angle A is equal to Ez. 9. 1. 
But, the external Angle AED the Angle A ABE-10. 1. 


Therefore, the Angle ABD half the Angle AED. 


Alſo, DBC DEC; for the Triangle EBC is Iſoſceles. 


"Conf. AED T DEC (i. e. AEC) twice ABD DBC; 


i. e. equal to twice ABC. 


8 Therefore, the Angle AEC is double the Angle ABC. 
CAskE 2nd. When che Angle CEF, at the Center, falls 


without the Angle CBF, at the Circumference. 
Draw BED), as before. | 

| Now, the external Angle, DEC, = -ECB + EBC; (10. 1.) 
and ECB EBC (9. 1.) wh. DEC is equal twice DBC. 

And, DEF EFB T EBF; therefore, eq. twice DBF. 
Conſequently, DEF — DEC, i. e. CEF, =2DBF —-2DBC. 
05 2CBF. Therefore, the Angle CEF is double CBF. 


Con. 1. The Angle at the Circumference, ſtanding on any 


Ark, is equal to an Angle at the Center, on half that Ark. 

For, if the Ark AC be CF, the Angle AEC=CEF. 
But the Angle AEC is double ABC, &, CEF double CBF 
conſequently the Angle AEC (eq. CEF)=ABC+CBEF; 
1. e. the Angle ABF, on the Ark ACF, is equal to AEC, 


(or CEF) on AC, or CF, half that Ark. - 


Cox. 2. In the ſame or equal Circles, Angles ſtanding on 


equal Arks, whether they be at the Center or at the Cir- 


cumference, are equal to one another. 
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This is evident from the laſt; for the Ark AC being 
equal to CF, the Angle AEC=CEF; and, the Angle 
ABC (eq. half AEC) CBF, half CEF. 85 

And, becauſe the Radii of equal Circles are equal, the 
Angles on equal Arks, in equal Circles, are alſo equal. 
And converſely, equal Angles ſtand on equal Arks. 


THEOREM X 7a, Euclid. 


Al Angles, which ſtand on the ſame Ark, or are in 
the ſame Segment of a Circle, and touching the 
+ Circumference, are equal to one another. 


In the Segment ADC, I fay the Angles ABC, ADC, 
| and AEC, are all equal. 


- To the: Center, F, draw AF and CF, making the 
Angle AFC. 


Dzm. Then, the Angle AFC, at the Center, is double 
AEC, at the Circumference. 

For, they ſtand on the ſame Ark, AHC, or Chord, AC. 

But the Angle AFC is double ABC, or any other Angle, 

ADC, touching the Circumference. = - Th. . 

| Wherefore, the Angles ABC, ADC, &c. being each equal 


half AFC, are, therefore, equal amongſt themſelves. 
If the Segment be a Semicircle, or leſs than a Semi- 


circle, it may be demonſtrated after this manner. 


AGCand AHC are Angles ina leſſer Segment, AGHC. 

The Angle AIC (being external, in reſpe& of the Trian- 

| gles GAI & ICH) = the Angle G GA]; and alſo, 

to H + HC]; wherefore, the Angle G + GAI = =H+HCL. 
But, the Angle GAI, i.e. GAH=HCG; above. 

Therefore, the Angle AGC=AHC. Q. E.D. 10. 1. 


Cox. Right lines, BC and AH, j Joining t the extreme Points 
of two equal Arks, AB and CH, in the Circumference 
of a Circle, ſo as not to croſs each other, are parallel. 


\ 
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For (having drayn AO) che Arks AB, CH being equal, 
the Angle BCA is equal to the Angle CAH. - C. 2.9. 
Therefore, BC is parallel to AI. Th. 4. 1. 


T HE ORE M xl. 22. Evelid, ; 


In every. Ouadrijeceral, znfcriiaods in a Circle, the op- 
polite Angles are equal to two Right cen, 


ABCD! is a Trapezium inſcribed j ina Circle. 
I fay, the Angles A and ©, alſo Ba and . + Are, together, 
equal to two Right ones. 


Draw. the Diagonals, AC and BD. 
DEM. In the Triangle ABD, the Angle DAB+ ABD 
added to BDA are equal to two Right ones. IO. 1. 


But, the Angle BCA BDA; and ACD ABD. 10. 
Wh BCA + ACD(1.e, BED) BAD Stwo Right angles. | 


Cox. 1. Theexternal Angle, CBF, made by producing any N 
Side, AB, of a Quadrilateral- inſcribed in a Circle, is 
equal to the oppoſite Angle, ADC. - by Theo. & 1. 1. 


2. Sealy e W in a Circle is a Rectangle. 


THEOREM: XII. 31. Euelid. 


| An Angle at the Circumference, in 2 Semicirele, i 1s 
B a Right angle. 


In the Circle ABCD, let AC be 2 Diameter, and 
E the Center. To any Point, as B, in the Circum- 
ference, draw AB and CB. 
. 1 fay the Angle ABC is a Right angle. 8 
5 Draw EB; then, the Triangles, AEB, BEC, are lies | 
elt; AE, EB and EC being equal. | 
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DEM. Then, becauſe AE=EB, the Angle EAB g= ABE, 
and, becauſe EB EC, the Angle EBC=BCE; - Q« I. 
wherefore, the Angle ABC=BAC+ACB. - > A 
But, if one Angle of a Triangle be equal to the other 


two, it is a Right angle. S ES GC. 1. 1054, 
Therefore, ABC is a Right angle. Q. E. D. 


Or, if AB be produced, the Angle CBF=BAC+ACB; 
and ABC=BAC+ACB; conſequently, | ABC=CBEF, | 
Therefore, ABC is a Right angle; = = 25 EC: 2. L. 1. 


Ir may be otherwiſe proved, after this manner. 


Let ED be perpendicular to AC; join BD. | 
Now, the Angle AED is double the Angle ABD. 
And the Angle DEC is double the Angle DBC. Th: . 
But, the Angles AED, DEC, are Right ones; - Con; 

wherefore, ABD, DBC are each half Right. = C. 1. 10. 1. 
Conf. ABC, i. e. ABD+DBC, is a Right angle. 
Or, the Angle ABC at the Circumference, ſtanding : 
on the Ark or Semi-circumference ADC, is equal to an 
Angle at the Center, AED or DEC (which are Right 
angles) on half that Ark, - - - - Th. 9. 


From this Theorem is deduced the moſt elegant and expeditious 
Method for making a Right angle, or drawing a Ems 


at the extremity of a Right line. 
Cor. An Angle in a Segment, leſs than a Semicifele, is 1C 
obtuſe; and an Angle in a greater Segment is acute. 
IntheSegmentADCB, ſeeing that the Angle ABC is right, 
ACB, in that Segment, is acute. C. 3. 10. 1. 
And, the Angle AGB ACB two Right angles - Th. 11. 
But ACB is acute; wherefore AGB is obtuſe, - Def.1 3- 


THEO, The Abl.: in a ad e. 3 n and the Angle 
in a greater is deficient of a Right angle, by the Angle 
made between the Chord of the Segment and a Diameter. | 


drawn from either extreme of the Chord. 
* 
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Let AC be a Diameter, and ABC ; is a Right angle. 

Draw two Chords, DC and EC, and join DB and EB. 
Then, in the leſſer Segment DBC, the Angle DBC is : 

greater than the Right angle ABC, in a Semicircle; Ax. 1. | 

and the difference is the Angle DBA. 


But, the Angle DBA DCMA. Th. 10. 
Therefore, the Angle DBC, in a leſſer Segment, exceeds 
a Right angle, by the Angle ACD. 
' 2nd. In be greater Segment, EDC, the Angle EBC is 
leſs than the Right angle ABC; and, the deficiency is the 
Angle ABE, equal ACE. 
Therefore, the Angle, EBC, in - 3 Segment, * 
| * than a Right angle, by the Angle ACE. 


TH E ORE M XIII. 32 Euclid. 


The Angles made by a Right line, cuting a Circle, 
drawn from the Point of Contact of another Line 
touching it, are equal to the Angles in the 155 

poſite alternate Segments. 


Let ABC be a Right line, touching the Circle BDE, in B. 
Draw at pleaſure, from B, the Chord BD. 


The Angle ABD is equal to DEB, or any Angle made 
in that Segment. And the Angle DBC is equal to 
DGB, in the other Segment, DBG. X 

Let BF be perpendicular to AC; join FE. 
Dru. Now, BF is a Diameter of the Circle, - C. 2. 8. 

 wherefore, FEB is a Right angle. = - Th. 12, 


But, ABF is a R. angle (Con.) conf. FEB=ABF.-Ax. 9, 7 
But, the Angle FED=FBD(10).Th.DEB=DBA. - Tr 


2nd. BG is a Chord of the Segment GFEB, 
Draw GE, making an Angle, GEB. 


Book III. EL E Mk NTS or GEOMETRY. 10) 


Then, the Angle GDB (eq. GEB) 83A ; as above. 
And, the Angle G + GDB + DBG =twoR. angles.- 10. 1. 


But, the Angle ABD TDB CS two Right angles; » 1. 1. 


and the Angle GDB(eq.GBA) + DBG=DBA. - Ax. 2. 1. 
Therefore, the remaining Angle DGB=DBC. = Ax J. 1. 


Or, in the Quadrilateral DEBG;, the oppoſite Angles, 


DGB, DEB, are equal to two Right angles. - Th. 11. 
And the Angle ABD + DBC=two Right angles. - 1. 1. 


But, theAngleDEB=DBA (as above). Th. DGB DBC. 


THEOREM XIV. 36. Euclid. 


In Circles, if two Chord Lines cut each other; 
a Rectangle, contained under the Segments of 


one Line, will be equal to the Rectangle under 


the Segments of the other. 


iſt, When both paſs through the Center, it is evident. 


For, the Rectangle under the Sonmendd of each, is the 


Square of the Radius; conſequently they are equal. 


2nd. In the Circle ACBD; if AB, paſſing through the 
Center, biſects. CD, which does not paſs through the 
Center, in E; then, the Rectangle AEB, is is en to 
the Square of CE, or ED. 


Let F be the Center. Draw CF. 


Dem. Then, becauſe AB is biſected, in F, and cut un- 
equally, in E; AExEB+EFoO=FBno; - 5. 2. 
i. e. F , equal CEO+EFq; - - - - 20.1. 
for, CEF, is a Right angle (C. 2. 1.) and CF FB. Ax. 1. 
Wherefore, AE x EB+EF 0 =CEDo +EF 0. | 
Take away from both, EF, which is common; 
there. remains AE-x EB=CE Q, 1; Ene | 
| P 2 
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zZrd. When neither of them paſſes through the Center; 


and, when neither 1s biſected, by the other. 


From the Center, F, draw FG and FH Gl 
to AB andCD; and join AF, FD, and EF. 
Now AB is biſected in G, and cut unequally in E; 
wherefore, AE x EBT EGO SAG. > $: > 2. 
Add, on both ſides, FG 0; ; 


then, AEXEB+EGOn+FGEn,=AGo +FGn-Ax.6.1. 


ButEFoO=EGo +FGo;&AFo=AGo+FGo. 20.1. 
Therefore, AE x EB +EF O=AFBRB. 


After the ſame manner it may be proved, that the 
ReQangle CED+EFq is equal to AF . 


For, CD is alſo biſected, in H, and unequally cut, in E. 


Wherefore, CE Xx ED THEN =HD g. Add HF to both. 


Then, CE x ED, +HE © + HF (equal EF q) is equal 


to HDA THF q; i. e. equal EDD. - 0.1. 


But FD=AF; wherefore, FD =AF o; - Ax.B.2. 
conſequently, CExED+EFO=AFq (equal FD). 
But, it was proved, that, AExXEB+EFn AF Q. 
Wherefore, taking away EF q, from both, 
there remains AE x EB=CE xED. - , Ax. 7. . 


/ 


5 Or, the Rectangle AEB, equal Q. E. D 


THEOREM xv. 


If two Chord lines interſect at right angles; the 


four Squares, of the Segments of thoſe Chords, 
will be equal to the 9 of the Dinmeter: 


ee ee formed by Right lines j joining the 
extreme Points of the Chords, are alſo equal to the 
Square of the Diameter, 
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Let the Chords AB and CD cut each other Pave 
dy wk: 

Then, the Squares of AE, EB, EC, and ED, are 
equal to the Square of AT, the Diameter of the Circle. 


From the Center, F, draw FG and FH parallel to the 
Chords CD and AB, reſpectively; and join AF, and FD. 


Dx m. Now, fince AB & CD cut each other perpendicularly, 


and, FG, FH, are reſpectively parallel to CP & AB-Con. 
FG and FH are perpendicular to AB and CD. -C. 2. 4. 1. 
Then, Ah is biſected, in G (1. 3.) and cut unequally, in E; 


alſo CEO ED ¼zEHT2HD A < 


erer 5 SN - 9. 2. 


Wh.AETEB+CEtEDq] =2AG+2GE+2EHtH2HDo 


But GFHE is a Parallelogram, by Conſtruction; 
wherefore, FH=GE, and FG=EH. - - - 1g. 1. 
Conſ. the Squares ofthe four Segments, AE, EB, CE, & ED 
are eq. to the Squares of AG, GF, FH& HD, twice taken. 
But, AF NAG HGF, & FDM FHH D 20. 1. 

conſ. 2AF H 2FD N 2AG+2GF+2FH+2HDo 
Wherefore, AETEBTCETED N= 2AF O+2FDO; 
i. e.=4 AFN; for, AF is equal to FD. 
But, four times AF Q =AI (7; i. e. of the Diameter- 4. 2. 
Th. the Squares of the four Segments, AE, EB, CE, & ED, 
are equal to the Square of the Diameter. - - QE.D. 


an Having joined the extremes AD, DB, AC, and CB. 


Then, the Squares of AD and CB, together, are equal to 
the Squares of AC and DB together. | 
For, AD =AE o+EDq;and, CBO=CE OEB Q. 
But, ACQ=AEqQ TEC; and DB DEQATEB q; 
therefore, ADQ+CBa=ACoO+DBao; and, | 
conſequently, each is equal to the Square of the Diameter. 


This extraordinary Property of the Circle is otherwiſe demon- 


trated by Mr, Stone; which, notwithſtanding it is indiſputably 
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true, does not carry withi it that poſitive conviction; inſomuch, 
that, a young Geometrician would be ſomewhat at a loſs to 
perceive it. lt is as follows. : 
Becauſe, the Angle AED, i is a Right one, the Angles EAD, ADE, 
are equal to a Right angle (32. 1.) wherefore the Arks, AC, DB, 
on which they ſtand, are, together, equal to half the arrumſorence | 


of a Circle (26. 3.). 
Therefore, becauſe the Angle in a „ is a Right CY 


the Squares of AC and DB are equal to the Square of the 
Diameter (47. 1. ). And, becauſe the Angles at E are Right angles, 
the Squares of AE and EC are equal to the Square of AC; and 
the Squares of DE, EB, equal to the Square of DB. Therefore, 
the Squares of AE, EC, DE, & EB, are equal to the Squares of AC 
and DB; which, were proved equal to the Square of the Diameter. 
Therefore, thoſe four Squares are equal to the Square of the | 


Diameter, 


The References, i in this Demonſtration, a are to Euclid. 


SCHOL. 7s worthy of obſervation, that, as, in a Semicircle, the 
Sides containing the Right angle are two Chords perpendicular to 
each other, and are equal to the Square of the Diameter; ſo the 
Squares of the Segments of all Chords, which cut each other at 
right angles, are equal to the Square of the Diameter. | 


THEOREM XVI. 37. Euclid. 


If, from any Point without a Circle, two Right 
lines be drawn, the one a Tangent, the other a 
Secant (i. e. one touching the Circumference, the 
other cuting it twice); the Rectangle, under the 
whole Secant and the external Segment (between 
the Point, aſſumed, and the Circle) will be equal 

to the Square of the Tangent. 
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A is the aſſumed Po int. : 
Let AB touch the Circle, CBD; in the Point B; AD is 
a Secant, cuting the Circumference in two Points, C and D. 
Then, the Rectangle under AD and AC is equal to the 
Square of AB, 
_ Firſt, when AD paſſes through E, the Glas of the Cirele. 
Draw EB, from the Center to the Point of contact. 
DM. Now, becauſe CD is biſected, in E, and AC is 
; added to it; ADx ACHCEA=AEn; - - +< 6.2. 
and, AEO=ABO+BED. - - - - - a oz 
For, ABE is a Right angle C. 3. 8. 3. 
wherefore, AD x AC+CE Q =ABOQ +BEn. 
But, BE=CE; conſequently BEQ =CEn. - Ax. B.2 
wherefore, AD x AC CEN S=ABQA TCE 
Take CE © from both, there remains DAC SAB. 


2nd. When the Secant falls on either Side of the Center. 
Let EF be perpendicular to the Secant, AD, or AD; 5 
and join CE and EB. 


Then, becauſe Er 18 perpendicular to CD, CD is 
Bie ded in kn. E. 1. 
And, becauſe CD is biſected, in F, and AC i is added; 
ADxAC+CFo=AFn (6. 2.) Add EF to both; 
then, AD AC+CFoO+EFo=AFo+EFno- Ax. 6. 1 
But, CF UTEF OSCE; andAFTEFNSAE Aq; 
wherefore, AD x AC+CE SAE DO; | 

i. e. equal to ABO+BEDQ. - - - - - - 20.1. 
But, BE=CE; wh. ADB AC+BE oO =ABo+BEgn. 
And, if BE © be taken from both, then (by Ax. 7. ) 
there is left AD x ACS ABN. Q. E. D. 


Con. Hence it is evident, that the Rectangles under every 
Right line cuting a Circle, from the ſame Point without 


7 the Circle, and the external Segment, are equal. 
The Rectangle DAC S DAC; for, they a are each equal 


the Square of the Tangent, AB. 
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2nd. If from the ſame Point, A, without a Circle, two Right 
lines, AB, AZB, are drawn, to the Circle, one on each 
ſide, touching the Circumference ; thoſe two Tangents 


are equal. | 
For, AB g= ABM, being each equal to the Rect. DAC. 


5 But, equal Squares have equal Sides; 
| —— AB is equal to A8. Ax. B. 2 


* If from any Point, * a ©" PU Right lines 
are drawn to the Circle; one of which Lines cuts the 
Circle, and the other meets the Circumference, in ſome 
Point only; and, if the Rectangle under the whole Secant 
and the external Segment, be equal to the Square of the 

other Line, that other Line is a Tangent to the Circle, 
and touches the Circumference i in that Point. 


THEOREM XVII. 


If, from any Point in the Diameter of a Circle, there 
be drawn two Right lines to the Circumference; 
one perpendieular to the Diameter, the other to 

the middle point of the Ark of the Semicircle; 

the Squares of thoſe two Lines, together, will be 
equal to half the Square of the Diameter. 


Let AB be a Diameter, C the Center, and D the Wille 


Point of the Semicircle, ADB. From any point, as E, 


let EF be perpendicular to AB; and draw ED. 


I fay, the Squares of EF and ED, together, are equal 
to AC ſquare, twice taken; i. e. to half the Square of the 
Diameter, AB. - Join CD and CF. | 
Dem. CFa=EFo+ECo - - - - - - 20.1. 
wherefore, EFo +ECo =ACo ; for AC=CF. 


* 


4 
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But ED a =CDo 4188 and CD=CF, eq. AC. 
Conſ. ED EC HS EF a ＋EC o; 1. S. = = ACn, 
Wherefore EFo +EDog =CF no +CDo. 

Therefore, EF o + EDo =2AC 2; i. e. AB KAC. 


THEOREM XVIII. 


If from the Vertex of an equilateral T ROI con- 


ſtructed on the Diameter of a Circle, a Right line 

be drawn cuting the Diameter; and, from that 
Point, another Line be drawn, perpendicular tothe 
Diameter, cuting the Circumference; the Squares 
of thoſe two Lines, together, will be equal to the 
Square of the Diameter. 


From C, the Vertex of the equi Triangle ACB | 
(on the Diameter AB) draw CD, at pleaſure, cuting the 
Diameter in D; and, let DE be perpendicular to AB. 


1 fay, that the Squares of CD, DE, together, are "Ip to 
the Square of AB, 


If CD be drawn berpeb to AB, as CF, itis manifiſt | 


For, CFO FG (equal AF) AC (equal AB) ci. 
Let CF be drawn, e to AB, and join EF. 


DM. Becauſe CF is perpendicular to AB, and AC is 


equal to CB, AB is biſected in F/ C. 4. 9. 1. 
wherefore, F is the Center of the Circle, - Def. 20 & 21. 
Now, AC AB (Con) and ACH CFH TAF N- 20.1 


But, AF = EF,; and EFO=EDO+DF0; i. e. eq. A F 5 


wherefore, ACO=CFo +DFo+DEA. 
But, CDQ =CF on +DFom; - - =-. - - - 20. I. 
conſequently, AC N =CD 0 +DE 2. | 
enn - =CD oO+DEDO. 


1 


/ 
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THEOREM XIX. 

If a Chord Line be parallel to a Diameter of a Circle, 
and, from each extreme of the Chord, Right lines 
are drawn to any Point in the Diameter; the 

| = Squares of thoſe Lines, together, are equal to the 


Squares of the Segments of the Diameter, made 
by that Poirt. | 
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Let the Chord CD be parallel to ths 8 AB; and, 
to any Point, G, in the Diameter, draw CG and DG. 
bl I, ſay, the Squares of CG, GD, together, are equal to 
y | _ the Squares of AG and GB, Let E be the Center. 


Let CD be biſected, in F; join FG, FE, and ED. 


« 0 . 
— EF. Ka 
- —— 


1 3 Then, becauſe CD is biſected, in F, 
tx CG TODO Sg FTF DOW... 1. 2. 
| WM! And, becauſe CD is biſected, EF is perpend. to CD. 1, 
| But, CD is parallel to AB; conſ. EF is perpend, toAB - - 4-1 
| | wherefore, FGO =EFa +EG#©9; | ; 
Þ and, EPQG=EFq+FDo. . 20. 1 
| Conſ. CG +GDQ =2GE+2EF+2FD 3 ; 
it i. e. equal to 2GEQ 2ED H. But AE=ED; 
wherefore, CG GDA Sg2GE N AE, equal ED, o 
| = | But, AGO +GBQ =2AEn +2GEqn; . 
| 


therefore, CG HGD =AGn TGB. Ax. 3. 1. 
bes} . "THEOREM XxX. 


UE |. If two Right lines are drawn, from any two Points 
nin the Circumference of a Circle, to the fame 
Point in a Tangent to that Circle ; thoſe Lines 


will make the greateſt Angle, when they meet in 
the Point of contact, 


T 


* 
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Let A and B be the Points aſſumed, in the Circumference 


of the Circle ABC. 
Draw AC and BC to the Point C, in which a Tangin 


DC, touches the Circle; and alſo, to any other Point, 8 
draw AD and BD. | 


I ſay, the Angle ACB is greater than ADB, Join AE. 


DEM. The Angle AEBSACB, - . Th. 10. 
ſtanding on the ſame Ark, AB. 


But, the Angle AEB is greater than ADB; "IE it is equal 
to ADB. one 
Therefore, ACB; is greater than ADB. 


Cox. Hence it is evident, that an Angle, AFB, which falls 


within the Circle, is greater, and an Angle ADB, without 
the Circle, is leſs, than any Angle touching the Circum- 
ference, and ſtanding an the ſame, or an equal Ark, AB, 


From hence may be deduced the following Problem, 


A Right line being given, and two Points given, or 
aſſumed, without the Line ; the Point in that Line may be 
determined, to which, if two Right lines be drawn, from 
the given Points, they ſhall contain a greater Angle than 
any other Right lines drawn, from thoſe Points, to any 
other Point in that Line. 
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HE fourth Book of Euclid's Elements is not elemen- 
tary, but practical or problematical; it treats of the 
inſcription and circumſcription of right-lined Figures in 
and about Circles. It is of eſpecial uſe in Trigonometry, 
Aſtronomy, &c. and alſo, in Fortification or military 
Architecture, which ſeems to depend entirely on it. 
I do not think proper to deviate from the order of Euclid, 
in his Books, and have therefore retained the fourth here 


{although it is wholly and entirely problematical) chiefly 


for the ſake of Demonſtration, which is as brief as it will 
admit of, To bedeficient in that reſpe& (though not very 
eſſential) would be ſufficient reaſon, with ſome Perſons, to 
condemn the whole. Nevertheleſs, I am of opinion, that, 
great part of it does not require Demonſtration, being ſuf · 
ficiently « evident from the Conſtruction; SPY s as no 
other part of the Elements is dependant on it. 

There are, in ſome Books extant, ſundry other Propo- 


Nitions relative to the inſcription and circumſcription of 


rigut · lined Figures, in and about other right- -lined Figures; 
particularly in Stone's Euclid; and in a curious Trac of 


practical Geometry by Le Clerc. But, as 1 ſes nothing of 


real utility to recommend them, I ſhall not, by uſeleſs ad- 


_ ditions, detain the Reader from matter of greater Impor- 


tance, in the fifth and ſixth Books: Indeed this may be 
paſſed over entirely, for the preſent, there being nothing 
in the fourth neceſſary to be known, previous to thols 
which follow, | 
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DEFINITIONS. 


1 have W of in | the a Introduction, defined the 
＋ erms, to deſcribe, to inſcribe, and to circumſeribe, a re- | 
petition of which would be unneceſſary. 


1. A Right-lined Figure is faid to be inſcribed, ina Circle, 
or to have a Circle circumſcribing it, when every An- 
gle of the Figure touches, or is in the Circumference 
of the circumſcribing Circle. 


2. A Right-lined Figure is, then, ſaid to circumſcribe 
2 Circle, or to have a Circle inſcribed, when every Side 
of the Figure touches the Circumference of the Circle. 


3.A Right-lined Figureis ſaid to be inſcribed, or to cir- 
cumſcribe a right-lined Figure ; when every Angle 


of the inſcribed one, touches ſome Side of the cir- 
cumſcribing Figure. 


4. So likewiſe, a Circle is ſaid to be inſcribed, in a 
right-lined Figure, when it touches every Side of the 
Figure; or to circumſcribe a right-lined Figure, when 
the Circumference paſſes through every Angle. 


N. B. By inſeribing any Figure within a Circle, or an 
right-lined Figure within another, is underitood, the de- 
ſcribing a Figure, like or fimilar to the given one, che largeſt 
poſſible to be contained in the other. 


Joo inſcribe a Right line in a Circle 1s the firſt Proble 
of Euclid” fourth Book, which I think entirely unneceſſary, 
as a Problem; nothing more being required, in the Opera- 
tion, than to take the given Line, in the Compaſſes, and 
placing one point in the Circumference, at pleaſure, to cut the 11 
Circumference, with the other. As DE, or DF, in the {FEW 
firſt Figure. | © | 
A Right Line, greater than a Diameter, cannot be inſcribed 


4 
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All the Propoſitions, of this Book, follow in the order 


of Euclid, omiting the Firſt. 


dependant on one another : 


with the . Figures, Tn. | 


PROPOSITION . 


Indeed, it is immaterial 
in what order they are arranged, being little or nothing 
It is moſt conſiſtent to begin 


To inſeribe a Triangle 1 in a given Circle, equiangular 
to a given Triangle. | 


"mn ABC be the given Triangle. 


Draw at pleaſure the Right line GH, touching the Cir- 


cle in any Point of its Circumference; as D. 


Make the Angle GDF equal to A, i. e. to any Angle 
of the Triangle; and HDE equal to another, B, and join EF. 


The Triangle DEF is equiangular with ABC. 


DE. The Angle GDF (equal A) is equal to DEF, 
«23-3 


and HDE (equal B) =DFE. 


* 
4 


| Wherefore, the Angle DEF, being eq. A, and DF E eq. B, 
the remaining Angle, EDF, muſt neceſſarily be equal to C. 
10.1. 


Th. the Triangle DEF is equiangular to ABC. 


N. B. By taking the Angles in this order, the Täle in- 
iven one; but, any two being 
taken, the Triangle, inſeribed, will be the ſame. 


ſcribed will be potited as the 


OR, draw et pleaſure ad, cuting the Circumference in a 
and d. Make the Angle, ad e, equal to B, and join ac. 


Make, gab, equal to the Angle A, & join bc. 
The Triangle abe is equiangular to ABC. 


For, the Angle abc = adc (10. 3. Yoqual B; (by Con) 


and, the Angle cab was made equal to A. 
Conf. acb is equal to the remaining Angle C. 


Therefore, the Triangle, abe, is equiangular ta ABC. 


10. I. 
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PROPOSITION III. 
To circumſcribe, that is, to deſcribe or draw, a 


Triangle, about a given Circle (touching it on 114 
every Side). equiangular to a given one. l 


Let ABC be the given Trian. and DFG the Circle given. 
Produce any Side of the Triangle, as AC, both ways; 
and draw a Radius, DE. | | 
Make the Angle DEF, equal to the external Angle A ; 
and FEG equal C. _ . + 1 
Through the Points D, F, and G, draw Tangents to | 10 
the Circle, cuting each other in H, I, and K. = | 
Then is HIK the Triangle required. 


Dx M. Becauſe HI, &c. touches the Circle, in D, F, and G; 
and DE, FE, and GE are drawn to the Center, the 
Angles, EDI, IFE, &c. are right ones. - - 8. 3 

And, becauſe the Angles, D, E, F, and I, of every 

| Quadrilateral, are equal to four Right angles, - - 11. 3 

the Angle I + DEF =two Right ones. | 1 
But, the Angle DEF is equal to A, by Conſtruction; - 
conſequently, DIF is equal to BAC. - 1. 1. & Ax. 7. 

After the ſame Manner, the Angle K may be proved 
equal to AC; and the Angle H, equal ABC. 
Therefore, the Triangle HIK is equiangular to ABC. 

This is obvious, from Prop. 10. B. 1; for, it follows, from it, 
that all the Angles of every right-lined Figure are, together, 
equal to twice as many Right angles as it has Sides, wanting 
four; and all the external Angles are equal to four. But, the 
three Angles of every Triangle are equal to two Right angles; 
and all the Angles, about a Point, are equal to four; conſe- 
quently, ſince the Angles DEF, DEG, and FEG, are reſpec- 
tively equal to the external Angles, A, B, and. C, of the Tri- 


angle ABC; the Angles H, I, and K are, alſo, reſpectively 
equal to the internal A a, b, and c. : | 
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PROPOSITION IV.. 


o inſcribe a Circle in a given Triangle (ABC) 
touching every Side of the Triangle. 


Let any two Angles of the Triangle, ABC, and CAB, 
be biſected, by the Right lines BD, and AD, cuting 
each other in D; from which Point, let a Perpendicular 
(DE) be drawn to any Side (AB) of the Triangle. 

With the radius DE, on the Center D, deſcribe the 
Circle EFG, which will touch every Side of the Trian- 
gle, ABC. 2 


Let DF&DG, be ct the Sides, AC&BC. 


Dem. Now, AF is equal to AE - - < C. 2. 16. 3. 
and the Angle EAD is equal to DAF. Con. 
Wherefore, in the Triangles AED, AFD, the two 
Sides AE, AD, are reſpectively equal to the two Sides 
AF, AD; and they contain equal Angles. 

Therefore, DE is equal to DBF. 8. . 
After the ſame manner, DG wy be proved equal to 
DE, and alſo to DF. | 
Wherefore, the three Lines DE, DF, and DG, being 
perpendicular to the three Sides of the Triangle, and 

being proved equal among themſelves, the Circle, EFG, 

will paſs through the three Points E, F, and G; and, 
conſequently, will touch every Side of the Triangle ABC. 


PROPOSITION v. 


To circumſcribe a given Triangle with a Circle ; 
or, to deſcribe a Circle about a given Triangle. 


Az is the Triangle given, 
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Let any two Sides of the Triangle, as AB and BC, 
be biſected in E and F. Let ED and FD, be perpendi- 
cular to AB and BC, cuting each other in D, the 
Center of the circumſcribing Circle. 


5 If the Triangle has a Right angle, the Hypothenuſe 
biſected gives the Center. If an Angle be obtuſe, the 


Center of a circumſcribing Circle falls without the Tri- 


angle; the Operation is the ſame in both. (See Fig. 2.) 


Join the Points AD, BD, and CD, 


Dru. Becauſe the Side AB is biſected in E, and DE is 
perpend. to AB, the Sides AE, ED, of the Triangle AED, 
are equal, reſpectively, to BE, ED, of the Triangle BED; 
and the Angle AED is equal to BED. - Def 10. 
 wherefore, AD is equal to Bo - - = 9. 1. 
for they ſubtend equal Angles, in the Triangle ABD. 


Intheſame manner, CD maybe provedeq.toAD,orBD. 
Conſequently, D is the Center of the circumſcribing 
Circle, ABC. 


PROPOSITION VI. 


To inſcribe a Square in a given Circle; and to deſcribe 
a Square about a Circle. ABCD, and EFGH. 


Draw two Diameters, AC and BD, at right angles. 


Join the extremes, A, B, C, D, and a Square is inſcribed, 


2nd. Draw Tangents through the extreme Points of the 
Diameters, meeting in E, F, G, and H; or draw Lines, 
touching the Circle, parallel to cach Side of the inſcribed 


Square, and EFGH is a Square circumſeribing the Circle. 
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Dx x. The Diameters AC & BD biſect each other, - 16, 1. 
therefore, Al, IC, 1B, and ID, are equal; 
and they contain equal Angles, AI Bg BIC, &c. - Con. 
Wh. AB, BC; CD& AD, are all equal amongſt themſelves. 
And, the Angles ABC, BCD, &c. being in a Semicircle, 
are Right angles. Therefore ABCD is a Square. | 


| 2.ndly. Becauſe EF touches the Circle, in the Point B, it is 
perpendicular to the Diameter BD, - - 8. 3. 
And, becauſe HG is perpend. to BD, HG is 8 
For the ſame reaſon, EH is parallel to FG. 
Therefore, EF GH is a Parallelogram. Def. 33. 
But, AC is perpendicular to BD (Con.) ee EH 
3s perpendicular to HG, and fo is EF to FG, and to EH ; 
conſequently, EFGH is a Rectangle. Def. 34. 
But EF, FG, EH, andHG, are each equal to AC, equal BD. 
Th. EF OCH is equilateral ; conf, it is a Square - Def. 35. 


N. B. The Square EFGH, circumſeribing a Circle, is double the 
Square ABCD, ee in the ſame Circle. 
For the T riangle ABC=halt the Rectangle AEFC «= - 17. 1. 
And ADC is equal to halt the Rectangle AG: 
conlequently, the Square EPO 1 18 double Ach. 


PROPOSITION VII. 


Toi In{cr -ribe a Circle in a Square; and to circumſcribe 
a Square, with a Circle. 


Let ABCD be a given 8 
Draw the Diameters AC & BD cuting each other in E. 
| From the Center E, let EF be perpendicular to AB. 
With the RadiusEF, on the Center E, deſcribe a Circle, 
which will touch every Side of the Square ABCD. 


Let EG be perpend. to BC; produce GE to I, and FE to H. 


Du. Now, becauſe ABCD is a Square, the Diagonals 
AC and BD biſect each other in E; - 16.1. 
conſequently their halves are equal. Ax. I. I. 
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Then, fince AE, EB, and EC are equal, the Triangles 
AEB, BEC are Iſoſceles; wh. «Band BC are biſected by 
the Perpendiculars EF & EG; conf. FB=BG; -C.4.9.1. 


and conſequently, BE bĩſects the Right angle ABC. 


Now ſince in the Triangles EFB, BGE, the Sides, 


Fz, BE, are reſpectively equal to GB, BE; and the Angle 
'FBE is equal EBG, the remaining Side EFS EG. 


Therefore the Circle FG H touches every Side of the $q. 


2nd. With the Radius EA, deſcribe the Circle ABCD. 


Then, ſince the Diagonals of a Square are equal, and 
mutually biſe& each other (16. 1.) the halves EA, EB, 

EC, andED are alſo equal; wherefore, a Circle, ABC, will 
paſs through every Angle of the Square. 


N. B. A Circle circumſcribing a Sq. is double of a Cir cle inſeribed. 


For, the Square of AC=AB g +BC on; conſequently AC ci 
is double BC, equal FH, 3. | 
But Circles are, to each other, as the gs. of their Diameters ; 


N the Circle ABCD is double FGHI. - C. 1. 14. 6. 


PROPOSITION VII. 


To make an Iſoſceles Triangle, having its Angles, 
at the Baſe, each double the Angle at the Vertex. 


Ag is a given Line, for one of the equal Sides. 


AB being divided in extreme and mean Proportion, 
in C; with the Radius AB, on B, draw the Ark AD. 
Make AD equal to CB, and draw BD. I ſay; in the 
Triangle ABD, the Angles A and D are each double the 
Angle B. Join CD, and deſcribe a Circle thro' B, C, & D. 


Dr x. Becauſe the Rectangle BAC=BCn; - = 11. 2. 


and AD g BC (Con.) the Rectangle BAC ADN. 

Wherefore, AD touches the Circle BED, at D; - 16. 3. 
and therefore, the Angle ABD=ADCE.- = <1 3. 3. 
But, the Angle ACD ABD BDC, i. e. =ADC+CDB 
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And, the Angle BAD= ADB 9. 1) for AB= BD; - Con, 
conſequently, BAD=ZACD; wh. CD=AD. C. 3. 9. 1. 
But, AD=CB (Con.) wherefore, CD=CB; - Ax. 3. 1. 

_ conſequently, the Angle CDB=CBD. - Th. 9. 1. 
But, the Angle ADC=CBD; (proved, above) | 
wherefore, ADC is equal to CDB; - - Ax. 3. 1, 
and therefore, ADB, BAD, are each double ABD. 


The Conſtruction of this particular ſpecies of Triangles, 
in reſpect of itſelf, is of little or no uſe ; but, the inſcribing 
a regular Pentagon in a Circle, according to Euclid, in the 
next Propoſition, depends on it entirely ; which may be more 
readily conſtructed. Nevertheleſs, forthe mannerandelegance 
of its Demonſtration, I did not think proper to omit it. 


PROPOSITION IX. 
To inſcribe a regular Pentagon in a Circle. 
ABC is the given Circle. 


Inſcribe an Iſoſceles Triangle, ABC, whoſe Angles 
BAC, ACB are, each, double the Angle ABC. Prop. 1. 
Let each of the Angles BAC, ACB be biſeQed, by the 
Right lines AD and CE, cuting the Circumference in 
Dand E. Join the Points, A and E, &c. by the R. lines 
AE, EB, BD, & DC. AEBDC is a regular Pentagon. | 


| De. For, becauſe each Angle, BAC, ACB, is double 
the Angle ABC (Con.) and thoſe Angles are biſected, the 
| Angles, ABC, ACE, ECB, BAD, & DAC, are all equal. 
But, equal Angles ſtand on equal Arks, = C. 2. 9. 3 
© and, equal Arks have equal Chords or Subtenſes; - 2.3 3 
wherefore, AC, AE, EB, BD, and DC, are all equal; 
and conſequently, the Pentagon, AEBDC, is equilateral, 
- Again; becauſe the Arks AE, EB, &c. are all equal, 
the Augles ACE, ECB, BCD, &c. are equal; 
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wh. the Angle EBA+ABC+CBD=EAB+BAD+DAC; 
conſequently the Angle EBD=EAC; and ſo, of all the reſt. 
Or, becauſe each Angle of the Pentagon, AEB, 
EBD, &c. ſtands on equal Arks, AC DB, EACD, &c; 
therefore, the Pentagon AEB DOC is equiangular. 


Cor. The Diagonals of a Pentagon are en to their 


oppoſite Sides. 
For, the Triangles AEC, ADC are equal. 8. I, 
Therefore, ED is parallel to AC. - = Cor. 18. 1. 


PROPOSITION X. 
To deſcribe a regular Pentagon about a Circle. 


Let ABCDE be the angular Points of a Pentagon, in- 


ſeribed in a Circle; through which, draw the Tangents | 


FG, GH, HI, &c. cuting each other, in F, G, H,I, & K; 

' 1. e. having made the Arks AB, BC, &c. equal (viz. each 

equal 72 Degrees) through the Points A, B, C, &c. 
draw the Tangents, as before. | 

The Pentagon FGHIK is equilateral and quia 


Let L be the Center of the Circle; draw Als BL, &c. 


alſo draw FL, GL, &c. 


Dzm. AL, BL, &c. are oarpendlentie to FG, GH, &c. 8. 73 


and they are all equal between themſelves. - Ax. 1. 3. 
The Angle ALB is equal to BLC, by Conſtruction. 
AG is equal to GB, and BH equal to HC; - C. 2. 16. 3. 
wh. the Triangles ALG, GLB, BLH, &c. are equilateral 
and equiangular to each other; for GB=BH, &c. - 11.1. 

AF AG, and CI CH (ſame) conf. FG=GH. - Ax. 1. 
After the ſame manner, FK and IK, may be proved _ 
between themſelves, and alſo to FG, &; ; | 
therefore, FGHIK is equilateral. 


And, ſince the Triangles ALG, G. &c. are equi · 


angular, the Pentagon i is alſo eine, 
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For, the Angles AGL, LGB, alſo BHL and LHC are 
equal amongſt themſelves ; conſequently, FGHg GIII. 
After the ſame manner, the Angles, I and K, may alſo 

be proved equal between themſelves, and alſo to F,G,&H. 
1 FGHIKis a regular Pentagon, circumſcribing aCircle. 


Note. If the Circumference of a Circle be divided in five equal Par ts, 


and the Points joined by Right lines; Ta: 1gents being drawn, pa- 
rallel to every Chord, 2 regular Pent agon Will be circumſcribed. 


PROPOSITION XI. 


To inſcribe a Circle in a regular Pentagon; and, 
to deſcribe a Circle about a Pentagon. 


Let any two Sides, AB, & BC, of the Pentagon ABCD, 
be biſected by Perpendiculars, EF and FG, interſecting 
in F; on which, with the Radius EF or FG, a Circle, 
being deſcribed, will touch every Side of the Pentagon. 


2 nd. With the Radius AF or FB (the Point F being found 


as before, or by biſeting two Angles, ABCand BCD)on F, 
a Circle being deſcribed will = paſs e every Angle 
of the Pentago 


DE. e AB=RC, EB=BG. Draw AF, FB, &c. 
Then, in the Triangles EBF, FBG, FBO=FEQ+£EBn; 
and, FB HFG +BG o; - - 20. 1. 
conſequently, FEO+EBn=FGno+BGo. -Ax. 3.1. 
But, EBS BG (Ax. I. I.); wherefore, EB H= BGN; 
conſcquently, EFH =FG ©; and, therefore EF FG. 

In the ſame manner, FH may be proved equal to FG; 
F is, therefore, the Center of a Circle inſcribed. 


| 2nd. Becauſe AB is biſected, in E, AE=SEB,&AEQ =EBQ 


Add EF Q, to both; and AEOG+EFO =EBnO+EFQ0. 
But, EF is perpendicular to AB, by Conſtruction; 

conſequently, AEF, FEB are Right angles; - Def. 10 

wh. AFQ=AEgq+eEFn; and FBAS EB +EF A. 
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| Conſequently, AFn=FBn; and therefore, AF= FB, 
In the ſame manner, FC, FD, &c. may be proved equal 


to AF and F B; and conſequently, F is the Center of a 
crcumicrmung Circle. 
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PROPOSITION XII. 


To inſcribe a regular Hexagon in a given Circle. 


. * 
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In the given Circle, AGF, draw a Diameter, AB. 


1 ͤ—- — 1 


With the Radius of the Circle, AC, on the Centers A 
and B deſcribe two Arks, DCE, FCG, cuting the Cir- 
cumference in the Points D and E, F and G. 

Or, having drawn the Ark DCE, only, cuting the Circle 

in D & E, draw DC & EC, & produce them to F & G. 
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Join the Points A and D, AE, EF, &c. by Right lines, 
which compleats the Hexagon, ADGBFE. 3 E. F. 


1 ſay, it is both equilater al and equiangular. 


Dem. 13 C is the Center of the Cirele AGF, the Lines 
DC, AC, and CE are equal; and, becauſe A is the Center 
of the Circle DCE, AD, AC and AE, are equal; 

| wherefore, ADC& ACE, are equal & equilateral Triangles. 
But, the Angles of an equilateral Triangle are, each, | 
equal to one third Part of two Right Anyles, - C. 10. Is 
(becauſe, the Angles which are oppoſite to equal Sides are 
equal; and the three Angles of every Triangle are, to- 
gether, equal to two Right angles; - gand 10. 1.) 
conſeq uently, DCA + ACE =two thirds of two R. angles. 
Nov, becauſe the Right line EC falls on the Right line 
DF, the Angle ECF + ECD=two Right angles; I. 1. 
and, becauſe DCA + ACE (eq.DCE) =two thirds of two 
Right angles, ECF is equal one third part of two Right 
Angles; i. e. equal to ACE, equal ACD. | 
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Again; becauſe the Right lines AB, DF, & EG cut 


one another, in the Point C, the Angles DCG, GCB, & 
BCF are, reſpectively, equal toECF, ACE, and ACD 2.1. 
Wh. thoſe fix Angles are all equal amongſt themſelves ; 


conf. they ſtand on equal Arks; and conſ. on equal Chords. 


Therefore, AD, DG, &c. are equal to one another. 


| 2nd, Becauſethe Triangles, ADC, CDG, &c. areequilateral, 


and conſequently equiangular - - C.2.9.1. 
the Angle ADC+CDG=DGC+CGB'; - - Ax. 5; 
j. e. the Angle ADG=DGB,; and ſo of all the reſt, 


Therefore, the Hexagon is equiangular, and equilateral, 7 


Cor. The Side of a regular Hexagon, inſcribed in a Circle, 
is equal to the Radius, or Semidiameter of the Circle. 


For, the Triangles, ADC, &c. are proved to be equilateral. 
Hence, a Duodecagon may be inſcribed in a Circle, by 
biſecting each Ark on the Side of a Hexagon inſcribed. 


3. e. The Radius being applied fix times in 4; 1-1 
ference, each Ark biſected gives the Sides of a Duodecagon. 


N. B. Any Poligon may be circumſcribed about a 


Circle, having firſt inſcribed one, by drawing Tangents 
through every Angle, or parallel to every Side of the in- 


fcribed Figure. 5 


PROPOSITION XII. 


To find the Side of a Quindecagon inſcribed in a Circle. 


ABC is a given Circle, in which, to inſcribe a 
Quindecagon. . . 
Draw, DG, at pleaſure, touching the Circle ABC in A. 


With any Radius, on A, deſcribe a Semi-circle EFG; 
and make the Arks DE, &c. each equal to the Radius, AD. 


Draw AB and AC through E and F, and join BC; 
ABC is an equilateral Triangle inſcribed, Q, E. F. 
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Dru. For, the Arks, DE, EF, & FG, are equal by Con- 
ſtruction; wherefore, the Angles DAE, EAF, and FAG, 


are equal. But, the Angle BCA is equal to BAD, and, 


CBA is equal to CAG; = =» = - = = 13, 3; 
conſequently the Triangle ABC is equiangular; and 
therefore it is equilateral - 2 C. 3. 9 T7 


Again. The Ark of the Sante DEFG, N 


divided into five equal parts, D 1, 1 2, &c. as before into 


three (in E and F) Ar, A2 being drawn, cuts the Cir- 
_cumference, at H and I. .- 


AH and HI are Sides of a Pentagon, inſcribed, 


Granting AB to be the Side of an equilateral Triangle, 
and AH, HI, to be the Sides of a Pentagon, inſcribed ; 
BI is the Side of a Quindecagon, or Poligon of 15 Sides, 


For, becauſe ABis the Side of an equilateral Triangle, 
the Ark AHBisone third part of the whole Circumference. 
Alſo, AH and HI being Sides of a Pentagon, the 

Arks AH and HBI are each equal to one fifth part of 
the Circumference; 1. e. the Ark AHI is equal to two 
fifths, equal fix fifteenth parts; for HI, one fifth, is equal 
to three fifteenths. And ſince AHB is one third part 
of the Circumference, it contains five fifteenths ; where- 
fore, Bl is equal to one fifteenth part, and 1s, therefore, 
the Side ofa Quindecagon, inſcribed in the Circle ABC. 


'The method of inſcribing a Quindecagon in a Circle, ac- 


cording to Euclid, is a matter of mere curioſity; firſt, to 

inſcribe an equilateral Triangle, and afterwards a Pentagon, 

in the ſame Circle, in order to get a fifteenth part of the 

Circumference; which, notwithſtanding it admits of perfect 

Demonſtration, is liable to greater error in Practice, | 
| 55 . 
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OFF PROPORTION. 


HE fifth Book of the Elements of Euclid contains the 
ſublime Doctrine of Proportion; which is, perhaps, 
the moſt ſubtle manner of reaſoning, the moſt brief, ſolid, 


and convincing, that the Art of Man could deviſe. It is 


eſſentially neceſſary in demonſtrating all the Propoſitions of 


the ſixth Book; which, alone, is ſufficient to recommend it: 
But, when we conſider its general and extenfive uſe, 


throughout the Mathematics, it is impoffible to be diſpenſed 


with. The Doctrine it teaches is made uſe of as the moſt 


general mode of Demonſtration, in almoſt every mathe ma- 
tical Science; without the knowledge thereof, we ould 
not be able to advance one ſtep further. 

I ſhall ever be of opinion, that the eaſieſt and readieſt way 


of acquiring Knowledge, is the beſt. The Doctrine of Pro- 


portion is, in ſome meaſure, born with us; it is a portion 
of Reaſon, implanted in us by Nature. Does not every 
Huckſter, Pedlar, or ſmall Shopkeeper, who knows nothing 
of Arithmetic, nay, who probably cannot write, nor read, 


readily proportion the value ofany quantity of their Goods, 


according to the Price, by the Pound, or Yard; &c. as ſoon 
almoſt. as the Quantity is known; and that, when there 
are fractional Parts, either in the Price or in the Quantity, 
or both. Proportion is, in itſelf, very ſimple and facile, it 


ſcarcely requires Demonſtration, but only to be illuſtrates 
and familiarized. | 3 
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Ix expreſſing and comparing Quantities, of any Species, 


it is neceſſary to make uſe of Symbols or Figures; which 
Symbols, Marks or Characters, are entirely arbitrary, and 
might as well have been applied to ſignify the Qualities of 
Things, as Quantity. But, having been accuſtomed, from 
our infancy, to expreſs our Ideas of Proportion by Num- 
bers; we no ſooner become acquainted with Num- 
bers, and the Characters applied to them, but we find it al- 
moſt impoſſible, in our Ideas of Magnitude, or Quantity of 


any kind, to compare or eſtimate their Ratio, abſtracted from 


Numbers. In reſpe& of Magnitude, as to ſolid Extenſion, 
or Body; we ſay, when compared, it1s twice, thrice, or four 
times as big as another; ſo likewiſe of Extenſion, in length 
fimply, we expreſs it by one, two, or three Yards, Chains, 
or Miles, &c. and ſo of any other Quantity whatever, 


Hence, the mode of expreſſing Quantity, by Numbers, 


is the moſt natural, ſimple, and eaſy; and therefore, it is 

no wonder, when we find it expreſſed by other Characters, 

or Lines, as by Euclid and others, that it appears, at firſt, 

to. thoſe who have not conſidered it, rather ſtrange, and 

foreign; but, in reality, the difference between Lines and 

Numbers, mn expreſſing Quantity, conſiſts, only, in being 
more familiarized to one than the other, 


Therefore, ſince Lines, Characters, and Numbers, are 
only different modes of expreſſing Quantity, I muſt needs 
think that the beſt, which 1s the moſt natural and 
eaſy to conceive ; beſides, it is much more convincing ; 
for, unleſs Lines are divided into the ſame equal Parts, 


whereby we may form a judgment by how much one 


Magnitude, or Quantity of any kind, exceeds another, 
we have no Idea of their Proportion; otherwiſe, than 
8 2 | 
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that one does exceed, is more or leſs than the other; 


whereas, Numbers aſcertain the Ratio, whatever it is, 
whether equal or unequal, which Lines do not. 


IF Characters (as A, B, C, &c.) are made uſe of, they only 


| denote Quantity, ſimply, but in what Ratio, or Proportion, 
is expreſſed by Numbers. Small Characters, uſed alge- 


braically, are not, in themſelves, expreſſive of their value; 
they do not convey a competent Idea, equal to that given 
by Numbers, neither do they aſcertain Ratio; and, if 

Lines are divided into equal Parts, to expreſs a Ratio, it 
is the ſame as Numbers; becauſe, we only know the Pro- 
portion by numbering the Parts. 


IT is eaſily known that there is . or emilarity of 
Proportion, when, in four Quantities, the firſt (1. e. any one) 
contains the ſecond (any other) or is contained, the ſame 
number of times, as a third contains the fourth, or is con- 
tained by it; whether it can be expreſſed in whole numbers, 


as once, twice, thrice, &c; or once, twice and a half, a third, 


a fourth, or any other fractional number whatever. 


E.g. 6 has the ſame Proprition to 24 as 4 has to 16, or 
3 to 12, eacli being contained four times in the other; their 


Ratio is, therefore, as 1 to 4. 9 has the ſame Proportion 
to 24 as 6 to 16; for each is contained in the other, twice 


and two thirds; the Ratio is as 3 to 8. So likewiſe, 27 is 
to q as 21 to 7, or 12 to 4; for, each contains the other 
thrice ; therefore, the Ratio is as 3 to 1. 18 is to 12 as 
12 is to 8, for they are, each, as 3 to 2. Thus may the 
Ratios of any commenſurable Quantities, whatever, be ex- 

prefſed by Numbers; and, indeed, for ſuch as are in- 
commenſurable, by the application of Decimals, we con- 
tinually approach nearer the truth, till the deficiency is 


_ Heſs than any ON Quantity — 
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Suppoſe any four Terms or Characters, A, B, C, D, to 
repreſent four Quantities, that are analogous in their Ratio, 
two, and two; i.e. when A (any one) has the ſame Pro- 
portion to B (any other) as ; C, athird, has to D, the fourth; 
which is thus written, A: B:: C: D and is read thus; 
as A is to B, ſo is C to D. The four Points, dividing the 
two Pairs, denote an equal Ratio between them. 


The whole buſineſs, of this fifth Book, is to ſhew, what 
various ways they may be changed, and ſo ordered amongſt 


themſelves, that the Proportion ariſing, on both ſides, may 


{till be equal or analogous; which, will admit of great 


variety; ſeeing, the Ratios of ſeveral Quantities, that are 

analogous, may be expreſſed by the ſame Numbers; as, 2 to 5 
expreſſes, equally, the Ratio of 6 to 15, of 8 to 20, and of 
14 to 35; each being contained in the other, reſpectively. 
twice and a half. | 


Therefore, either byAlternation, Inverſion, Compoſition, 
Divifion, converting, or mixing the Terms, the Ratio of 
each may, in each change, be expreſſed by the ſame Num- 
bers; & conſequently, there is always equality of Proportion. 
Nor, indeed, is it poſſible it ſhould be otherwiſe; iftheTerms, 
on both fides, be orderedand changed after the ſame manner. 


_ Wherefore, I am of opinion, note lch what the 
learned Dr. Bar row, in his mathematical Lectures, and Dr. 
Keil, in his Preface, ſays to the contrary, and the high 
encomiums which Cunn, in his Preface, beſtows on Eu- 
clid's Demonſtrations of the fifth Book, that tis involving 
a thing, in itſelf not very intricate, if not in darkneſs and 


obſcurity, at leaſt in perplexity. More than half of the Pro- 


poſitions, in Euclid, may be diſpenſed with, or paſs for 


Axioms ; and be applied with equal validity, towards at- 


taining Demonſtration of the whole. 
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DEFINITIONS. 


Def. I. QUANTITY. is whatever may be meaſured 
or numbered, eſtimated or compared, as to more or leſs. 
As MAcNnITUDE or Body; ExTENS10N, or length 
fimply ; 'WercnT, or GRAvITY; MEASURE, of any 
kind; TIE, Moriox, &c. . 
One Surface may be equal, in area, to twice, thrice, or 
four times the area of another Surface; or a Line may have 
twice or thrice, &c. the length of another Line. Alſo, if one 


Body moves, uniformly, through twice, thrice, or four times 


the Space through which another Body moves, in equal Time, 
it will move with twice, thrice, or four times the velocity. 
Al which, come under the Denomination of Quantity, and 
may be expreſſed by Right lines, of twice, thrice, or four 
times the length, one of another ; or by Numbers; as 6 
contains 3» 2, or 142, twice, thrice, or four times. 


QvAxrTITIESs, being compared, are (in reſpect thereof) 
either commenſurable, or incommenfurable. 


CoMMENSURABLE QuanTiTiEs are ſuch as have a 
common meaſure ; thatis, when both may be divided into 
Parts of the ſame magnitude. Or, when ſome determi- 
nate Quantity may be found, which, being taken, or mul- 
tiplied ſome number of times, is equal to either, without 
deficiency or exceſs. 


IN cOMMENSURABLE Q ANTITIES are ſuch as no other 


Quantity can meaſure ; i. e. there cannot be found any 


determinate Quantity, how ſmall ſoever, which, being mul- 
tipled, will be equal to each of the other; but that there 


will be a deficiency or exceſs, in one or the other. 

N. B. Any two Qyantitics, whoſe Proportion, to each other, 
can be expreſſed by Numbers, are commenſurable ; two Quan- 
tities, whoſe Ratio is ſuch as cannot be expreſſed in Numbers, 
are ſaid to be incommenſurable to each other, | 


} 
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Def. II. An ArLiqQuoT, or equal Part, 1s that, when 


a leſs Quantity is contained any number of times, pre- 


ciſely, in a greater; i. e. when a leſs Quantity, being taken 


or multiplied any number of times, 1s equal to a greater. 
Thus; an Inch, or a Foot, is an Aliquot part of a 

Yard, or Fathom ; or an Ounce of a Pound, &c. 

3 is an Aliquot part of 9, 12, or 15, &c. 


Deſ. III. MoLTIPLE. That Quantity is called a Mul- 
tiple, in reſpect of another Quantity, when it contains, 
exactly, or is equal to the other, being taken any number 
of times; then, the leſs is ſaid to meiſure the greater. 

Thus; a Foot is a Multiple of an Inch, of two, three, 
four or fix Inches, bur it is an Aliquot part of a Yard, &c. 
A Yardis a Multiple of a Foot or of an Inch, &c. but 

it is an Aliquot of a Fathom, or Furlong, &c. 


Def. IV. RATIO“ (or PrRoroRTION) is the mutual 
habitude or relation which ſubſiſts between Magnitudes, 
of the ſame kind, reſpecting Quantity; or their affinity 

to each other, in reſpect of Magnitude. ' 
| Thoſe QuaxTiT1Es are faid to have Ratio to one 
another, which, being multiphed, can exceed each other. 


* % 4 


* This Definition is rejected, by: ſome, as ungeometrical. 
Profeſſor Simſon ſays, after a long quotation from Dr. Barrow's 
18th Lecture, * that he fully believes, the 3rd and 8th Definitions 


of the 5th Book (the 4th and 6th of this) are not Euchd's, but are 


added by ſome unſkilful Editor.” I muſt own, that I am at a 
loſs to conceive why it is they cavil at them; which, to me, ſeem 
eflentially neceſſary. | DEE. 
Dr. Barrow ſays, that, * Euclid had, perhaps, no other deſign 
in giving this Definition (which he calls metaphyſical) than to 
give a general, though a groſs and confuſed notion, or idea of 
Ratio, to beginers,” grant it; was it not neceſſary, then, to 
give ſuch a general Idea? | 8 | 

He ſays, further, that nothing in Mathematics depends on it, 
(the 6th) and that, both might well be ſpared, without any loſs to 
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| In order to which, it is neceſſary that they be of the ſame 
ſpecies, or kind. e. g. A Line (having no breadth) cannot, 
_ Sy multiplying, be compared with, or be equal to the ſmalleſt 


1 8 6 Py — 


Geometry. I am aſtoniſhed at ſuch an Aſſertion; what! dees 
nothing depend on having a clear Idea of Analogy ? can we (as 
he ſays we ſhould, principally) attend to thoſe which follow, be- 


fore we know what is meant by RaTIo and Analogy of Ratios ?. 


can we have any notion of any one, from -· Alternate Ratio to Ratio 


of Eguality, betore we know what is meant by Ratio, fimply ? 
which, in itſelf, abſtractedly conſidered, is undoubtedly Sou hl 


| fical; we can have no Idea of Ratio in abſtract. The Doctor 
takes great pains: (in his 2oth Lecture) to convince us, that Ra- 
tios are not Quantities; who ever ſuppoſed it ? at the ſame time, 
I find it impoffible to form an idea of Ratio, abſtracted from Quan- 
tity. . Ratio neceſſarily implies Quantity; it has no exiſtence but 
in or between Quantities ; can we conceive a Ratio without Quan- 
tity * the ſuppolitton is abſurd, and cannot be. But ſome Terms 
muſt be uſed, to expreſs or denote Ratio and Analogy of Ratios, 
which , 1 think, are abſolutely neceflary in Geometry ; that they 
were given by Euclid, is indiſputable, in my opinion; the Ele- 
ments of Proportion would be imperfect, how could we reaſon on 
the ſubject without them? 8 | 2 
Some Geometers make a diſtinction between Ratio and Propor- 
tion; for, Dr. Barrow, in his 4th, and Mr. Stone, in his 8th 
Definitions ſay, ProeoRTION is a ſimilitude of Rr os,“ which, 
if Ratio and Proportion be the ſame, (as the Doctor aſſerts, in a 
Note annexed) is an abſurd Definition; viz. Proportion is a ſimili- 
. tude of Proportions. Now, in my opinion, the diſtinction be- 


tween them is ſo very nice, that it requires very acute diſcernment 


to diſcover the difference, What 1s, by ſome, called Proportion 
is, properly, Analogy;* i. e. when the Ratios are equal or ſi- 
milar. Dr. Keil, in his 8th Definition, ſays, Anarocy, is a fi- 
militude of Proportions ;*? but, Prof. Simſon ſays, Axaroey, or 
PrororTION, is the ſimilitude of Ratios.” Again; Dr. Keil, 
in his 4th Definition, ſays, * Magnitudes are ſaid to have Pro- 
portion to one another.“ Mr. Stone ſays, “ Magnitudes are ſaid 
to have a Ratio to one another.” Dr. Barrow, in his fifth, 
changes Magnitudes for Numbers, but makes uſe of the Term 
Ratio. So, in the ſixth Definition, Keil ſays, Magnitudes that 


have the ſame Proportion ;*” Simſon and Stone ſay, in the 6th, 
« Magnitudes which have the ſame Ratio, are called PRoror-. 


TIONALS;** conſequently, none but Keil means the ſame by 
Ratio and Proportion. Profeſſor Simſon, expreſsly, makes Pro- 


3 ſynonimous with Analogy ; and *tis evident, that both 


Barrow and Mr, Stone make uſe of the Term Proportion to 


* * Sec Def. 6 


. 1 
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ſurface. Alſo, à Surface (having no thickneſs) cannot, by 


multiplying, be equal to, or compared with a Solid. So 


neither can Weight be compared with Time, or Motion, &c. 
Wherefore, ſuch Quantities as are not of the ſame kind, are 
heterogeneous, and can have no Ratio to one another. 


* 
7 


Def. V. ANTECEDENT and CONSEQUENT are the 
| Terms of a Ratio. 

Ratio neceſſarily ſuppoſes -two Terms, denoting two 
Quantities, The ANTECEDENT is that which is firſt 
named, and being refered to, or compared with anos 
ther Quantity, the latter is called the ConsEQUENT. 


Thus, A:B,orB: A, ſignifying, that A has ſome Ratio 


to B, or Bto A (which it neceſſarily muſt if they be 
ſuppoſed to repreſent two Quantities of the ſame kind). 

A or is the Antecedent, B or A is the Conſequent, 
according as they are taken, firſt or laſt. 


N. B. The Ratio of two Quantities is not expreſſed by the de- 
ficiency or exceſs of the Antecedent to the Confequent ; al- 
though they may be compared by them, it is not their Ratio. 

RaAT1o, is the Value of the Antecedent Term in 11 of 
the Conſequent, not the Difference. 


Thus, If Ais to Bas 3 to; the Ratio i 1s 3, 3 fifths of the 
Conſequent. But, if B be taken for the Antecedent, the Ratio 
is greater, viz. as 5 to 3; 4, i. e. 5 thirds; which is one, and 


two thirds of the Conſequent; whereas, in the former Ratio, 


the Antecedent i is two fifths e of its Con 


Def. VI. ANALOGY,* of Rarios, is a fimilitude 
or equality of RATIOoS. When A (any Quantity what» 


6 * 5 a 4 1 


* Ir was not the deſign, of tboſe Geometers who made uſe of 
this Term, to define Analogy, in abſtract, but to explain what 
18 meant by * * which I think a very proper and 
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ever) las the ſame Proportion to B (any other of the 
ſame kind) as C (a third) has to D, another of ihe 


ſame kind; i. e. when, in four Quantities, the Antece- 
dent, of any two, contains its Conſequent, equally, as 


the Antecedent of the other two contains its Conſequent; 


or, when the Antecedents are contained equally in their 
. Ur 5 | 5 : | | 
reſpective Conſequents, the Ratios being equal, they 
are then ſaid to be analogous. e 
Thus; 9 has the ſame Ratio to 3, as 6 to 2; for eac 
is as 3 to 1, i. e. each Antecedent contains its Conſequen 
thrice; alſo, 6 is to ꝙ as 2 to 3, for each Antecedent 
contained once and a half in its Conſequent. 


# 
— — — 


expreſſive Term, for equality of Ratios. As it was neceſſary that 
ſome Term ſhould be uſed, Analogy ſeems, to me, more expreſ- 


Hve of the thing meant than Proportion; which is only another 


Term for Ratio, or Ratio for Proportion; for theſe are ſynoni- 


mous, and equally expreſſive. In all the various changes which 
are made, by Alternation, Inverſion, &c. the reſult of them is 


Analogy ; the mode of reaſoning by Proportion, in general, is 
from ANALoGyY; conſequently it is not an unneceſſary Term. 


If we muſt be caviling, there are other Definitions which are 
more exceptionable ; as the fourth of Euclid, viz, * Magnitudes 
are faid to have a Ratio to one another, &c. This is not a 
Definition, but meant only to acquaint us, what Quantities can 


have Ratio to each other; which Common ſenſe has amply pro- 
vided for : Who would ever think of comparing Time with Gra- 
vity ; or either of them with Surfaces, or Solids. __ 
The fifth is not a Definition, but only a ſign of Analogy; (ſee 
the Remark on it, at the end of this fifth Book). The 9th is leis 
fo than either of the former, viz. © Proportion (or Analogous 
Ratio) conſiſts of three Terms, at leaſt.” What does this 
define? nothing; nor can any Perſon be at a loſs to know, that 
there muſt needs be three Terms, who has had Analogy of 
Ratios defined, where he always finds four ; but, one of the 
four, is ſometimes taken twice. I therefore, look on it as ſuper- 
fluous, unneceſlary, ſeeing it is a neceſſary conſequence in Ana- 


logy; yet, *tis not improper, by way of Nota bene, or Remark; 


but there could be no impediment, to the attaining of the reſt, 


if it was never mentioned. Therefore it may, very fafely, be 


bloted out of the Vocabulary of Definitions; tor, to uſe Dr. Bar- 
row's own words, Proportion would ſuftain no loſs by it. I can 
ſcarcely believe, that it was given by Euclid as a Definition. 


G , cc a 
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ANALOGY of Ratios is thus ſymbolized; A: B: C: D. 


The firſt and third Terms, A and C, are the Antece- 


dents, and may be taken for any Quantities whatever; 
B and D, the third and fourth, are the Conſequents. 


Wherefore, if A be ſuppoſed, in Numbers, equal to q, 
and C to 3; and if B be equal 6, it will be thus, 9:6::3:2; 
conſequently, D will be equal to 2. But if ; is equal to C, 
then will D expreſs or ſignify but 1, viz 9:3: : 3:1. 

Or, if B repreſents a greater Quantity than A, D will 
alſo be greater than C; thus, 9: 12: : 3:4; or 9: 15: : 21:35 
i. e. as 3 to 5. | 


The three firſt Terms being fixed or known Quantities, 


and in a certain order, the fourth is a neceſſary conſequence. 


UNEQUAL RAT10s are ſuch as are not analogous. 


Def. VII. ConTinuveD RATIO is when, in three or 


more Quantities, the firſt is to the ſecond, as the ſecond _ 


to the third, as the third to the fourth, &c. ; or, more 
properly, the third is to the fourth, as the ſecond to the 
third, and that, as the firſt is to the ſecond, 


Thus. In four or more Quantities, A, B, C, D; if C 
has the ſame Propgrtion to D, as B has to C, and, if B 
has alſo the ſame Proportion to C, as A has to B, they are 

then in continual Proportion, or geometrical PROGREs- 


SION, which begins with the two firſt taken; and are 


thus ſymbolized; A: B: C: D. 


N. B. Each Term being twice taken, except the firſt and laſt, are, 
therefore, both Antecedent and Conſequent, i. e. the ſecond 
Term is a Conſequent in reſpect of the firſt, and the third of 
the ſecond; Sut they are, alſo, Antecedents, in reſpect of the 
third and fourth Terms. | | 5 5 


N. B. 2. In continued Ratio, all the Terms are, neceſſarily, of the 
lame ſpecies or kind. i. e. The Quantities muſt be homogeneal 
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If A and B, the two firſt Terms, or C and D, the two 


laſt (or any two, that are contiguous) are fixed or de- 
terminate Quantities, all the the reſt are determinable; 
which, in Numbers, is obvious. | 


| * | 

Let A be 4, and B 6; it will then be thus, 4:6:9: 131 =&c, 
'each conſequent Term containing its Antecedent once and a 
half. But if A be 3, and B 6, it will be 3:6:12:24 = the 
Ratio being as 1 to 2, or half. Or, if A repreſents 2, and B b, 
then 2:6:18: F+ = &c. the Ratio being as 1 to 3. Alſo, 
$1:27:9:3 = that is, as 3 to 1, or triple. So that, whatever 
Ratio there is between the firſt and ſecond, that Ratio is 
continued, ad libitum. | 


Therefore, when the Antecedent is the leſſer Quantity, it 
3s determinable either by Addition or eee ; when the 
Antecedent is the greater Quantity, by Diviſion, or Subtraction, 


When the ſecond Term has not the fame Proportion to 
the third, as the firſt has to the ſecond, or the third to the 
fourth, they are ſaid to be dire&ly or diſcretely proportional. 


Thus, 4:6::8:12, directly or diſcretely; but, 4:6: 9.131 
is directly, and alſo continued. 


Def. VIII. PROPORTIONALS are ſuch Quantities as 


are in the ſame Ratio; diſcretely or continual, 


PrOPORTIONALS conſiſt, at leaſt, of three Terms, or 
Quantities, which are thus ſymbolized by CharaRers, 
as A: B: C; or by four, as A:B:C:D ; or A: B.: C: D; 
the Ratio being determined by Numbers. Te 


ProPoRTIONALS Cannot ſubſiſt without Analogy, or fimi- 
litude of Ratios, each conſiſting of two Terms (Det. V.) But, 
tince the 1 ot any two may be the Antecedent to 
another, three Terms may conſtitute Proportionals; in Which 
caſe, it is neceſſary that they are all of the ſame ſpecies or kind. 


But, when there are four Terms, thus, A: B:: C: D, diſcretely, 
the firit Pair may be of a different ſpecies from the other; 10! 
there is the ſame Ratio between a Foot and an Inch, two, three, 
or four Inches, &c. as between a Pound. and one, two, three, or 
four Ounces (Troy Wei ght); coniequently, there may be Ani 
logy ot Ratios between heterogeneous Quantities; 
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Def. IX. MEAN PRO PHORTION AL and TH IRD 
| PROPORTIONAL. 


When there are but three Terms, which are Propor- 
tionals, as A, B, C, they are in continued Proportion; 


thus, if A is to B, as B to C, in equal Ratio; then, the 


middle Term, B, is a Mean, between the other two, and 
is, therefore, called a MEAN PROPORTIONAL. 


The firſt and laſt Terms are the Ea either of 
which (A or C) when there are but three, is, in reſpect 
of the other two, called a THIRXD PROPORTIONAL. 


Hence it is evident, that, incontinued Proportion, of four 
or more Quantities, each Term, except the firſt and the 
laſt, is a Mean, between its Antecedent and Conſequent. 
N. B. If two Terms or Quantities are given, and a third be re- 


quired, in the ſame Ratio to either of the given Terms as that 
has to the other, the Quautity found is a third Proportional. 


Def. X. ExTREME. and Mzan PROPORTION is when 
any Quantity is ſo divided, into two Parts, that, the leſs, 
the greater, and the whole, are in continued Ratio. 


A Right line 3 is ſaid to be divided in extreme and mean 
Proportion ; when, being cut into two unequal Parts, 
the Ratio of the whole Line, to the greater Segment, is 
the ſame as of the greater Segment to the leſs, 


If the Line AB be cut in EO C 3 


Then, if the whole Line, AB, is to AC as AC is to CB; 
AB | is divided in extreme and mean Proportion. 


Def. XI. A Four PROYORTIONAL. 


If four Terms, A, B, C, and D, are  Proportionals ; 


- whether they are diſcretely analogous, only, or in con- 


tinued Proportion, either of the Extremes, A or D, is 


a fourth Proportional, in reſpect of the other three. 
4 


— 
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N. B. If three Terms or Quantities are given, and a fourth is 
required, in the ſame Ratio, to any one of the given Quantities, 
as the remaining two have, one to the other ; the Quantity de- 


— 


termined, is a FOURTH PROPORTIONAL 


3 Def. XII. DvyLicaTE and TRIPLICATE RATIO. 

If four, or more Terms, A, B, C, D, are in continual 
Proportion ; the firſt, A, is ſaid to have, to the third, C, 
a duplicate Ratio of A to B, the firſt to the ſecond; i. e. 
as the Square of A to the Square of B. 5 

And tlie Proportion of A to P, the firſt to the fourth, 
is triplicate of A to B; that is, as the Cube of A to the 
i 5 Cube of B; and ſo on to any higher Power. 


| Def. XIII. ALTERNATE RAT10 is the mutation of the 
two middle Terms, of four proportional Quantities ; * 
1. e. when Antecedent is compared with Antecedent, and 
Conſequent with Conſequent ; and they are called homo- 
logous, corational, or correſponding Quantities. 
Thus, A: B:: C: D, directly, — 27:18::6:4, 
ben, AC:: B: 5 alternately — So, 27:6::18:4. 
N. B. When the Product, arifing from the multiplication of the 


two middle Terms, is equal to that of the two Extremes, it is 
a certain proof of Analogy ; conſequently, it will be the ſame 


* 


whether they are taken directly or alternately, 


n > — 
EIS age pr EIA 


a 


* Alternate Ratio cannot exiſt or take place, unleſs bothRatios are 
between Quantities of the ſame kind; ſeeing there is noRatio,orcom- 
pariſon between Quantities that are heterogeneous. (ſee Def. IV.) 
For, if four Quantities are in analogous Ratio, (A: B:: C: D, ) it is not 
neceſſary that the firſt pair (A and B,)ſhould be of the ſame kind as 
the laſt (C and D.) But, in Alternate Ratio, the Antecedent of 
| one Ratio is compared with the Antecedent of the other, and 
N Conſequent with Conſequent; wherefore, it is abſolutely neceſſary 
that the Quantities, in both, are of the ſame ſpecies. . 

N. B. In the ſeven following Definitions, it is the ſame whe- 
| ther they are of the ſame kind or not; i. e. each pair may be of 

| | a different kind, heterogeneous to the other, | 5 
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Def. XIV. IN VERSE RATIO is when the Conſequent 

of any Ratio is taken for the Antecedent, and compared 
with the Antecedent as a Conſequent. | | 

In this Caſe, the middle Terms become the Extremes; 


If A:B::C:D, directly.— 2711821674. 
Then, B: A:: D: C, inverſely. —S0, 18: 27::4: 6. 


Def. XV. ComeounD RATIO is when the Abtes 


and Conſequent, being taken or added together, as one 


Quantity, are compared either with the Antecedent or 
with the Conſequent. by 
If A: B:: C: D; then, AB: A, or B.: CD: | Ga or D, 
6:9::2:3; then, 15:6, or 9, 5:2, Or 
GE) A or B: e Cor D: CY. 


Def. XVI 8 are is when the Difference; be- 


tween tlie Antecedent and the Conſequent, is compared 
either with the Antecedent or with the Conſequent. 
KA: B: C:. Pen whether A be greater than B, or 
- B than A, tlie difference, being taken, is compared either 
with A or B; as alſo, tlie difference between C and D 
is compared with C or D. 
Thus, A— B,orB— A,:A,orB, :: C -D, orD— C, :CorD 
15:6: : 5: 2, then, the difference, g,: 6, or15,::3:2; or 5. 
Converſely; AorB:A—B,orB—A::CorD:C—D,orD—C. 


ConveRrsE RATIO, according to Euclid, is, only, when 
the Antecedent is compared with the difference between 
the Antecedent and the Conſequent. But as it is, in 
reſpect of divided Ratio, no other, in reality, than fimple 
Inverſe Ratio (Def. 14.) I donotconceive it neceſſary. 


Def. XVII. MixEp RATIO is when the Aae 


added to the Conſequent, as one Quantity, i is compared 


with the Exceſs, by which tha one exceeds the other; 
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And, vice ver/a, when the Difference, between them, 1 5 
compared with the Sum of both. | 


If A: B:: C: D; then, A B: A- B, the A,: :C+D 
:C=D. or D-C. 7-3::21:9; then, 10:4: : 12 
the Antecedent being the greater Quantity. 

Cotiverſely' A—Bor BA: Ds b orD—C: . 


Def. XVIII. RATIO OF COUATLITY: * 1s when there 
are two Series or Ranks of Quantities, in which, being 
taken (two and two) in a certain order, in each Rank, 
there 1s always Analogy. 

Or, when thereare four Quantitics, in analogous Ratio, 
either diſcretely or continual; and other Quaniities are 
added, after the ſame manner, and in equal Ratio. 


RATIO of EQUALITY is either Ordinate or Inordinate, 
ORrDINATE RATIO of EQUALITY is when there are 
three or more Quantities in one Rank or Order, inany 


Ratio whatever, and as many in another Rank, in the L 
ſame Ratio, comparing two and two; ; 1, e. as the firſt 
Is to the ſecond, in one Rank, ſo is the firſt to the ſe- W 
cond, in the other; and, as the ſecond i is to the third, ic 
ſo i 1s the ſecond to the third, &c. : Ig 
| In the two Ranks A, B, C, , and E, F; Os H; un 
r een Gl. 3 
They are then in ordinate Ratio of Equality. N wh 
Let the firſt Rank be as 3:7:5:8; and let E beg De 
Then, F will be 21, G will be 15, and H 24. | 4 
For, as 3:7::9:21 ; and as 9:5: 21:15; alſo, as 5: 8::1 544. MW po 
Then 3: $or 6; as 9:15, of 24; and as 3:97 :5:15, Or d: 24. 5 
* By RATIO of EqQvaLiTY is not meant equality of Rarios, b * 
ſimply ; but, in two Ranks of Quantities, whoſe Ratios are or- E 
dinate or inordinate, they are equal, at equal Diſtances from the * 


Extremes. 3 
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Or when there are, at firſt, but two in each Rank, 

which are analogous, and other Quantities are added 
on both ſides, ordinately, in the ſame Ratio. 

F irſt; let the Quantities added be Antecedents. 

If A: B:: C: D, then, let E be to A as F to Q; on. 

let them both be Conſequents, viz. as B is to E ſo is D 


to F; in either Caſe, the Ratio is ſtill the fame, being 
taken progreſſively. | 


IxNORDINATE RATIO of EQUALITY is, when in two 
Ranks, of three or more, A, B, C, and D, E, F; as A is 

to B, ſo is E to F, and as B is to C, ſo is D to E. | 

Or, when in equal Ratios of two Quantities each; as 

the Conſequent of one Pair is to ſome other Quantity, 
ſo is another Quantity to the Antecedent of the other. 


If A: B: C: D; let B: E:: F: C; then, A: E:: F: D. 
324: 21:28; and, 4: 14::6: 21 ; then, 3:14::6:28. 


Def. XIX. ComeosiTioN of RarTttos.* 


In any number of Quantities, and in any Order 
whatever, the Ratio of the firſt to the laſt may be con- 
fidered as ee of all the intermediate Ratios. 


. 
PII TO — 
— 


* This Definition is, in general, thought obſcure; *tis not well 
underſtood, nor clearly defined. Indeed, I think it is not defined 
at all, as it is uſually put, but is rather a Theorem than a Defini- 
tion; viz. that the Ratio of the firſt to the laſt is equal to that 
which is compounded of all the intermediate Ratios; of which, a 
Demonſtration (inNumbers)mayeaſilybegiven. 


Let A, B, C, and D be in the Proportions» 
as 3, 5, 8 8, and 6; the Ratio which is com- 
pounded of them all is as A to D, 3 to 63 
i. e. as f to 2, or half. 


Dx. For, C: D:: 8. bs i. e. . aul 
fixths of D, and, B: C:: 1 83 1, e. Bis equal to 
5 eighths We - -= =- Ax. 9. 


But, an 8th part of C=a 6th part of D; conf. 5 eighths of C= g 
ſixths of D. Again; A is 3 fifths of B. But, B is 5 eighths of C; 
i. e. s lixths of B There, 3 is 3 fixths of D; that is, half D. 


— 


1 


A 
w 


99 ——— 0 


3 
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If A, B, C, and D, repreſent as many Quantities; 
whatever is the Ratio of A to B, of B to C, and of C to D; 
the Ratio of A to D, is that which is compounded of them all. 
Thus, if A is toB as 3tog, B to Cas 5to8, and C to Das 8 tob. 


Then, A: D: : 3:6; compounded ns of RS of © — 


33 STS 55 


i. e. A is 3 fifths of 5 eighths, of 8 fixths of D; that is, 
3 ſixths, or half DP). | * 


Compoſition of Ratios is generally given in the ſixth Book, for 
Which I cannot conceive a reaſon. Dr. Barrow, indeed, gives 


nearly the fame in both. In Def. 20. B. 5. be ſays, any num- 


ber of Magnitudes being put; the proportion of the firſt to the 


laſt, is compounded out of the proportion of the firſt to the ſecond, 
the ſecond to the third, and the third to the fourth, &c. till the 
proportion ariſe.“ pt 


The proportion which is between the firſtand the laſt muſt ne- 
ceſſarily ariſe, by the compoſition of the intermediate Ratios ; nor 
is it poſſible to do otherwile, ſeeing that, each of the intermediate 

Quantities is both Antecedent and Conſequent. Therefore, the 
Ratio, emerging at laſt, is the Ratio of the firſt to the laſt, let 
the intermediate Quantities be ever ſo many, and in what Pro- 
portion ſoever; which is made obvious, by. multiplying all the 
Antecedents into one another (3 x 5 x 8=120) and dividing the 
Sum, by that of all the Conſequents (5 x & x b=240); then is A 
to Das 120 to 240, or as 3 to 6; i. e. as I to 2, or ys, half. 


AccoORDING to Euclid, there are ſix various ways of 
reaſoning, from Proportion, including ordinate and inor- 
dinate Ratio in that of Equality; which, in effect, is all 
one. Inordinate Ratio differs from ordinate, in nothing 
but the diſpoſal of the laſt Quantity ; for, whether it be 
conſidered and compared as an Antecedent or ay a Conſe- 
quent, by placing it firſt or laſt, the Ratio, in either caſe, 
being the ſame, it will ſtill be as the firſt to the laſt, ſo 

is the firſt to the laſt in both Ranks; but not, one Quan- 
. tity (added) to the other, as in ordinate Equality, where 
the Quantities, added, are both Antecedents, or botb 
Conſequents. | „„ 


_ 1 A, or B,: AB:: C, or D,: C+D. 
21, or 14, : 35 :: 9, or 6, : 15 
i 


Fd 
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But there is another way of reaſoning by Froportidh 
diſtin from the reſt, which is not in Euclid; viz. mixed 


Ratio (Def. XVII. ); that is, comparing the Sum of the An- 


tecedent and Conſequent with their Difference. 


In reſpect of Converſe Ratio, it differs in nothing from 
Tnverſe, which includes all Converſe Ratios whatever ; ; 
ſince, all Ratios, that are analogous, are inverſely ſo, 
Fro A + or — B, or B- A, &c. may be conſidered as a 
ſimple Quantity, which has the ſame Ratio to A, or B, 
as C + or - D, or D—C, has to C, or D; by Inverſion, 
A is compared with the Sum or Difference, between A 
and B, and C with the Zum or Difference between C and 


D, as if they were fimple Quanniies. 


THAT the manner, and the order, of the ſeveral changes 


may be ſeen at one view, | I have given them over again; | 
with the Converſe of each, in the following abſtra& ; keep- 


ing the ſame Ratio throughout the whole. In which five 


Caſes, viz. alternating, inverting, compounding, dividing 
and mixing, with their Converſe, together with Equality, 
. ordinate and inordinate, is contained all the variety in 


which the Terms, of analogous Ratios, may be changed 


andſtill be analogous ; atleaſt, which anſwer every en, 


of reaſoning from Proportion. 


„ B:: C: D, directly, as 3 to 2; thus, 21: 14:: 9:6. 
Then, A: C:: B: D, alternately, - - 21: 9::14:6. 


Alſo, B: A:: D: C, inverſely. - - - 14: 21:: 6:9. 
And, AB: A, or B, :: CD: C, or D. 1 
35 : 21, or 14, :: 13 9, of e hoe 


converſely. 


— 5 i 
— — og . 


2 — — a 
_—S—_— —— 9 — 
„ 


* 
Y \ 
— —  _— — . A EST 


ant Ss cs — 
—— 
. 
— 2 47 
— 


— — — 


* * 
r 


2 S 
2 * 


— e „ — 
„„ 2 
i n 4 
— = "% '- a x2 


. —— — SABRE — 
c . LACK 1 1 i 2 
* 8 — — 2 L : 2 SY 

dS 882 2 yy +3282 a — 


xy — 


——_—_—_ A 
— Pro N 
— + 


148 ELEMENTS or GEOMETRY. 
And, A—B: A, or B. f: -D; or D.}, 
7:21, or 14, : : 3:9, or 6, 'Tby Diviſion. 
Alſo; A, or B, 3 . 
2711, or 14:7 :: 9, or 6:3 1 converlely. 
Again, A+B:A—B::C+D:C—-D,; mixing; 35:7 ::15: 3. 
or, A- B: AT B:: C — P. C P, converſely, j 356: * is 


| Ordinate Ratio of equality. | 
IfA: B::C: D; and, if B: E:: D: F; then, A: E:: C: F. 
21:14::9: 63 and, 14:42::6:18; then, 21: 4. 1. 


„ Ratio of equality. 
Tf A-: B: e: D; and; cen, A: E: F: D. 


21: 14::9: 6; and, 14: 42 :: 3:95 then, 21: 42:: 3: 6. 


Tuvus, having ſhewn all the variety of changes, and, 
that the Ratios emerging from each, in Numbers, are equal 
or analc gous, there remains, one might reaſonably ſup- 
poſe, nothing more to be done. For, after this knowledge 
obtained, of what uſe can it be to perplex the Student, with 
a tedious Demonſtration of what, in Numbers, is clear and 
manifeſt; and which, I am perſuaded, needs no further 
Demonſtration. Nor do I ſee, excepting Alternate Ratio 
(which is, alſo, ſufficiently evident, in Numbers) that any 
of the other require Demonſtration ; or are made more ma- 
nifeſt by it, For, the Ratios of all commenſurable Quan- 
tities may be expreſſed by Numbers ; and it is ſufficiently 
manifeſt, that Analogy muſt hold, equally, in reſpect of 
Quagiftics which are incommenſurable, 


Nei is evident, a Knee A:B::C:D, whenhar the Ratio 
of A to B be commenſurable or incommenſurable, the Ratio 


of C to D being the ſame, as A to B, 125 wil ſtill be 
analogous i in every change. : 
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E. g. Suppoſe the Ratio of A to B and of C to D be as 
the Side of a Square to the Diagonal; or, as the Dia- 
meter of a Circle to its Circumference, &c. Now, it is 
manifeſt, that the Side of one Square 1s to its Diagonal, 
as the Side of any other Square is to its Diagonal; con- 

ſequently, their Ratios are equal, notwithſtanding they 
cannot be expreſſed in Numbers; for as 3: 5̃:: 9: 15, i. e. 
3:5::3:5; conſequently, 3: 3:: 5: 5, &c. Therefore, 
ſince the Side of one Square, is to its Diagonal, as the 

Side of another Square to its Diagonal; conſequently, 

as Side is to Side, ſo is Diagonal to Diagonal; alſo, as 
the Side added to the Diagonal, is to either, Side or Dia- 
gonal ; ſo. is any other Side added to its Diagonal, to 
either; likewiſe as one Diagonal is to the Side, ſo is the 
other Diagonal to the Side; or, as the Diagonal, leſs the 
Side, to either, ſo is the Diagonal, leſs the Side, to 
either ; and thus it muſt ever be through all the variety 
of Changes that can be, if they are ordered and changes 
after the ſame manner, on both Sides. 
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Ix what I have nad, on the ſubject of Proportion, 

1s contained the Eſſence of the whole fifth Book of Euclid ; 
if it be clearly underſtood, the Theory of Proportion 
is already acquired; and conſequently, all that can be ſaid .. 
more of it, or done, by way of Demonſtration, is, in a 
great meaſure, ſuperfluous. However, not to leave the 
whole Doctrine of Proportion without a Foundation, 
leſt it ſhould be cenſured by. the ſcrupulous, I have de- 
monſtrated, or briefly illuſtrated, the eſſentials, on which 
it depends; ſome of the Propoſitions I have made Axioms; 

for, being ſelf-eyident, they require no Demonſtration. 
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.* 


AXIOMS, or ſelf-evident PROPOSITIONS. 


Ax. I. One QvanrtiITy is to any other Quantity, as all 


80 
r 4 
1 
q 
A RB 
al * 
a # 
c p 


the PART s of one, is to all the PARTS of the other. 


Let A and D be two Quantities, and, let A be 
divided, any how, into Parts, a, b, c; alſo let D 
be divided any how, in d, e, and f. 


Then, AD 3: a+b+c e dre xf. 


II. EquraviTiPLes,* or equal PAR Ts, etal 
Quantities are equal. | | 
Let A and B be equal Quantities, then, if C 


| and D be equal twice or thrice, &c. of A and , 
reſpectively; 2A=2B, or $A=3B, i. e. CD. 
Alſo, if A and B be divided into two or more 


equal Parts, aa,bb, &c; a=b or 2A=EB, &c. 


© III. Any MuLTIPLE of the whole is equal to the | 


a 
=> > 25 


| Fl 


A BAS 


1 


41 
2 
the ſame Ratio to a third Quantity, C, or to equal 


4 | 


ſame Multiple of all its Parts, taken together. | 
Let B be taken any Multiple of A ; then, what- 


ever Multiple B is of A, it is manifeſt, that it 


contains the ſame Multiples of a and b, Parts WA Me 


| AS a, a, a, 3 a, and 5, B, b, 35. 


IV. The ſeventh Propoſition of Euclid. 

Equal QvanTITIEs have the fame Ratio to any 

third Quantity, of to equal Quantities. | 
For, if A and B be equal Quantities, they have 


\ Quantities, D and E; ſecing thay, cither may be 
taken for the other. 


OM By EqQUIMULTIPLES is ment, -that the Quantities are taken, 
or multiplied, an mn equal number ot 6 times, 
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V. The ninth Propoſiti tion of Euelid. 


© QuanT13 TIES that have an equal Ratio to the 
fame Quantity, or to equal Quantities, are equal. 
I A and B have the ſame Ratio to C, or D; 
A and g are equal. Alſo, if A has the ſame Ratio 
to C, as B to D; if CSD, AgB. 


* The Tenth Propoſition of Euclid. 


That QUanTITY which has the greater Ratio 
to a third Quantity, or to equal Quantities, is the 


greater Quantity. And, of two Quantities, that, 
to which a third Quantity has a e Ratio, is 


the leſſer Quantity. . 

If C has a greater Ratio to B, FEE A has to B, 

C is greater than A. 

Alſo, if A has a greater Ratio to D than to C, 
D is leſs than C. 


VII. QUANTITIES have an EY: Ratio-to hate 
Equimultiples ; ; or to their equal Parts, 


Let A and B be two Quantities, in any Ratio 


whatever; and let them be taken an equal number 
of times. Or, let them be divided into the fame 
number of equal Parts; the wholes of A and 5 | 


are equimultiples of thoſe Parts. 


A: 2A or 3A, :: B: 2B or 3B. i. e. 1:2 or 3221: 20r 3 
Or, as FA, or ZA, A:: IB, or 3B, . 


Allo, A: Aa (ZA), or to AT, : B: Bb (2B), or Bi. | 


VIII. The fifteenth Propoſition of Euclid. 


QUANTITIES are in the ſame Ratio, to each 


other, as their Equimultiples; or, as their equal 
Parts. 


4 - a 
is LM nd n 
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ED ted and B be any Quantities, divided into 
equal Parts, as before, ata and 5, or 1, 2, 3; 
alſo, let C and D be any equimultiples of A and B. 
Then, A:B::2A:2B, or as 3A: 3B; i. e. as C: D. 
For C and D are Equimultiples of A and B; 


tained in B; ſo often 2 A contains 2 B, or is 
contained in 2 B; i. e. as C contains D, or is con- 
tained in D; conſequently, A: B:: C: D. 
Alſo, as A: B:: Aa (ZA) : Bb (3B) 

or, as Al to BI. (L of A to 3 of B.) 


themſelves) ; either Quantity is in that Ratio to 
the other, as the number of Parts, in one, to the 
| number of Parts in the other. | 


equal Parts, a, b, and c; d, e, f, and 25 
Then, A: D: 3 4; or, as 6 to 8. 
i. e. aSa+b+cis to def Tg. 


is an equimultiple or equal part of the fourth. 


For, Quantities are to each other, as the number 
of Parts in one, to the number of Parts in 


Therefore, if A: B:: C: D; A contains, or is 


contained in B, as often as C contains, or is con- 
ie, «= »  - »o Def. 6. 


\ 


wherefore, as often as A contains B, or is con- 


IX. Two QUANTITIEs being divided into Parts of | 
equal magnitude (conſequently equal amongſt 


Let A and D be two Quantities, Srided into 


x. Qo ANTITIES beingproportional, any one to ano 
D ther, as a third is to a fourth, &c; if the firſt be 
| | any Multiple or equal Part of the ſecond, the third 


- the others. , =. by the 9th. 


wie, the Ratios are not equal, or 1 | 


o 
— — 
— 


\ 
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Ax10M XI. [nfourproportionalQyanTITIES, ; 
i. e. when any one is to another, as a third is AB CD- 
to the fourth; (Def. 6.) whether the firſt be equal 
to, greater, or leſs than the ſecond, the third is 
alſo equal to, greater, or leſs than the fourth. | | 


If A: B:: C: D; ; then, if A be equal to B, C= al; 
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and, if A be greater, or jeſs than B; C is, alfo, | | 

greater, or leſs than D | : 
For, A has the ſame Ratio to B, as C to D; + 

and, a greater Quantity cannot have the ſame 

Ratio to a leſs, as a leſs to a greater. 5 Ax. ve AB C D 


8 


XII. The fourteenth Propoſition of Euclid, 


. A AAR ago wr. AC dg aaÞ* —— 
2 . N py FLIER: 
v ee ee dr ore none 


In four QyAxTITIES which are PROPORTI- 18 mY 
 ONALS, if the Antecedent of one Ratio be greater AB CD | | ö f 
than the'Antecedent of the other, the Conſequent - I | | 1 
of the firſt is alſo greater than the Conſequent of | | þ 
the other; if the firſt are equal, the other are alſo 1 1 
equal; and if leſs, the other is leſs. 1 
FP and, if A be equal to, | 
greater, or leſs, than B, Cis alſo equal to, greater, | i 
or leſs than D, by the foregoing. = <= 112. A it 
Wh. if A be equal to C, B is equal to D; 5. DS $\ 
and conſequently, if A be greater or leſs than = i 
Bas, neceſlarily, greater or leſs than D. | [ 1 
| 5 „ | AB CD _ nl 
XIII. The eleventh Propoſition, of Euclid. Al 
RAr los that are equal to the ſame Ratio, or to : [1 
equal Ratios, are equal between themſelves. i if 
This follows from the third Axiom of Book iſt, — 8 F 
by ng Ratios for . | ; j 


= 
« 
£ 
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XIV. The thirteenth Propoſition of Evclid. 


Ir four N are proportional, the firſt to the 
ſecond, as the third to the fourth; and if the Ratio of the 
third to the fourth, be greater or leſs than a fifth Quan- 
tity has to a ſixth; the Ratio of the firſt to the ſecond, is 
alſo greater or leſs than the fifth to the fixth, 


IFA:B::C:D; and, if the Ratio of C to D be either 
greater or leſs than E to F; the Ratio of A to B is alſo 
greater or leſs, than E to F. 

For, the Ratio of A to B is equal to the "REN of C to D; 
therefore, their Ratios are the ſame, in reſpect to any other, 


FOSTULATES 


1. Grant, that equal RaT10s may be taken, one for 
the other. 


2. Deans: that any QUanTITY may be divided into any 
number of Parts, equal to one another ; or as any other 
Quantity 1s divided. 


3. Grant, that a QUANTITY may be taken, or aſſumed, 
in any Ratio to wy given Quantity. 


Tux aſſumption of this laſt Poſtulate i is not allowed by ſome 
Geometers ; notwithſtanding, to me, it appears full as poſſible, 
as that equimultiples, or equal parts of Quantities may be taken; 


by one or other of which gugpaßtiant, they demonſtrate as | 
whole fifth Book. 


VS. wo. WW, RO 


multiple A is of D., let B be the ſame 
multiple of E, and C of F. | 


DE M. For, let Abe equi to 20, bee i or 3E, &c. 


therefore, as often as D is contained in A, fo. often is 
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Je Quantities, which are Equine ples or equal Parts 
of other Quantities, be added into one Sum, or 
Quantity; the ſame Multiple or Part, which one 
Quantity is of the other, . the whole 
is of the whole. 


r a 
py r 
* — 3 5 


Let A, B, and C be Equimultiples; OL, 
D, E, and F, reſpectively; i. e. whatever 


Then, A, B, and C, added together, 
into one Sum, is the ſame multiple of 
D, E, and F, added together, as A is of 
D, B of E, or C of F. 


conſ. A BTC D TEA F, taken twice, or thrice, &c. 
But, Quantities are to each other, as the number of Parts, 
in one, is to the number of equal Parts, in the other; -Ax. . 
wh, as A: D, B: E, or Cto F, :: ATB C to DEF. 
Conſequently, as often as 4 contains D, ſo often the 
whole of A B C contains D+E+F, Therefore, &c. 


If A, B, and C be Multiples of D, E, and F; the 
latter are, conſequently, equal Parts of the former. And 


sf 


Net] contained i in A+B+CQC, 
X 4 
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THEOREM IL. 12. Euclid. 


Ir any number of Quantities are Proportionals 
(i. e. being taken two and two, their Ratios are 
analogous); then, as any one of the Antecedents 
is to its Conſequent, ſo is the Sum of all the Ante- 
cedents to the Sum of all the Conſequents. 


A LetA, B, C, D, E, and F be propor- 
B tional Quantities ; of which let A be to 
C B, as C is to D, and as E to F. 
22ů— I ſay, as A is to B, or C to D; 

E — ſo is A, C, and E, added together, 

F- to B, D, and F, together. | 


Dem. Now, A: B . and, as E: F, 1 thee 
Ratios are equal. '= - = -—- »Def. 6. 
W herefore, if A=B, C=D, and E=F - - Ax.1x. 
conſequently, A+C+E=B+D+F. - - Ax.6. 1. 

Therefore, as A: B, or as C:D, :: A+C+E:B+D+F. 

Again; if A be any Multiple, or equal Part, of B; then, 

C is anEquimultiple, or equal Part, of D, & E of F-Ax.10. 
wherefore, ACA E is the ſame Multiple, or equal Part, 

of BTD F, as A is of B, as C of D, and as Eof F-Th.1. 

But, Quantities have the ſame Ratio, to each other, as 

their Equimultiples, or as their equal Parts. Ax. 8. 
Therefere; as A: B, or C: D, ::A+C+E:B+D+F. 


Now, becauſe there are ſuch Quantities, or Ratios of Quanti- 

ties, which cannot be Equimultiples or equal Parts, one of the 
other, this Demonſtration is not poſitive, in reſpect of ſuch Quan- 
tities ; and, notwithſtanding they may be divided into the ſame 
number of equal Parts, it is no eaſy matter to give perfect De- 
monſtration, ſeeing that, equal Parts are in the ſame Ratio to 
each other as the wholes. Ax. 8th. 
Suppoſe A to B, and C to D, &c. are incommenſurable, but 
in the ſame Ratio; ſtill, Ar CAE: B+D+F, &C. :; A: B, e. 
becauſe, A might either be equal to C, or E, or it may be ſors 
Multiple or equal Part of C, and C of E, xc. 


—— nr mn — erg 
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Or, ſuppoſe A be en to C, and C to E; provided 
A and B, &c. be commenſurable, the ſame will hold true, as in the 
Theorem. But, being incommenſurable both ways, direct and 
alternate, equality can never be produced in either; and the De- 
monſtration given (or rather preſumed) from a greater or leſs. 
Ratio, imply, is by no means poſitive; ſeeing, it cannot be aſ- 
certained in what degree they are ſo. 


For, A may have to B, and C to D, &c. the Ratio of the Side ofa 
Square to its Diagonal, or as the Diagonal to the Side; and A to C 
may alſo be either; or, as the Diameter of a Cirele to the Circumfe- 
rence, and C to E the ſame; or, in extreme and mean Proportion. 

Yet *tis eaſy to conceive, from what has been proved, that (let 
the Ratio of A to B be what it may) ſince the Ratio of C to D, and 
of E to F, is the ſame as A to B, conſequently, A+C: B ＋ D, 
or A+C+E: B+D+F::A:B, or C _ and although it is 
not eaſy to give direct proof, in ſuch Caſe, yet we may ſafely 
. that it is ſo; and, on that preſumption, all which fol- 
low will oy found poſirive, let the Ratio be what! it may. 


T HE 0 R E M III. 19. Euclid. 


Ix t two Quantities, if a Part taken from one, be in the 
ſame Ratio to a Part taken from the other, as one 


Quantity is to the other; the Remainders ot thoſe 
Quantities are alſo in the ſame Ratio, as one 
Quantity 1 is to the other. A B 


Let A and B be two Quantities, in'any a 6| 
Ratio whatever, and, Juppole any Part of A | 
be taken (as a) from A. 


Let b be taken, from B, in the me pro- 
portion to a, as the whole of B is to A. 


I ſay, the remaining Part, c, is to , as A to B. 

Let any other Quantity 72 be ſo taken, as a:bᷣ ſo ĩs cf. Poſt. 3. 
DEM. Now, a:6::c:f; and a:b::A:B; conf. c: fi: A: B.-Ax. 13 
But, A:B::a+c:b+d (Ax. 1.); and, as a:b::c:f; - Poſt. 
wherefore, a+c:b+f::a:b; (i. e. as A: B.) - Th. 2. 
conf. a+c:b+f::a+c:b+4; wh. b+f=b+d. - Ax. 5. 
And by taking away b, which is common, Fd. Ax. J. 1. 
But, c: : : 4: h (Poſt.); conſequently, : d:: 4: b. Ax. 4 
And, 4:6: A: B (Hyp. ); therefore, c: d:: A: B.- Ax. 13. 


— —— — — —— — — — — 
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Cox. If one Quantity be to another as a third is to a fourth; 
and, if a fifth be to a ſixth, as the third to the fourth ; 
| then, the firſt and fifth, added together, has the ſame "Fi 
tio to the ſecond and ſixth, together, as the third has to 
the fourth. This follows from either or the laſt, 


THEOREM IV. 16. Euclid, 


Ir four Quantities, of the ſame kind, are inn | 

which, in a certain order, aredirectly proportional, 

and analogous in their Ratio; they are alſo anne 
gous when taken alternately. 


| If A ĩs to B, as C is to D, directly; 7 
j the, A is to C, as Bis to D, alternately. 


Dem. Now, ſince A is to B, as CtoD; then, 
Whether A be equal to, greater or leſs than B; 
C is alſo equal to, greater or leſs than 8 Ax. 11. 
And, if A be equal to, greater, or leſs than C; 
FB is alſo equal to, greater, or leſs iD - - + I2, 
But, A has the ſame Ratio to B as C to D; - Hyp. 
it follows then, that A has the ſame to C, as B to D. 
For, whether A and be Equimultiples, or equal Parts 
of C and D; A is in the fame Ratio to C, as B to D; 
* that, A is to Bas O to PD. Ax. 7 and 8. 


1 
0 
A D | Suppoſe the Ratio of A to B be as 2 to 3; 
3 and, imagine them divided into equal Parts, 
| EO RE”; and e. 
40 Alſo, ſuppoſe C and D divided into the 
4 4. ſame number of equal Parts, reſpeRiyely, 


in a and b; . bh and e. 
x 


| 
4 
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| Then,finceA:B::2: 3, &A:B::C:D;C.:D::2:3-Ax.13 
wherefore, the Parts, a and b, (of C) and c, d, e, (of D) 
are all equal amongſt themſelves; = _ = Ax. 9. 
conſequently, as a: a, or b: b, : c: e, d: d, or e: e.- Ax. 4. 
But, @ and & are equal parts of A; and, a and b, of C. 
Alſo, c, d, & e. are equal parts of B; and, c, d, and e, of DB. 
But, Quantities are, to each other, in the ſame Ratio as 
their Equimultiples, or equal Parts - Ax. 8. 
Therefore, as A is to C, ſo is B to D. Q. E. D. 


Again. Suppoſe the Ratio of A to B, and ABC D 


of C to D, be incommenſurable; and-conſe- | | 
quently, cannot be divided into Parts, which | 5; | 
are all equal amongſt themſelves. a 

Then, let A and B be divided into the 


| fame number of equal Parts; ſuppoſe they 
are biſected, in a and 5. - Poſt. 2. 


Now, A: B:: C: D; and A: B:: 4: 6, 2 11 
conſequently, C: D:: a: 5. „„ aw. 
But, A: a:: B: 3 (Ax. J.); and, as a: b:: C: D. - as above. 
75 33 by ſubſtituting one for the other, Poſt. 1. 
it will be as A is to C, fois B to D. Q. E. D * 


THEOREM V. 


Quantities which are analogous, when taken directly, 
are alſo analogous, taken inverſely. 


If A is to B, as C is to D; then, B is to A, as P to C. 
DEM. For, A: B:: C: D; then, A: C:: B: D, by 4. 
i. e. B: D:: A: C; then, B: A:: D: C. - fame. 


166 ELEMENTS or GEOMETRY. 


THEOREM VI. 18. Euclid. 


— which are analogous, taken diredty, are 
- alfo analogous, when compounded. 


II A is to Bl as C is to D. | 
Then A added to B, is to A or B; as CaddedtoD, sto Cor D. 


Dru. For, fince A: Be: C :D; then, A :C::B:D; Th. 4. 
wh. as A: C:: AB: CAD (a): conf. A: AB:: C: CY D; 
and conſequently, it is as AB: A:: CY D: C. Th. 5. 

But, B: D:: A: C, therefore, A+B: B: :C+D:D-Ax. 13. 


Cox. By inverhen, A, or B, : A+B: C, or D, :C+D. 


THEOREM VII. 17. Euclid. 


Quantities which are analogous, directly, are alſo 
analogous when divided. 


If, in four Quantities, A, B, C, and D, AistoB, as CtoD; 
then, according as A or B is the greater Quantity, 
A leſs B (or B leſs A) is to A, or B, 
as C leſs D (or D leſs C) is to C, or D. 


| Deile: Alone adl B: C: D(Hyp. ) wherefore, A: C: B. D-4. 
But, as A: C, (or B: D):: A- B(or B A): C D(orD—-C)z. 
conf. A (or B): A- B:: C (or D) :C-D; - 4. 
and, conſ. A- B: A (orB) :: CD: C (or D). 5. 
6 BA. e, or D. 


The Converſe of this is firſt proved, in tlie third ſtep. 
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T HE OR E M III. 


If four Quantities are Proportionals, in a certain 
order, they are alſo proportional when mixed 
j. e. their Sums and Differences are * 


If A is Bs Bs D. 
| Then, A+B: A — B(or B-A)::C+D:C-D (orD- C) 
Dzm. Now, A: B:: C: D (Hyp.); then A: C: B: D- Th. 4. 


Wherefore, as A: C:: ATB: CD; = 22. 
alſo, , zs A: C:: AB: E. 8 — 28 


i 


Conſequently, AB: CT D:: A- B: CD; Ax. 13. 
therefore, AB: A- B: :C YTD: CD. Th. 4. 


Cor. A—B:A+B::C-D:C+D, by inverſion. 5. 


TH E OR E M IX. 22 Euclid. 


If there be hows or more Quantities, and others equal 
to them in number; which, taken two and two in 
a certain order (ordinately, or progreſſively) are in 
the ſame Ratio; then will the firſt be to the laſt, 
ads the firſt to the laſt, in each Order of Quantities. 
Alſo, as the firſt is to the firſt, ſo is the laſt to the laſt, 


If A: B:: C: D; and, if B: E:: D:; Ais to Eas Cto F. 


DEM. Now, A: B:: C: D; wherefore, A: C:: B: D; 
and B: E:: D: F; wherefore, B: D:: E: F. 
Now, ſince A: C:: B: D; and, as B: D:: E: F; 
conſ. A: C:: E: F (Ax. 13). Therefore, A: E:: C: F:. 4. 
N. B. The laſt Part is proved 288 
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Agains If other Quantities, G and H, be added, in _ 


ſame Ratio to the laſt Conſequents, reſpectively, as E 18 
to G, ſo is F to z it is manifeſt, that A is to G, as C to H; 


the firſt to the laſt, in equal Ratio, ſtill. 
For, as A: E:: C: F( Theo.) and, as E: G:: F: H by Hyp. 
wherefore, A: C:: E: F; and, as E: F:: G:; by the 4th. 


Conſ. as A: C.: G: H (Ax 13); th. A: G:: C: H. - ſame. 


And thus it will ever be, if Quantities be added (in 


| equal Ratio) after the ſame Order, ad infinitum. 


Ox, if the Quantities, added are in equal Ratio to the 
Antecedents, reſpectively, thus; : 
if A: B:: C: D, and, if E be to A as F to C; it is ma- 
nifeſt, that as E is to B, ſo is F to D, as above. 


THEOREM X. 23 Euclid. 


In two Series or Ranks of Quantities, if there be three 


or more in each; which, taken two and two, inor- 


dinately, are in the ſame Ratio; then, as the firſt 


is to the laſt, in one Sett, ſo is the firſt to the laſt © 


in the other, as by ordinate equality. 


3 and D, E, F, be W 
— in ſuch order, that, as A is to B, ſo is E 
— — to F; and, as Bis to C. ſo is D to E. 
C | | | a 


D—— I fay, that, as A is to C, ſo is D to F. 


Let any other Quantity, G, be taken ſo, 


conſ. as D is to F, ſo is Eto G. Th. 4. 


that, as D is to E, ſo is F to G; Poſt z. 


% f | ; * ; \ " F* 
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DE. Then, as before, A: B:: E: F, wh. E 4 | 

' Allo, as B: C:: D: E, i. e. as F: G; wh. B. F:: C:. 

Now, A: E:: B: F, & B: F:: C1 G: wh. A: E:: C: G; Ax. 13 
and conſequently, as A: C:: E: G. » Th. 4. 
But, D: F:: E: G (above). Th. as A: C:: D: F. Ax. 13. 

If other Quantities be added, inordinately, in equal 
Ratio, it will ſtill be as the firſt is to the laſt, in one 

Rank, ſo is the firſt to the laſt, in the other. 

For, as A: C:: D: F (above) and, as C is to any other 
(G) let H be to D; conf. as A: G:: H: F; as before. 
Rar 10 of Equarity may be proved, demonſtratively 
(in Numbers) by Compoſition of Ratios. 

Let A, B, C, and D, be in the ratios of 3. 5, 8, and 6; 
and let E, F, G, and , have the ſame Ratios, inordi- 
nately; i. e. as A to B ſo is G to H; viz, as 3 to 8; and B to 
Cas F to G (as 5 to 8); alſo C to D as E to F, as 8 to 6 
(or 4 to 3); thus. | ER | | : 

To avoid Fractions, let H be 40; then, G will be 24 £ > 
(Equimultiples of A and B.) F will be 15, (the fame 

multiple of B, as G of C); conf, E will be 20; being 
as 4 to 3; E and F are Equimultiplies of them. 


Dem. Then, E: F:: 20: 15, F: G:: 158: 34, and G: H:: 24:40 
i. e. as 8 to 6, as 5 to 8, and as 3 to 5; inverſely, or in- 
ordinately, as A, B, C, and D. E is then 8 fixths, of 5 _ 
eighths, of 3 fifths of H; equal, 3 fifths, of 5 eighths, 
of 8 fixths of A to D. Conſequently, the Ratio of E to 
H (20 to 40) is the ſame as A to D, 3 to 6; i. e. half. 
Being thus proved, inordinately, it muſt hold, ordinately. 


It is manifeſt, ſeeing that there are equal Ratios between the 
Extremes (let the intermediate Quantities be ever ſo many, and 
in what Ratio ſoever, provided there be an equal number in each 
Rank, and the Ratios equal, ordinately or inordinately) the Ratio 
compounded of them all is, as the firſt to the laſt, in each Rank. 

But, the entreme Ratios are equal (ordinately or inordinately) * 
conſequently, the extreme 9 are in analogous Ratio. 
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THEOREM XI. 23 Euclid. | 


If four Quantities are Proportionals; the greateſt and 
the leaſt are, together, greater than the other two. 


et A, B, C, and D, be four 5 
A B cn of which, let A be the greateſt; and let 
| | them be, as A to B, fois C to D. 

F Conſequently, D is the leaſt Dey: | 


HE I fay, that A added to D is gone than 
B added to C. 
5 1 For, if the firſt be greater than the ſecond, , 
dhe third is greater than the fourth. Ax. 11. 
8 | 


and, if the firſt be greater than the third, 
the ſecond is greater than the fourth. -12. 


8 * KH — : 


Dem. W Aand C are rentarQpantitics thanBund D; 

let E and F be taken from A and C, reſpectiv ely, equal 

to B and D, reſpectively. N 

. Now, A: B:: C: D. But E=B, and FZD; Con. 

Wh. as A: E:: C: F (Ax. 4); and, E DBA F. Ax. 6. 1. 
conſ. A- E (i. e. G): A:: CF (i. e. H): C; Th. 7. 

1. e. G: A:: H: C; wherefore, G: H:: A: C. Th. 4. 

But, A is greater than C; wh. G is greater than H; Ax. 11. 

conſ. G E(i. e. A) ＋ D, is greater than H Fi. e. C) B. 

Th. A Dis greater than C B, the two middle Terms. 


1... IS IO Re PT ION. Cs 


Ix the laſt ten Theorems, and the Corollaries deducible 
from them, is contained all the various ways of reaſoning, by 
Proportion, which Iconceive to be uſeful; two of which, the 
fifth and eighth, are not proved by Euclid. The eighth, in- 

_ deed, is not mentioned, by him, orany ofhis Expounders, that 
Jam acquainted with; but, 1 am ſomewhat ſurprized that a 
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none have given a Demonſtration of Inverſe Ratio ; which 
being proved, every Converſe Ratio is alſo proved, Profeſſor 
Simſon is aware of that deficiency, and has very judiciouſly 


introduced it, as an additional Propoſition (B); after which, 


J muſt think it needleſs to add the Converſe of divided 

Ratio (E); unleſs he had given the Converſe of all. 
But what, to me, ſeems very extraordinary is, that Euclid 

ſhould not demonſtrate either ; alſo, that he ſhould prove 


(if it may be ſaid to be proved) divided Ratio (the 17th) be- 


fore compounded (the 18th) when the latter is, in ſome 


meaſure, made a Condition of the former ; they are, indeed, 
Converſe, each of the other. In the 17th he ſays, If 
Magnitudes, taken jointly or compounded, be proportional, 


they are alſo proportional taken ſeparately, or divided.“ 


Should it not have been proved then, previouſly, that they 


are proportional when compounded ? By the tenor of theſe 


Premiſes, F one is, the other is, alſo; and conſequently, 


F one is not, the other is not; whereas, the Condition is 
preſumed, only, and therefore, there is no direct proof of 
the other. But, I ſee no reaſon why they ſhould be conſi- 


dered as being compounded, in order to prove that they are 


proportional when divided; ſeeing that, the conſequence, 
of their being divided, is the ſame, whether they are con- 
fidered as ſimple Quantities, or compounded. 

By Definitions 15th and 16th is to be underſtood, when 
Quantities are proportional (imply) they are alſo propor- 
tional compounded or divided ; which, Profeſſor Simſon 
has expreſsly ſaid, in his Definitions of them; and which, 


I have demonſtrated in the th and 7th Theorems. Now, 
Euclid's 17th Propoſition ſays, as above; and vice verſa in 


the 18th, viz. that, if Quantities are Proportionals, when 
compounded or divided, they are ſo, divided or com- 


pounded ; which, I cannot conceive to be the true ſenſe . 


and meaning of it, but as I have ſtated them, in the Theo- 
rems, and have demonſtrated, on that Hypotheſis. 
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Ir ha I have advanced. on the ſublime Doctrine of | 


Proportion, be not ſufficient, for any purpoſe whatever, [ 
will be bold to ſay, that tis not fo in Euclid, or any of 


his Commentators. The Axioms, which I have given, 


are gathered from the moſt eaſy and ſimple ideas of Pro- 


portion; after the Definitions are digeſted and clearly un- 


derſtood, there is no Perſon would heſitate, one moment, 
to grant every Axiom. 


That Quantities are in the ſame Ratio as their Equimut- D 


tiples, or equal Parts (the 8th) is manifeſt to the meaneſt 
capacity; and this is one of the principal, on which Euclid 


has founded the whole Theory of Proportion ; which a- 


mounts to no more than this ; that one 1s to two, three, &c, 
as, two, is to four, fix, &c; or, as three to fix, nine, &c. 
i. e. as one, totwo, three, &c. Or, that one Quantity is to 
any other Quantity, as the half, or third part, &c. of one, 


is to the half, or third part, &c. of the other. 
l ff Axles. in the ſirſt Bookofthe Elements of Euclid | 


(the 3rd of theſe Elements) expreſsly ſays; Things, which 
are equal to the fame hing, are equal between themſelves.” 
Now, the queſtion is, whether Ratios are Things? Certainly, 


if any thing be meant by Ratio, they muſt come within that 


Appellation; for, granting it to be, in itſelf, metaphyſical, 
yet, ſomething is underſtood and meant by Ratio, and con- 
ſequently, Ratios are Things. Then, the 11th Propofition, 
of Euclid's fifth Book, is as much an Axiom, as the firſt 
Axiom of the firſt Book; and I have, accordingly, made it 
ſo, in the thirteenth, The remainder of the Axioms are 


as ſimple, obvious, and ſelf-evident ; which, with the 


Poſtulates, being granted, all the Theorems, I am confi- 
dent, will be found ſolidly, briefly, andclearly demonſtrated. 
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A critical REM ARE on Evciid's fifth Definition, 
of the fifth Book. 5 | 


Ever1v, in his fifth Definition, has givea us a Criterion, 


whereby to determine Analogy of Ratios, rather. than a fimple 
Definition of what it is. | ng fo rt; 


He ſays; © Magnitudes (by which is meant Quantities of 
any kind) are ſaid to be in the fame Proportion, the firſt to the ſe- 
cond, and the third to the fourth, when the Equimultiples of the 
| firſt and third, being compared with the Equimultiples of the ſe- 

cond and fourth, according to any multiplication ; either toge- 
ther exceed the one the other, or together are equal the one to 
the other, or together are leſs, the one than the other.“ This 


is, literally, according to the old Trantlation by H. Billinſley; 
in the Year 1570. | | 


Dr. BaRROw ſays, © Magnitudes are in the ſame Ratio, when 
the Equimultiples of the firit and third, compared with the Equi- 
multiples of the ſecond and fourth, according to any multiplica- 

tion whatſoever, either both together are leſs than the ſecond and 

fourth both together, or equal taken together, or exceed one the 
other together, if thoſe be taken which anſwer one to the other.“ 


Dr. KEIL, from the Latin tranſlation of Commandine, has 
nearly the ſame words, viz. the Equimultiples of the firſt and 
third (compared as above) are either both together, greater, equal, 


or leſs, than the Equimultiples of the ſecond and fourth; if thoſe 
be taken that anſwer each other.“ | - 


Cuny did well to explain the meaning of Dr. Keil's Definition, 
which is literally this; that, Equimultiples of the firſt and third, 
taken or added together (i. e. into one Sum or Quantity) are either 


equal, greater, or leſs than the Equimultiples of the ſecond and 


fourth. I think, there is great occaſion for a Comment on Dr. 
Barrow's; which, to me, is quite unintelligible. 


AFTER all that has been ſaid, concerning this Definition, by the | 


learned Doctor and others, either the original Text muſt be ver 

obſcure, or the Expounders have render'd it ſo; for 1 declare, 
I cannot think the words bear ſenſe. But, giving the greateſt la- 
titude poſſible to the meaning of the Words, they imply, the firſt 


and the third taken together, and compared with the ſecond and 


fourth, together (i. e. in one Sum); in which caſe, it amounts to 


a clear Axiom; for they muſt, certainly, be either qu greater, 
or leſs, one than the other; after which, the words, © if thoſe, 


be taken which anſwer the one to the other, mean nothing. 


Mr. Stone fays, they are, together, either deficient, equal or 
exceed each other.” They may, indeed, be equal, each to the 
other; but, it is impoſſible. that they can, at the ſame tune, be 
either greater or leſs, each than the other. 
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The word, together, ſeems, to me, ſuperfluous, or not expreſ- 
five of what is meant; the tenor of it is, in this place, at the ſame 
time, or, by the ſame multiplication ; which is rather foreign to the 
common acceptation of it, It 1s, perhaps, better to omit it, en- 
tirely, and ſupply its place with S (which Barrow and Keil have 
added) it is then plain; the firſt and the third, compared with 
the ſecond and-fourth, will be either both greater, both equal or 
both leſs; which is the conclufion all have drawn from it ; and 
then, the words, if thoſe be taken which anſwer each other, 
ſeem neceſſary. | . | 

Mr. Stone, in vindicating and illuſtrating this Definition, ſhews, 
that it is clearly deduced from the fourth and fourteenth Propo- 
fitions. According to the Ideal have of the Definitions of Terms, 


in any Science, they ought to be defined by their ſimpleſt and 


moſt natural Properties; from which, the Demonſtrations of ſome 
Theorems are aſcertained ; but it ſeems, to me, inconfiſtent, firſt 
to demonſtrate ſeveral preceding Propoſitions, by means of a cer- 
tain Definition, previous to the demonſtration of others, from 
which the Definition, itſelf, is to be deduced, as a Corollary. 


It is true, he ſays, * it is not ſo imple and plain as the Defini- 


tion of Numbers, or that which might be given of commenſurable 
 Magnitudes.** And again; © Euclid could not have given any 


other, ſo elegant and general a Definition, that would have taken 


an incommenſurable Magnitudes, as well as Numbers, and com- 


menſurable ones. 5 - 
The Diagonal cf a Square is not commenſurable with its Side; 


alſo, the Circumference of a Circle 1s incommenſurable by its Dia- 


meter, or Radius; that is, their Ratios cannot be expreſſed in 
Numbers; for, the Side of a Square cannot be divided into any 


number of Parts, though ever ſo ſmall, which will be an aliquot 


part of the Diagonal; i. e. they cannot both be divided into the 
fame equal parts, or into parts of equal magnitude, without de- 


fect; ſuch Quantities are, therefore, ſaid to be incommenſurable. 


The Ratio, between the Side of a Square, and its Diagonal is 
very different from that, between the Diameter of a Circle and its 
Circumference ; yet, the Ratio between the Side of every Square 
and its Diagqnal, or between the Diameter of every Circle and 
its Circumterence, is the ſame; 1. e. they are equal. 


Ir is intimated above, and is ſtrongly ſupported by Br. Barrow 
and others, that this Definition comprehends or extends to In- 
commenſurables: I am, however, perſuaded, that *tis not an eaſy 
matter to determine the analogy of ſuch Ratios by it. The Rule 
it preſcribes 1s fimply this. Take any Equimultiples of the firit 
and third Terms, in four Quantities, that are preſumed to be 
analogous in their Ratios; 1. e. multiply the ' two antecedent 
Terms, equally, the ſame number of Times, and, either by the 
ſame Number or any other, multiply the two Conſequents, the 


third and fourth, or take Equimuliiples of them; then, the fir 
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and the third, being compared with the ſecond and fourth, re- 
ſpectively, if the firſt exceeds the ſecond, the third will alſo ex- 
eeed the fourth, if one be gqual, the other is alſo equal, or they 
will be both leſs, than the ſecond and fourth; i. e. the two an- 
tecedent Terms will, at the ſame time, be either both equal, both 
greater, or both leſs than their reſpective Conſequents; and, 
when this is the caſe, in all mulüplications, whatever, we may 
then conclude that their Ratios are analogous, | 
Now, if the Ratios are of incommenſurable Quantities, which 
cannot be expreſſed by Numbers, thoſe Quantities cannot be mul- 
tiplied by Numbers; and, in Lines, it would require greater ac- 
curacy than it is poſſible for any perion to apply, to take multiples 
of them, till they produce Equality. It 1s certain, that, being 
multiplied, mentally, according to this Definition, if they are 
analogous, the Antecedents would be either greater or leſs than - 
the Conſequents, continually, but never equal; for if, by taking 
Multiples, they can be equal, they may, conſequently, alſo be 
divided into equal Parts; but, it is well known they cannot, which, 
negative Quality, is the diſtinguiſhing characteriſtic of Incommen- 
ſurables. And fince it is maniteſt, that the Antecedents of Ratios, 
which are not analogous, may, by multiplying, be either greater or 
leſs than their reſpective Conſequents, but never both equal, at 
the ſame time, i. e. by the fame multiplication ; how, then, is it 
poſſible to determine analogy of Katios by this Criterion? ſeeing 
that, in Ratios of commenſurable Quantities, which. are not ana: 
logous, they may be greater or leſs, but never equal, as they will 
ever be in incommenſurable Quantities that are analogous. : 


Hence, it appears, to me, that to produce equality, of the An- 
tec-dent to the Conſequent, by taking Multiples of them, is the 
only certain and infallible ſign of Proportionality, or Analogy of 
Ratios between commenſurable Quantities; but, ſince that Crite- 
rion fails, in Incommenſurables, we cannot, by its means, poſitively 
determine Analogy, in ſuck Quantities; unleſs, by trying all aulli- 
dlications, whatewver, they are, at all times, either both greater or both leſs. 
If the Antecedents are either both greater, or both leſs than their 
reſpective Conſequents (and no Perſon would look for Propor- 
tionality otherwite) it is manifeſt, that, by myltiplying the An- 
tecedents any number of times, equally, and the Conſequents 
the fame, or any other, alſo equally, they muſt neceſſarily be, at 
the ſame time, either both greater or both leſs ; but, if they are 
not analogous, they never can, at the ſame time, be both equal, 
1. e. each Antecedent to its reſpective Conſequent ; and there- 
fore, no other Sign, but Equaiity,'is neceſſary, or ſufficient, to 
prove Analogy of Ratios. _ 9 5 
Let A and B have the Ratio of the Side of a Square to the Dia- 
gonal, which is, nearly, as 12 to 17 ; or, nearer, as 1200 to 1697 ; 
it is not 6, rooooth parts mare. A being taken 126 times, B 89, 
produce 1512, and 1510, 4, ſoap If the Decimal terminated, 
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% ELEMENTS or GEOMETRY | 
it is manifeſt, they might be divided into Parts of the laſt deno- 
mination, though ever ſo ſmall; but it never will. | 
Suppoſe them equal; equal Quantities may be divided into equal 
arts of any magnitude; but, does it not follow, that, being now 
{ | equal, and therefore . ere of equal Diviſion, they might alſo be 
1 ; equally divided in their imple ſtate? if they cannot. it is certain that 
1 | Equality cannot be produced by taking Multiples ofincommenſura- 
ble Quantitics. For, onc of them is always in whole Numbers; 
as here, a Side of the Square is ſuppoſed to be divided into 12 parts, 
which being taken any number of ti:m es is ſtil] in whole Numbers; 
but, as the Decimal of the Diagonal does not terminate, no Multi- 
ple of it can be taken ſo as to produce the tame, without a remainder, 

I am perſuaded, that either Euclid, bimſelf, or his Advocates 

are under ſome miſtake in reſpect of this ntth Definition; which 
8 does not, poſitively, determine the Analogy of incommenſurable. 
1 Quantities. Therefore, the inveſtigation, by means ot it, is vag ue 
and imperfect; and coulequently, all that is built entirely on it 
is ſo too; ſeeing it cannot, as it is preſumed, diſcover Analogy, in 
ſuch Quantities ; becauſe, equality of the Antecedent to the Conſc- 
quent (the only certain Sign) cannot thereby be produced. 

It is manifeſt, that if Equimultiples of incommenſurable Quan- 
tities are taken, they will ſtill be in the ſame Ratio; i. e. if the 
Side of a Square and its Diagonal, &c. be equally multiplied; but 
no multiples of the Side and of the Diagonal can be ſo taken, that 
they may be equal to one another; for, it is evident, if they could, 

they might, alſo (as obſerved above) be divided into the ſame 
cqual Parts, which cannot be : And, for ſuch as are commenſu- 
| rable, it is an unneceflary method of determining. „ 
= | Then, *tis plain, no fign, but equality of the Antecedent to the 
1 Conſequent, can be pohtive; and ſince that cannot ſuꝭ ſiſt between 
Incommenſurables, although it is certain, that / one is, the other 
aſt neceſſarily be ſo too; but ſince that, , can never poſſibly 
| happen, we cannot, on that ſuppoſition, determine Analogy of 
1 | | Ranos, in ſuch Quantities, - 
we Tue Reverend Dr. Barrow, in his 21ſt Lecture, has made 2 
very learned Defence of this Definition; and, ſpiritedly, encounters 
the Detractors of Euclid, viz. Ramus, Tacquet, and Hobbs, in the 
22nd. But, having ſilenced thoſe weak Opponents, he is cloſe 
put to it by Borellus, in his 23rd and laſt Lecture; where, after 
various ſkirmiſhes (in which, the Doctor has not always the ad- 
vantage) he briefly ſums up the whole Evidence, in theſe words; Es. 
& that, in his judgment, there is nothing extant' in the whole | 
work of the Elements, more ſubtilly invented, more ſolidly eſta- 
bliſhed, or more accurately handled, than the Doctrine of Pro- 
portionalities.“ Nevertheleſs, if his own Definition, of it is to be 
the Touchſtone, I cannot ſubſcribe to his Atteſtation. 


by > 3 ; x . $ | o 
19 PrororTTION (as J have before obſerved, in the Preamble to 
3 ttzis fifth Book) is, in a great meaſure, an innate Principle; which, 


i ⁵¾ 
ji wine. 


N A< ae 6s 


/ 


9 


Book V. E LEMENT S or GE OMETRY. 17t 


when clearly explained what is meant by it, and being explicated 
by Numbers, is ſo very intelligible, that, to any tolerable Ca- 
Fazit: it does not require other Demonſtration; and all that is 


uilt on that knowledge is as ſolid and permanent, and as ſecurely 
eſtabliſned, as by all the Demonſtration which can poſſibly be 
given; at leaſt, on the foundation - of Euclid?s fifth Definition. 
In reſpect of commenſurable Quantities, to all which Numbers 
may be applied, whether their Ratios are analogous: or not is 


_ _ readily diſcovered ; ſince, in Analogy, the Ratios being equal, the 


ſame Numbers will expreſs either. | 
E. g. 56:98 :: 12: 21; which being reduced to their loweſt 
Denomination, the Ratio, of each, is determined. The firſt 
pair, 56 and 98, being divided, ſeparately, by 14, gives 4 and 7, 
the true Ratio of that pair. Now, if the other pair produces the 
ſame, they are analogous; 12-and 21, divided ſingly, by 3, pro- 
duce, alſo, 4 and 7; which is, therefore, the true Ratio of both; 
conſequently they are analogous, ſeeing the Ratios are equal. 


Ir there be taken Equimultiples of four proportional Quantities, 


i. e. being multiplied. various ways, either all by one Number, 


(any number whatever) or the firſt pair by one Number, and the 
ſecond pair by another; or, if the Antecedents (the firſt of each 


pair) be multiplied by one Number, and the Conſequents by any 


other, the Products artfing, from every ſuch multiplication, are 
fill analogous, in the Ratio of both Pairs. 1 
Let A: B:: C: D, in the Ratio of 3 to 5. 
i:; | 3 : 
So, 27 :45:: 9 : 15, being alt multiplied by 3. 2 
Alfo, 18: 30: : 15 : 253 the firſt Pair by 2, and the ſecond by 8. 
In both theſe Caſes, the Ratio is ſtill as A to B, or as C to D. 
| ſ The firſt and third, being multi- 
plied by 4, are both greater than the 
ſecond and fourth, multiplied by 2. 
5 1 | The firit and third multiplied by 5, 
Alſo, 45:45::153;15,5 the ſecond and fourth by 3; in Which 
. | ; caſe they are both equal. A 
And, being all multiplied by any one Number, as above, or, 
being multiplied by various Numbers, it is evident they will 
both be leſs; which illuſtrates the fifth Definition of Euclid. 
Now, it is very obvious, in Numbers, from any one of theſe 
various operations, that there is analogy of Ratios between A 


Again, 36:30::12;10, 


and B, C and D; and it is full as obvious without. But, pro- 


vided it is not known, whether the Ratios are analogous or not, 
not one, nor all the three firſt trials are ſufficient to determine it, 
merely from the firſt and third being, at the ſame time, both greater 
or both leſs than the ſecond and fourth; becauſe, thoſe things 
may, and will happen, where = is not Analogy. | 
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E. g. Let the Ratio of A to B be as 3 to 4; and, C: D:: 24:4. 


In whole Numbers, e A. or 12: 16, and C: D:: 11:16. 
Let there be taken Equimultiples of A and C, and other equi- 
multiples of Band D. E. g. Let rhe Antecedents be taken thrice, 


and the Conſequents twiee; it will be 3 A: 2B: : 9 8, and 


3 C: 2D: : 33: 32; by which multiplication, it is evident that 

the Antecedents are both greater than their Conſequents. | 
But, ſecing that the Ratios are not equal, it is impoſſible to 

take Equimultiples of the two Antecedents, and other Equimul- 


tiples of the Conſequents, by which, the Products of the Ante-- 


cedents ſhall Ee both equal, reſpectively, to their Conſequents; 
and alſo, becauſe their Ratios are not equal, ſuch Equimultiples 
may be taken of them, that one Antecedent ſhall be greater, and 
the other leſs, than its reſpective Conſequent. | 

E. g. Let A and © be taken four times, B and D thrice ; 
it will then be, 4A':2B:: 12: 12, and4C:3D:: 44: 48; 
Again; let A and G be taken 7 times, alſo, B and D 5 times; 
it will be 7A: 5 B 3-24 5 203 mg, 5C:cD:ic9y : bo. 
Either of theſe operations is ſuffcient to evince, that the Ra- 
tios are not analogous ;.1. e. A is not to B, as C to D; for, it is 


impoſſible that equality of Antecedent to Conſequent ſhould 
happen in both pairs, (i. e. of A to B, and of C to D), unleſs 


they are analogous ; which is the only indiſputable proof of 
Analogy ; for, one Quantity muſt neceſſarily be to itſelf, as any 
other Quantity is to itielf. And fince it is not poſſible to produce 
Equality, by multiplication any more than by diviſion, 3 
incommenſurable Quantities, it is manifeſt, that Analogy of ſuch 
Ratios cannot be abſolutely determined by that Criterion. 

| Wherefore, the Demonſtration, according to Euclid, in the 
fifth Book, is not poſitive, in reſpect either of commenſurable or 
incommenſurable Quantities ; but is only preſumptive, at beſt, 


and is very obſcure and unſatisfactory ; {ince it is manifeſt, that, 


in unequal Ratios, Equimultiples may be ſo taken (according 
to Euchd) in which the Antecedents will be either both greater 


or both leſs than their Conſequents (as it has been ſhewn) but, 


it is not poſſible they can be taken, ſo, that both Antecedents 
ſhall be equal to their Conſequents. 


I am therefore of Opinion, that, the Doctrine of Proportion 
is not properly inveſtigated by Equimultiples; nor do I conceive, 


that taking multiples of Quantities, in order to prove Analogy of 


Ratios, 1s fo proper as to compare the Quantities by themſclves, 
either whole and entire, or by their equal Parts, 

But it is manifeſt, that there are Ratios, which will not admit 
of diviſion into the ſame Parts, 1. e. into Parts of the ſame magni- 
tude; yet it is certain, that they may, with equal eaſe, and, I 
think, with more propriety, be divided into the ſame number of 
Parts, as to take Equimultiples of them; which Method I have 

therefore adopted, as the moſt rational and eligible, 


es. 
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HE ſixth Book of Elements is not only the —_- 
uſeful and valuable of the whole, but alſo the moſt 


entertaining and inſtructive, In it, the Doctrine of Pro- 


portion is applied to real uſe, in finding out the more extra- 
ordinary Properties of Plane Figures, by the molt ſubtle 
and ſolid reaſoning that can be conceived; by which, many 


excellent and extenſively uſeful Problems are found out, 
and applied to various and moſt notable purpoſes. 


In it, the Rule of Three, or Proportion, called by way of 


eminence, the Gol DEN RULE, has its foundation and ex- 


iſtence (Theo. 9.). Here is alſo more briefly demonſtrated, 
that, not only the SQUARE of the Hypothenuſe is equal 
to the two SqQUaAREs of the Sides, of every right-angled 
Triangle, but all /milar Figures whatever; the three 
fides of the Triangle being made correſponding Sides. of 


| each Figure (Th. 16.). In it, is determined the juſt pro- 
portion between two ſimilar Figures of any kind, and ex- 


hibited by two Right lines (12 & 13); by which means, any 


Figure, whatever, may be conſtructed, in any Ratio to a 


given one, or, the Side of a Square may be determined, 
whoſe Area ſhall be equal to that of any given right lined 


Figure, A Figure may alſo be conſtructed ſimilar to any 


given Figure, and equal to any other, of different Form 

and Denomination, being rightelined, . | 
Several valuable properties of the Circle are, beres more 

briefly demonſtrated; in ſhort, J recommend a careful and 


attentive peruſal of it, as the readieſt and only means, by 
which its beauties and excellencios can poſſibly be commu- 
nicaied, . | | AO ; 
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DEFINITIONS. 


I. SIMILAR FIGURES are ſuch as have all 
their Angles equal, each to the other, reſpectively; 
and alfo, the Sides which are oppoſite o equal Angles, 
or which lie between equal Angles, proportional. 


The Quadrilateral a b c d, having all its Angles equal, 
reſpectively, to the Angles of the Quadrilateral ABCD, vis. 
a equal A, b equal B, &c; and, if, the Side a b has the 
ſame Ratio to AB, as bc has to BC, &c. then, a be d is fi- 
milar to, or like, ABCD. 


If EF be drawn parallel to AB, the Ales at E wad F, „ 
are equal to A and B, reſpectively (4. 1.) conſequently to a 
and b; wherefore, all the Angles of the Quadrilateral abe d, 
are equal to thoſe of EFCD; but, ſeeing the correſponding 

Sides, a b and EF, bc and FC, ad and ED, are not pro- 
portional with c d and CD, abcd is not ſimilar to EFC D. 


Triangles ABC, a be, having all the Angles of one, equal, 
reſpeQively, tothe Angles of the other, have their Sides neceſ- 
farily proportional, and are, conſequently, fimilar Figures. 


The Sides a b, AB; be BC, and ac, AC, being oppoſite 
to equal Angles, or which lie between equal Angles, arc 
HomoLoGovs, or correſponding Sides. 


N. B. All ordinate Figures, whatever, i. e. ſuch as are equilateral 
and equiangular, one with another, are ſimilar Figures; as equi- 
| e Sq nares, fee Ao allCircles are ſimilar Figures. 


Def. Il. In Triangles, and 8 if there be two 
Sides, i in one, which, with two Sides in another, of the 
ſame kind, and about the ſame Angle, are Proportionals; 

in ſuch wiſe, that the Antecedent of one, and the Con- 
ſequent of the other pair, are in the ſame Figure, thoſe 
Figures are ſaid to be reciprocal: but, more properly, 


— 
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the Proportionals are reciprocal in ſuch Fi igures; reci- 
| . Figures has no meaning, in my Ideas. 


In the Triangles ABC, DEF; if the Sides AB and 
5 BC of thg one, and DE, DF, of the other, are Pro- 
portionals; and, if AB is to DE, as DF, of the ſame 
Triangle, is to BC of the other; then (as it is evident) 
the Proportionals are reciprocal in thoſe Figures; 
and they are uſually, though very OI: called 
RECIPROCAL FIGURES, 
Underſtand the ſame of Parallelograms. | 
N. B. Equiangular, or fimilar, Triapgles are not reciprocal ; 
becauſe their Sides are all, reſpectively, proportional; which 


is not the Caſe, in the Figures annexed, For, AC and EF 


have not neceſſarily the ſame Ratio as the other Sides, AB to 
DE, and DF to BC, Neither can there, in ſimilar Figures, be 


found the Antecedent of one Pair, and the Conſequent of the 


other, in the ſame Figure, unleſs they are congruous (Def. 43). 
The Sides of fimilar Figures are, therefore, N propor- 


tional, not reciprocally. 


For the Definitions of BASE and ALTITUDE, ſee 
Def, 45 and 46, in the general nnn 


AIO. If two, or more, F igures are fimilar to the 


ſame Fi igure, they are ſimilar between themſelves. 


THEOREM I. r.Euclid. 


Parallelograms, or Triangles, having the ſame Alti- 
tude, are, to each other, in the ſame Ratio as 
their Baſes. And, converſely; having the ſame or 
equal Baſes, they are as their Altitudes. 


Let. ADEB and BEFC bs two Parallclograing,, be- 
tween the Parallels AC and DF. 


- 
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5 IT ay, the Ratio of the Parallelogram AE to BF (i. e. 
their Areas) is, as AB to BC, their Baſes. Alſo, the Tri- 
angle AMB is to BNC, -as the Baſe, AB is to BC, 


| Let AB be divided into any number of Parts, equal to 
| each other, in G and H; and ſuppoſe BC divided into the 
ſame number of equal parts, in I and K (Poſt. 2. fl.). 
Draw, GL, HM, &c. parallel to AD and BE. 


Dx x. Becauſe AG, GH, and HB are equal to each other; 
the Parallelograms AL, GM, and MB, are equal. 18. x 
And, the Pars. BN, NK, and KF, are alſo equal. 
Nov, if AB=BC, the parts AG &c. are equal to Bl, &c. 
If AB be greater than BC, the part AG is greater than BI; 

and, if AB beleſs than BC, AG is leſs than BI. Ax.11,5. 

*- Conſequently, the Parallelograms AL, GM, &c. are, alſo, 

either equal to, greater, or leſs, than BN, NK, &c. 
as, AG, &c. is equal to, greater or leſs than BI, &c. 
For, Quantities are in the ſame Ratio, to each other, as 
their Equimultiples, or equal Parts Ax. 5 5 


Now, AG* AB:: BI: BC 

And, Par. AL: AE :: BN: pe fin equalRatio,-Ax, 57. 5. 
Conf. Par. AL: BN: : AG: BI, i. e. :: AB: BC, 4. 5. 
But, Par. AL; BN;: AK: BEE. fame 
c X. 5. 
and. Becauſe Triangles are equal to half ns 

having the ſame Baſe and Altitude; - 9. 1. 
the Parallelogram AE: BF: AAM: BNC; Ax. 8.5. 

and, Parallelogram, AE: BF:: AB: BC; - above; 
conſ. the Triangle AMB: BNC:: AB: BG. + 13.5, 


II. Parallelograms or Triangles having the ſame or equal 
Baſes, have the ſame Ratiotocach other, as their Altitudes. 


For, if their Baſes be conſidered as their Altitudes, and 
* as theirBaſco,] itis evident Roam the foregoin g. 
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Let ABCD and AEG be two Parallelograms, on the 
ſame Baſe AD. BF. being mene to AD; BF 
ind EF are their Altitudes. 1 * 


Then, the Parallelogram AC: AG::BF: Er. 


„ "Fats ſince all Parallelograms having the ſame Baſe and 
Altitude are equal, the Parallelograms, AC, AG, are equal 
to Rectangles, whoſe Baſes are equal to AD, and their 
other Sides equal to BF and EF, reſpectively. 18. 1. 
W herefore,- BF and EF being conſſdeted as the Baſes of 
the Parullelograms AC and Oy and their Altitudes, AD; 
the Pazallelogram AC: AG:: BF: EF. IA. N , Theo. 
But, the Triangle ABD. is half the Par. ABCD; 85 
and, the Triangle AED; 18 half the Par. AEGD, 1 8. To 
Conſ. the Triangle ABD; AED: BF. 3 Ax. I 83 5. 


. 44 TL 


o HC 
1 \ 


Anas. EO R EM... 142. « Buctia, 
> A 10 0 line: - pt et any, Side of a 
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In the Triangle ABC, let DE be 3 parallel fp BC; 
cyting 1 the Sides AB, and AC, i in Dand E. . 3 


1 ſay, that ABand AC, are cut proportionally, in DandE.. 
J. e. AD is to DB, as. AE! is to EC. Draw BE and DC. 


DEM. Sls DE. js parallel to BG, DBE=EDC. 18.1. 
Wh. the Triangle ADE : : DBE:: ADE : EDC.-Ax.4. 5. 
But, the T tiangle ADE: DRE;: AD : BB; 15 Th. L 
and, the Triangle ADE : EDOC:: AE EC. 1. | 
Therefore, AD: DB 970 AE EC.-Ax. 73 5. 


Cask g. If ADE be the given Triangles let BC be drawn 


(without it) parallel A 
n 8 
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Then, if the Sides, AD, AE be produced, cuting BC, 
in B and C; the Sides, AD and AE, of the Triangle, 
\ ADE, are proportional to the Segments, DB and EC, 
of thoſe Sides, - produced to B and C. | 

For, AD: DB:: AE: EC; conſ. AD: AE: DB: EC. 


Com. 1. If two Sides of a Triangle (AB, AC) are cut pro- 
portionally from the ſame Angle A (in D and E) ſo, 

that AD: DB:: AE: EC; a Right line (DE) j joining 
the Points, D and E, mill be parallel to the remaining 

Side of the Triangle. Converſe of the Theorem. 


For, che Sides, AB, AC, being eut, as AD: DB: AE: Ec; 
and the Right lines, BE, DC, drawn, as before ; 

' A ADE:DBE:: ADE: EDC (i.); conf. DBEZEDC. 

| Therefore, DE is parallel to BC. - Cor. to 18. f. 


'Casz 3. If DE be drawn, beyond the Vertex A, parallel 
to BC, the Side oppoſite ; - and, if the Sides BA and CA 
be produced, till they cut DE, in D and E; er as AB 

istoADſois AC to AE. | 


Join BE and DC; as befor." 
The Triangle ACD is equal to ABE. 


—— Si 


| Dem, DE is parallel to BC; wh. 2 DBE= DCE; - 18.1. 
and, ADE is common to both; th.ACD=ABE.Ax.7.1. 
. Conf. MR; ACD: : ABC: ABE. - Ax. 4. 5p 
But, — ABC: AC:: AB: AD, | 
1 = ABC: ABE:: AC: AE. * FTheo. 18 
| "Therefore, - AC: AE”: A AD. - Ax. 13. 5. 


Cox. 2. Two Right lines (BD: a CE ) cuting each other 
(in A) between, or without, two parallel Lines (DE and 
BC) are cut proportionally in that Point, and the Points 
in which they cut the Parallels. 
For, AB: AD;:AC: AE, in the 3rd Caſe, ditedth; 
and alſo, in the other two, by Compoſition, - 6. 5. 


4 
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Ton. 3. A Right line drawn parallel to the Side of a 
Triangle (in the firſt Caſe) cuts off a Tnangle (ADE) 
ſimilar to the whole Triangle, ABC; and, in the other 
two Caſes, the Triangles ADE and ABC are alſo 
ſimilar. (Def. 1.) | 
For, the Angle ADE= ABC, and AED=ACE;- 14.1. 
and, the ang A is either oo or vertical, 


Con. +. if: 3 tha 55 drawn, within a Triandis | 
parallel to any Side; the correſponding Segments of the 
other two Sides, cut by the parallel Lines, are propor- 
tional; each to the other, reſpectively. 


For, if DE and FG be both parallel ts BC, in the 
Tenge ABC; then, AD: DF: FB: AE: EG: GC. 


For, the Segment:AD: DF: AE: EG; by Thee. 

Dl being drawn parallel to AC; then, DF: FB:: DH: HI. 
But, EDHG and GHICare Parallelograms; - by Con. 
wherefore, DH = EG, and HI GC. - 15.4. 
Therefore, DF: FB:: EG: GC (as DH: HI). - Ax. 4. 5. 
But, AD: DF: AE: : EG; th. AD: FB:: AE: GC. - 9. 5. 


Or thus. AD: DB:: AE: EC, and AD: DF:: AE: EG. Th. 
Wu. DB: DF. EC: EG(Ax. 13. 5.) ;conſ. DF: DB:: EG: EC; 
and conſ. DF: FB( DB —DF):: EG:GC(EC—EG), 78 

Therefore, AD is to FB as AE to GGW. 9: . 


THEOREM: UI. 3 rale. 


1 Ie any Angle of a Triangle be biſected by a Right 
Line, cuting the oppoſite Side; the Segments of 
that Side, will be proportional to the two Sides of 
the Triangle, containing the Angle bile, © . 
Aa 2 | 
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And, converſely, if any side of a Triangle be 


eo eut, in the proportion of the other two Sides; and 
© If the greater Segment be contiguous to the greater 


Side; then will a Right line, drawn from the point 
of ſection to the oppoſite Angle, biſect that Angle. 


Let the Angle ARC, i in the Triangle ABC, be biſected 
by the Right line BD, cuting the Side AC i in 1D. 


I ſay, AD is to DC, as AB is to BC. 
Produce AB, make BE equal BC, and draw CE. 


DEM. Then, becauſe BE SBC, theAngleBEC BCE, 9. 1. 
and the Angle ABC(being external) =BEC + BCE-10.1. 


Now, the Angle ABD DBC, (Hyp.); andBCE=BEC; 


eonſequenty, DBC is equal to BGE. Ax. 3.1. 
But, DBC, BCE, are alternate; conſ. BD is par. to C E.-4. 1. 
Wh. in the Tri. AEC, AD: DC:: AB: BE. . Th. 2. 


But, BEZBC (Cons); th. AD: DC:: AB: BC. Ax. 4. 5. 


: and. In the Triangle ABC, let the Side AC be ſo cut, in D, 


that the Segments, AD,DC,arein the Ratio of AB to BC. 
© Then, 2 Right line, BD, biſects the Angle AC. | 


The ſame Contiruction remaining as before. 


| Doi. BEisequalBC(C6n.);and, AD:DC::AB: BC;-Hyp. 


wh. AD: DC:: AB: BE; conf. BDis parallel to CE;-2. 


y — the Angle DBC BCE. 44. 1. 


But, becauſe (in the Triangle CBE) BC=BE, - Con. 
he Angle BCE is equal to BEC. 9. 1. 


But, the Angle DBC=BCE; and ABD BEC. . 4. 1. 
Therefore, ABD is equat to PBC. «V6», z. i. 


N. R. This Theorem and the foregoing : are of extenſive utility 
The third Caſe of Theo. 2. and the Corollary following, con- 
tain the whole ſubſtance of practical rectilinear Perſpective. 
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THE OR 0 M Iv. 4. Euclid. : 


| Is equiangular Triangles, the Sides cootaining equal 
© "Angles, and alſo, the Sides which en your | 
Angles are proportional. 


Let A BC, and a be, be equiangular Triangles, neal 


the Angle a, of one, equal to the e A, of the E 
b equal B, and c equal C. 


I lay, the Side ab, is in proportion t: to AB, as a0 is to 
AC, hed, as be to BC. 


Dzm. Suppoſe hs, Triangle. abc applicd to ABC, at the 
Angle A, ſo that a b falls on AB, - - - Poſt. 5 1. 
Then, becauſe the Angle bac=BAC, ac will fall 
on AC, and bc will cut the Triangle ABC, in be. 
The Ang. ABC= Abe; and theyare internal &oppoſite; 
h. be is parallel to BC (4-1 ); conſ. Ab:bB::Ac:cC-2 
Wh. Ab; Ab bh (i. e. AB) :: Ac: Ac+cC (i.e. AC)-6.5. 
Therefore, as a b: AB; ac: AC. QE. D. 


Again; ſuppoſe the Triangle abe applied tothe AngleC, 
of the Triangle ABC (as abC); then will the Side ab 
(i. e. ab) be parallel to AB, - - Cor. 1. Th. 2. 
„Ihen, as before, 50: BC::aC: AC. 
_ But aC=Ac, &c. and, Ac: AC:: Ab: AB; above. 
conſequently, C (i. e. be) : BC:: Ab (i. e. ab) AB. 


It is thus demonſtrated, according to Euclid. 


Let Abe and cd C be equiangular Triangles, ſo applied, 
at the Angle c, that the two Sides, Ac and c C, are in 
a „ line. Produce A b and Cd, meeting in B. 


Then, becauſe the Angle Acb= ACd, &Ccd=CAb, 
AB i is 1 to cd; and, » OB vm to Cb; » 4. 1. 
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| |  wherefore, cbBd is a Parallelogram ; Det. 33. 
4 conſequently, bB ed, and Bd=bc, - < 15. 1. 
5 | But, Ab: bB:: Ac: cC; - - Th. 2. 
wrherefore, Ab: cd (equal bB) :: Ac: c C; 
alſo, as Ac:cC: : be (equal Bd): WJ Ax. 
conſequently, as Ab:cd:: bc: dC. 815. 13. 5. 


Con. 1. The 5th Propoſition of Enclid.. Triangles, bav- 
ing all their Sides directly proportional, are ** 
This, being the Converſe, needs no proof. 


Cor. 2. Triangles, being equiangular, or having all their 
Sides directly proportional, are ſimilar.-See Def. i, of this. 
Conſequently, if two Angles, of one Triangle, are 
equal, reſpectively, to two Angles of another Triangle, 
the Triangles are ſimilar; and their Sides proportional. 
For, the two remaining Angles are equal. 10. 1. 


From hence 8 valuable Problems are . 


N. B. This Theorem is of univerſal application. It is the Crite- 
rion of Proportion in every branch of the Mathematics; for, 
wherever there are found equiangular Triangles, ſeeing that 
they are neceſſarily fimilar, the Proportion of their 1 

ing Sides is conſequently analogous. 

The next Theorem may be deduced from this, as a Corol- 

lary; for, if two Sides, in one Triangle, are proportional to 

two Sides in another, and contain an equal Angle, the Sides 

/ Oppoſite have been proved to be alſo proportional; and conſe · 
n the Triangles ſimilar. 


THE OR E M V. 6. Euclid. 

Ir, in two T riangles, an Angle of one be equal to 
an Angle of the other, and, if the Sides containing 
the equal Angles are directly 2 the 
T riangles : are firmilar. 5 | 
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In the Triangles ABC, DEF, let the Angle BAC be 
equal EDF; and, as AB is to DE, ſo let AC be to DF. 


1 fay, the Triangle DEF is fimilar to ABC. 


Let the Triangle DEF be applied to the Triangle ABC; 
the Angle D to the equal Angle A. Poſt. 5. 1. 


Or, from the Angle A (equal D) take AG, _—_ DE, | 
AH A DF, and) join A 


Dem. Now, becauſe AB: DE:: AC: DF; — (Hyp.) 
conſequently, AB: AG:; AC; AH; -. Ax. 5. 5. 
wh. AB-AG (GB): AG :: AC—AH (HC): AH;-7. 5. 
(i. e. GB: AG: HC: Ali or as AG: GB:: AH: NC- 5. 5.) 
: wherefore, GH is parallel to BC; Cor. 1. 2. 6. 
therefore, the Triangle AGH is Gmilar to ABC, - C. 3. 
But, the Triangles AGH, DEF are congruous. - 8.1. 
Therefore, the Triangle DEF i is fimilar to ABC-Axiom, 


The 7th Propoſition of Euclid, is of little or no conſequence, | 


as it ſeldom, if ever, occurs; it is rather a gs remarks en 
a Ri Propotition. | 


THEOREM VI. 


Is fimilar Triangles, "Perpondioalary from equal 
Angles, are proportional to the correſponding Sides. 
And, correſponding Sides are cut Fee 


by the Perpendiculars. | 
Let, the Triangles ABD, DEG be ame, whoſe cor- 
reſponding Sides are AB and DE, AD and DG, BD&EG. 


I fay, the Perpendiculars, BC, EF, from the equal 
| Angles, B and E, are proportional to the Sides. 


Dr. For, the Triangles ABC, DEF, alſo CBD, FEG 
are ſimilar; becauſe, the Angles, at C and F, are all 
Right (Def. 11.) therefore equal;'= - Ax 9g, 1 


the Angle ASEDF, and BDCSG; by e 


4 
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| conſequently, ABC=DEF, and CBD=FEG, = 10.1, 
— as AB: DE:: CA EE. Th. | 
But. AB: DE;:AD: Do . 
Therefore, = BC: EF: : AD: DG. 

A. * BO: EF BD! 88. 8 


and. AD _ DG are, cut proportionally, in 0 and F, by 
the Perpendiculars BC and . 


> wt 


Becauſe, AC : BC:: DF: EF; on * 
and, BC: CD:: EF: FG; ate 0 "Oy 
conſ. AC: CD:: DF: FG. = — 9. 5. 


Cox. If nr Lines are cut by any number of bre, 
proceeding from the fame me, they will 1 cut 
Proportionally. 8 5 
And, the Lines which Free from: a Pojnt — alſo be 

cut proportionally, by t the parallel Lines. 1 | 


Let AB and CD be parallel Lines. 
F rom any Point, E at pleaſure, if EA, EF, &c. are 


drawn, cuting the Parallels, in A and C, F and H, &c; 


they will be cut proportionally, in thoſe Points. 


The Triangles AEF and CEH, FEG and HET, alſo, - 
GEB and IED are, reſpectively, ſimilar. | 

Wherefore, EA: EC::EF:EH:: EG: ET:: EB. ED; 
conſequently, AF: CH:: FG: HI, and as GB: ID. 
Therefore, CH: HI: ID:: AF: FG: GB. if 45 
Alſo, EA: AC: EF: KH:: EG Gl, and as EB: 1 


| : Henee 3 is ; deduced a valuable and moſt uſeful Problem. | 
= E O KEM VII. 8. Euclid. 
DA a. right angled Triangle, if a — be 
. drawn from the Right Angle to the Hy pothenuſe, | 
it will divide that. Laake into two Triangles, 


which are fimilar- to eac other; 2 and allo to the 
| — Trian Sle. 
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In the right-angled | Triangle ABC; from the oh. | 
angle, B, let BD be perpendicular to AC. 


I fay, the Triangles ABD, DBC, are fmilar to each 
other, and alſo to the whole Triangle, ABC. | 


DEM. The Angle ADB=ABC(Con. „ 
conſequently, the Angle ABD=BCD. - - 10.1. 
Wherefore, the Triangles, ABD, ABC, are ſimilar, - 4. 


Again; the Angle ADB is equal to BDC; Def. 10. 1. 
and ABD=BCD (above);wherefore, BAD g DBC. 10. 1. 
Conſequently, the Triangle ABD is ſimilar to DBC. 4. 
But, the Triangle ABD is ſimilar to ABC. proved 
Therefore, the Triangle DBC 1 is ſimilar to ABC- Axiom. 


cb In right angled Triangles, the Perpendicular (BD) | 
is a mean Proportional between the Segments (AD&DC) 
of the Hypothenuſe, made by the Perpendicular. 
For, the Triangles ABD, DBC, being fimilar, the Side AD 

(of the Triangle ABD) is to BD (of the ſame) as the Side BD 


(of the or pet DBC) 1s to DC (of the ſane) : 
i. e. AD; BD: : BD: DC. — © Th. 4. 


From hence and from Theorem 1 uf the zrd Book, are de- 
duced ſeveral Problems, of moſt extenſive Utility. | 


Cor. 2. In right angled Triangles, each Side containing 
the Right Angle is a mean Proportional, between the 
adjoining Segment, and the whole Hypothenule. 


AB is a mean Proportional between AD and AC; 
and BC is a Mean, between DC and AC. 


For, AD: AB (ofthe Tri. ABD):: AB: AG ofthe Tri. 2 © 
: e BC (ofthe Tri. ABC): : BC: DC, ofthe Tri. DBC. 


Con. 3. A Perpendicular from any Point i in the circum- | 
ference of a Circle, to a Diameter, is a mean Propor- 
tional, between the two Segments of the Diameter, 


made by the Perpendicular. 8 
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For every Angle touching the Circumference, in a Se- 
5 | 18 a Right one (12. 3. * conſequently, the Hy- 
pothenuſe of a right- angled Triangle, inſcribed i in the 
Circle, is a Diameter of the Circle. 


From hence, may be deduced the following Problems. 


PROBLEM 1. The 7760, Sun, e of a ke 
angled Triangle being given, how: io find the Hypothe- 
_ anſe, / the Perpendicular, and. the tzw0 Segments. of the 
* Hypothenuſe, a1 ithmetically. 


3 the rghtrangled Triangle, A BG, i is given the two 
Legs, AB and BC. 90 


iſ, TofndthcHypothenuſe ABT +BCH,=AC 0-20. 1. 


Conſequently, the Squares of AB and BC, being added toge- 
ther, the Square Root, of that Product, gives AC. TE 


WM tid, To Kang the Perpendicular, BD; AC: AB:: RC: BD. 


BD is, therefore, a fourth Proportional; AC, AB, and BC, 
being the three Terms given, and BD is required, - Def, 11. 5 
Conſeguently, AB x BEZ=AC x BDB - Th. 9. 
i. e. if AB be multiplied. by BC, and that Product divided by 
AC, (as in the Rule of Three) 'the Quotient ariſing is BD. 

For, the Diviſor multiplied into the Quotient is equal to the 
Dividend; i. e. AC multiplied into BP, is equal to AB mul- 
tiplied into BC; by Theorem qth. 

herefore, the Perpendicular, BD, is arch Proportional, 
Hence, a Rectangle, under the two Legs of a right-angled 
| Triangle, is equal to a Ne, under the rene and 
the Perpendicul ar. 


3rd. To ſind the greater Segment, AD; AC: AB: AB :AD-4. 


I Wherefore, AD, the greater Segment of the thenuſe, 
is a third proportional to A0 and A AB. - _ 5 . 
Conf; AB U g ACN AD, or, the Rectangle CAD; - Cor. Th. 9. 
i. e. AB being multiplied into iefelf, and the Product divided 
by AC, gives AD. | 
©" Otherwiſe; BC: BD: :: AB: AD: 
Conſ. AD is 4 fourth Proportional ; ; and: ABx BD BC=AD. | 


| 4th. To find the lefſer Segment, DC; AC: BC:: BC: DC; 
or AB BC. BD; DC. Allo, AD: BD: BD: DC. 
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When either Segment, AD or DC, is found, the other is a 
third Proportional, between tbat Segment and. the Perpendi- 
cular, BD; conf. ADJ x DC=BDn. | 
But, if the Hypothenuſe, AC, and either Segment be found, 
then, AC Ab is equal DC; and AC=DC=AD, 


PRO B. II. The Perpendicular and either Side being 
'_ given, how io find the other Side. : | 


Let AB and BD be given. 


Becauſe ABn=ADo+BDa; '- - 20. 1. 
conſequently, AB - BDO ADO. „ 
i. e. the ſquare of BD being ſubtracted from the Square of AB, 
the ſquare Root of the remainder gives AD. 5 
Then, as AD: AB:: BD: BC; wh. BC is a fourth Proportional. 
Conf, AB BDT AD=BC, For ABXxBD=AD x BC. | 


[ 


PROB. III. The Perpendicular and, either Segment 
being given, to find the other Segment, and the tuo Sides, 


Let AD be the given Segment. 


Then, as AD: BD: : BD: DC; wh. DC is athird Proportional. 
Conſ. BD multiplied into itſelf, and that Product divided by 
AD, gives DC. For AD DOS BD. - 

If DC had been given, it is juſt the reverſe. 


znd. ADQ+DBn=4Bn. And BDo+DCo=BCo: - 26. 1. 
Wherefore, if the ſquare of AD be added to the fquare of BD, 
the ſquare Root of that Sum gives the Side AB. 55 
Again ;. AB being found, BC is a fourth Proportional, 

For, AD: BD:: AB: BC. Whertfore, AB x BD AD=BC; 
i. e. the ſum of AB multiplied by BD, divided by AD; gives BC. 


given, to fiad the Perpendicular (BD); &c. . 5 


d is a mean Proportional between the Segments AD & DC. 
.Whertfore, as AD; BD; MHM T 
conſequently, AD x DCS BDA. (Cor. Th. 9.) i. e. If AD be 
multiplied by DC, the ſquare Root of that Product, is BD. 
Hence, the Sides, AB and C, may be found, as in Problem 3. 

Thheſe Problems; deduced from this extraordinary and exten- 

| tive Theorem, are extremely uſeful in Perſpective ; ta find 

Vaniſhing Points and their Diſtatices, ce. 

| BD 28 
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THEOREM VIIL 14 15 Euclid, 
| Teverſed. 


e Koi _ "PIR or, Triangles, 
having one Angle, in each, equal to one another, 
and the Sides, containing the equal Angles, rect- 
procally proportional, are equal. 


Let AB CD and DEF G be Parallelograms having 
equal Angles ; and as the Side AD, of the one, is to DG, 
of the other, ſo let DE, of the ſame, be to DC of the 
firſt, I ſay, they are equal. 


Let the equal Angles, at D, be ſo placed ti: that 

the Side AD, of one Parallelogram, and DG, of the other, 

are in one Right line; then will DE and DC be alſo in 

one Right line, (2.1.) Produce BC and FG, meeting 
in H, forming a Parallelogram CDGH. 


Dex. Then, the Par. BD is to DH, as AD! is to DG; 

and, the Parallelm. DF is to DH, as ED is to DC. 
But, AD: DG:: ED: DC; by Hypotheſis; 
Wherefore, the Parallelograms, BD and DF, have an 
equal Ratio to the ſame Parallelogram, DH. 
Therefore, the Parallelogram ABCD=DEFG,-Ax. 5.5. 


2nd, Having drawn the e ee oy and EG; the Tri- 
angle ACD is equal to DEG; „Ax. 4.1. 
for, each is equal to half the * BDor DF-15. 1. 
Or (CG being drawn) the Tri. ACD: DCG:: AD: Dc; 
and. the Triangle DEG: DCG: : ED: DC. 
But, AD: DG:: ED: DC (Hyp.) conf. Tri. ACD=DEG; 
for, they have an equal Ratio to the Triangle DCG. 


- I, 


Cor. 1. Equal Parallelograms having equal Angles, rn. 
angles having one Angle in each alſo equal, have their 
Sides about the equal Angles reciprocally proportional. 


We a ww 
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This, being the converſe of the Theorem is manifeſt, 
from it; by the ſame conſtruction, it is thus reverſed. 


Becauſe, the Parallelogram BD is equal to DF, they have an 


: equal Ratio to the Parallelogram DH. - - - Ax. 4. 5. 


But, Par. BD: DH:: AD: DPG; and, Par. DF:DH::ED:DC.-1. 
Therefore, as AD: DG:: ED: OG. Ax. 13. f. 

Alſo, the Triangle ACD is equal to half the Par. BD; and DEG 
is equal to half DF (15. 1.); conſequently, ACD g DEG;-Ax. 4. 1. 


and, their Sides, AD, DC; DE, DG, are reciprocally proportional. 


Cor. 2. Parallelograms, or Triangles, having their Baſes 


and Altitudes reciprocally proportional, are equal. 
For, whether their Angles be equal or not, the Parallelograms 


are equal to Rectangles having the ſame Baſe and Altitude.-18. 1. 
Conſequently, if their Baſes (AD and EF) and their Altitudes 


(CI and IK) are reciprocally proportional, the Parallelograms, 
BD and DF, or the Triangles, ACD, DEG, are equal. - Th. 1. 


For, the Perpendiculars (i.e. the Altitudes) of Triangles and Pa- 
rallelograms, having equal Angles, are in the ſame Ratio as their 
Sides; 1. e. CI: IK :: CD: DE. — — — Th. 6, or 2. 
But, their Baſes, EF and AD, are in the ſame Ratio. 
Therefore, CI:IK::EF, or KL (equal DPG): AD; - Ax. 13. 5. 
and conſequently, whether the Angles, at D, are equal or not, 


the Parallelogram ABCD=DGKL (equal DEFG). 5 18,1 | 
— 7 N 


Alſo, the . DKG=ADC (equal DEG). 


THEOREM IX. 16 Euclid. 


Ir four Right lines are Proportionals ; the Rectangle 


under the two Extremes (the greateſt and leaſt) is 
equal to a Rectxagle contained under the two Means. 


Let the four Right lines, A, B, C, D, be proportional; 
andasAisto B, ſo let C be to D. 1 
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Then will the Rectangle under A and D, de equal to 
that under B and C. 


The Rectangles HE and EG, being conſtructed, EF 
equal A, and FGequal D; alſo, HI equal C, and IE equal B. 


Dex. Then, becauſe HE and EG are Rectangles, 

conſequently their Angles are all equal. Def. 3.4. 
But, as EF: IE:: HI: FG; i. e. as A: B:: C: D; 
wherefore, their Sides are reciprocally proportional. 
Therefore, the Rect. EG, is equal to the Rect. HK. -B. 


| OTHERWISE. 

ABbeing equalto the greateſt of four proportional Lines, 

at either Extreme, as B, let ABC be a Right angle. 
Make BC equal to the greateſt of the Means; and AE 
equal to the other. 

Compleat the Rectangle ABCD ; by 8 AD and 
DC, reſpectively, parallel to BC and AB. Draw AC. 
Through E draw EF, parallel to BC; and through G, 
where it cuts the Diagonal, draw HI parallel to AB. 


DEM. Now, becauſe AB, BC, and AE are equal to three " 
the Proportionals, EG is the fourth; | 

for, A; is to BC as AE is to EG. — Th. 4 
And, ſince the Complements, DG, GB, are equal- 17.1. 

if HE he added to both, the Rect. ADF E= AHIB. Ax. 6. 1. 
But, AHIB is a Rec. under the EIS | ", 
And, ADF E is a Rect. under the two Means. . 
Therefore, the Rectangle under the two Extremes, &c. 


Or thus, without a F igure. See the Lines. | 
As to B, :: under A and D: & under Band D; and 
Cis to D, :: & under C and B: O under D and B Th. I. 
But, A: B:: C: D; wh. A and DC and B;-Ax. 5. 

-for they have an equal Ratio to the Rect. under B and. D. 
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Corollary. The 17th Propoſitien of Euchd. 5 


If three Right lines are Proportionals, the Rectangle un- 


der the two oF Extremes, is equal to the Square of the Mean, 


If the two middle Terms, B and C, had been equal, the Recs | 


angle HE would be a Square. Def. 35.) See 

; But, as EF: IK: : HI: FG; and HI is e qual to 1K. - Sup. 
- Therefore, the Rectangle ander the Fetremes, of three. propor- 

tional Lines, is equal to the Square of the Mean. 


Or, if (by the 2nd Conſſruction) AF had been equal to BC, 
the Rectangle ADFE would be a Square. : 


Conf, it would be equal to the Reck. AHIB under the two Ex- 


tremes. For, as AB: AE (eq · BC, Sup.) f: AE: EG, e Kl. 


From "A and Theorem, 8. is deduced am ingenious, me- 
thod for finding a fourth Proportional. 


A thixd Proportional may alſo be Ca” bs conſtructing " 


Square on either of the given Lines, which is to be the Mean; 
and producing two adjoining Sides. 
From which Conſtructions, it is obvious, is 1 that moſt 


excellent Golden Rule, or: Rule of Proportion, in Arithmetic. 


N. B. A Right line being divided in extreme fad mean Prapor- 
tion, the whole Line, the greater Segment, and. the leſs, are 
in continual Ratio; conſequently, they are three Proportionals, 


_— 


THE OREM x. 


Similar Triangles are proportional to the Squares of | 


their, correſponding Sides. 


Let ABC and DEF be Grailar Triangles having the N 
gles at A and D equal; the Angle B equal E, and C eq. F. 


Let AGHC and DIKF be Squares, on, the Sides AC 
and DF, which are homologous ; being oppoſite equal 
Angles, B and E. 


E ſay, the Wings, ABC od DEE, are to a 
other, as GC to IE, AC ſquare. to DF ſquare. &c, ; 


Draw the Diagonals AH, and DK; alſo the- Perpendi- 


culars BE; and EM, to the Sides AC, and DF. 


+ 


— ——— —ͤ—— 
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Dx. The A ABC:AHC::BL: HC(eq AC, ;Con)P © Th. 1 | 
alſo, the ADEF:DKF::EM:KF, equal DF. © * * 
But, - as BL:AC::EM:DF; - < Th.6. 
| wherefore, AABC: AHC:: DEF: DKF; - Ax. 13.5. 
conſ. AABC: DEF: : AHC:DKF, Th. 45. 
But, A AHC: DAGHC:: 'ADKF: ODIKF. Ax. 7.5. 
Wh. AABC:OAGHC:: DEF: DIKF. - Poſt. 1. 
Th. AABC : DEF :: QAGHC:DIKEF. Th. 4. 5. 
That is, the AABC: DEF: : AC: DFO. * D. 


* 


THEOREM xl. 23. Euclid. 


Equiangular Parallelograms are, to one another, in 
a Ratio which is compounded of the Ratio of 
their Sides. 


Let AE and DC bs equiangular Wee 


I ſay, the Ratio of the Parallelogram AE to DC is | 
the compounded Ratio of AB, to BC, and of EB to BD. 


| Let the equal Angles, at B, be ſo placed together, that, 
che Sides, AB, and BC, alſo DB and BE, are in a Right 
line; and produce, the oppoſite Sides, renting at F, 
forming a Parallelogram, BEFC. | 
Take any Right line, G, and, as AB is to BC let G 
be to H; alſo, as EB is to BD, let H be to I, 


DEM. Now, the Ratio of G to His as AB to BC; and, 
the Ratio of H toT is as EB to BD. - by Suppoſition. 
But, the Ratio of G to I, is compounded of the Ratios of 

G to H, and Hto I (Def. 19. 5.); conſequently, the Ratio 

of G to I is that, compounded of the Ratios of the Sides. 

But, the Par. AE: EC:: AB: BC; i. e. as GtoH, 0 ü 5: 

And, the Par. EC: DC:: EB: BD; i. e. as H to J. | 
Wh.fince the Par. AE: EC:: G: H; and Par. EC:DC::H:1. 
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The Parallclograin, AE: Parallelm. DC:: G: I. 9. 5. 
But, G is to I, in the compounded Ratio of AB to BC, 
&c. therefore, the Par. AE is to Par. DC in the Ratio, 
which is compounded of the Ratio of their Sides. QE D. 


Cox, 1. Triangles, having one Angle in each, equal to one 
another, have that Ratio between them, which is com- 
pounded of the Ratio of the Sides containing equal Angles. 


For, the Triangles AEB, BCD, having equal Angles, at B, 


EC being drawn, it is evident ; ; as in the Theorem, 


Cor. 2. Parallelograms, having equal Angles, or Triangles, 
which have one Angle in each, equal to one another, 
have that proportion to each other, as Reftangles 
under the Sides containing the equal Angles. 

For, the Sides, containing equal Angles, have the ſame pro- 
portion, to each other, as tlie Perpendiculars, EK, KL.-Th. 6. 
Conſequently, Rectangles under the Baſes and Perpendiculars, 
are in the ſame Ratio to each other, as Rectangles under the 


Baſes and adjoining Sides, containing equal Angles, VIZ. in the 
Ratio which 1 18 compounded of their Sides; by Theorem, 


- 


'F H E O R E M XII. | 19. Euclid, 


Tux proportion of fimilar Triangles, to each other, is 
the duplicate Ratio of their correſponding Sides. 
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Let the Triangles ABC, DEF, be ſimilar and alike 
fituated ; the Angle A equal D. I fay, the Triangle ABC 
is to DEF in the duplicate Ratio of AB to DE, &c. 

Produce DF till DG he a third Proportional, to DF and 
AC; i. e. let DG be to AC, as AC is to DF. Draw EG. 

The Triangle ABC is to:DEF, as DG to DF. 


Dex. Becauſe the Triangles ABC, DEF are ſimilar, 
conſequently, AB: DE:: AC: . . 
REG AC: AC. DF(Con) conſ. as AB; DE: :DG: AC. 
Ce | 
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Wherefore, in the Triangles ABC, DEG, the Sides AB 


and AC, DE and DG, which are about the equal Angles 
(A and D) are reciprocally proportional. 3 
confequently, the Triangle DEG=ABC., Th. 8. 


But, the Triangle DEF: DEG:: DF: DG. . 


Th. the Triangle DEF: ABC :: DF: DG; - Ax. 4. 5. 
and, by inverſion, ABC: DEF:: DG: DF. Th. 5. 5. 

i. e. in a duplicate Ratio of their correſponding Sides. 
Or, if AH be taken a third 1 to AC and DF, 

it will then be, as AB: DE:: DF: Al, i.e. :: AC: DF-Con. 
Conſequently, the Triangle ABH=DEF Th. 8. 
Wherefore, the Tri. DEF: ABC:: ABH: ABC.-Ax. 4. 5. 
i. e. as AH is to AC (Th. 1.) viz. in a duplicate Ratio. 


Cor. If three Right lines are Proportionals, the Square 
of the firſt to the ſecond is as the firſt Line to the third. 


IntheTris.DEF and ABC, the Sides DF Ac, and are in 5 
But, the Triangle DEF: ABC: : DF: : DG; „„ „ Tes. 
and the Trian de DEF: ABC:: DF: AC d. „„ 10 
. DF: DG (the firſt to the third):: DFo: ACo. 


T H EOREM XII. 20. Euclid. 


Similar Quedritaeral, and Poligons, are, by drawing 
Diagonals, divided into Triangles, equalin Number; 
the correſponding Triangles are ſimilar to each other, 
reſpectively, and proportional to the Poligons. 

Alſo, the proportion of the Poligons, to each 
other, is in the duplicate Ratio of their cor- 
reſponding Sides. 


Let ABCDE and FGHIK be fimilar PFoligens. 


Draw the Diagonals AC, CE, and FH, HK, &c. from 
any correſponding Angles, as C and H, to the oppoſite. 


D. Every Poligon i is divided into as many T riangles, asit 
has — wanting two, by MF all e which 
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can be drawn, from any Angle ; as CA, CE, or HF, Hk; 
conſequently, the number of Triangles, in each, are equal; 
ſeeing the Poligons have an equal number of Sides. 


and. Becauſe the Poligons are ſimilar, they are conſe- 
_ quently equiangular (Def. 1.) and, being ſimilarly po- 
fited, the Angle A F, B=G, and C=H, &c. 


Then, becauſe AB: BC:: FG: GH, and the Angle B 
equal G, the Triangles ABC, FGH are ſimilar. Th. 5. 
And, becauſe the Angle BAE is equal, GFK and there is - 
taken away, from each, equal Angles BAC, GFH, 

the remainder, CAE is equal HFK. Ax. 7. T. 

But, AB: AC: FG: FH, and AB: AE: FG: FK. 
conſequently, AC: AE:: FH: FK; E 1 
therefore, the Triangles ACE FHK are ſimilar. Th. 5. 
And, becauſe CD: DE:: HI: IK, and the Angles D and I 
arg equal; the Triangles ECD, KH are ſimilar.- ſame, 


ard. Becauſe the Triangles ABC and FGH are ſimilar, 
their Rago is r of their correſponding Sides; 
e. g. of HAC to FH. - - TR. 12. 
And for the ſame reaſon, the Ratio of ACE to FHK is 
duplicate of AC to FH; or, of EC to KH; ſame. 
alſo, the Ratio of ECD toK Hl, is duplicate of EC toK H. 
But, the Ratio of each Friangle, ABC, &c. to its cor- 
reſponding Triangle, FGH, &c. is the ſame, viz. as AC 
to FH, or EC to KH; i.e. as AB or AE, to FG or FK. 
Therefore, as one Antecedent, ABC,is to itsConſequent, 
FGH, ſo is the Sum of all the Antecedents, ABC - 
ACE, + ECD, to that of all the Conſequents, FGH + 
FHK, +KHI; (2. f.); i.e. as Poligon to Poligon.Q.E.D. 
4th. The Ratio of ACE to FH is duplicate of AE to FK - 12. 
hut, the Ratio of Poligon to Poligon isequalACEtoFHK. 
Therefore, the Ratio of Poligon to Poligon, is duplicate, 
of AE to FK, of ED to KI; or, of any other Sides, 
which are homologous. | . 


> 
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Con. 1. All ordinate or regular Figures whatever, Triangles, 
Squares, or Poligons of any kind are, reſpectively, to each 
other, in the duplicate Ratio of their Sides, or Diagonals. 


Becauſe, all regular Figures, of the ſame Species, are ſimilar. 


Alſo, Circles are, to each other, in the duplicate Ratio of their 
Diameters, &c. | | | 
Hence, in all Graitar Figures whatever, if the Ratio of 
the homologous Sides be known, the proportion of the 
Figures is known. 
For example; If the Ratio of the Sides be as 2 to 3, their 
Areas are as 4 t09. For, ns 213213244: 
Therefore, as 2 is to 44, ſo is one Figure to the other; which, 
in whole numbers, 1 is as 4 to . 
Cos. 2. The Proportion of all ſimilar Figures, whatever, to 
each other, is as the Squares of their correſponding Sides. 


For, as the Triangle ABC or ACE, is to FGH, or FHK, 


ſo is Poligon to polig. on. 


But, the Trianglcs, being ſimilar, are, as the Squares of their 


homologous S: des; viz. as AB to FG, or AE to FK - Th. 10. 

Therefore, as the Square of AB is to the Square of FG, or of 

AE to FR, &c. fo is Pohgon to Pohigon, <- = Ax.13-3 5. 
0 


Co R. 3. The Perimeters or Circuits of ſimilar Figures are, 


to cach other, as their correſponding Sides or Diagonals. 


For, fince each Side AB, BC, &c. has the ſame Ratio to its 


correſponding side FG, GH, &c; allo, as Side is to Side, ſo 


1s Diagonal to Diagonal, AC to FH, &c; conſequently, as 
any one Side, or Diag onal; 1s to its correſponding Side or 
Diagonal, ſo is the Sum of all the Sides, AB+FBCÞCD, &c. 
0 ac Sum of all the Sides, FG+-GH+HI, & c.. 2. fl. 


co OR, 4. Any ſimilar Figures whatever, 1 on the 


Mean and either Extreme of three proportional Lines, 
have the ſame Ratio to each other, as the two Extremes. 


For, they are to each other, in the duplicate Ratio of their 
C0: reſponding Sides; by the Theorem. 


From hence is deduced, an excellent Problem, for 


finding the Side of any Figure rer, er; to ano- 
ther, and in any Ratio, 
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THEOREM XIV. 


Tas Perimeters of fimilar Poligons, inſcribed in 
Circles, are, to each other, in the ſame Ratio as 
the Diameters; and their Ae as the Squkes of 

the Diameters. 


Let ABC DE wid FGHIK be a Poligons, inſcribed 
in Circles; whoſe Diameters are AL, and FM. | 
Then, as AL is to FM, ſo is tlie Perimeter ABCDE 
to FGHIK, . Alſo, as AL ſquare, is to FM ſquare, ſo is 
the Area of tlie Poligon ACE to FHK. | | 


Draw AC and BL, alſo FH and GM. _ . 


Pe, The Angle BCA=BLA, and GHF=GMF. - IO 3. 
But, the Angle BCA GHF (Iz) th. BLA=GME; Ax3. I 
and, the Angle ABL=FGM(for theyareR. angles)-12.3s 
therefore, theTriangles BLA, GMF are ſimilar.-Th 4. 

Wherefore, as AB: FG: AL: Fu: —ſame. 

| conſequently, as ABN: FG :: ALA: FM. - 10. 
But, as AB: FG:: Perimeter ABC DE: Per. FGHIK-2. 5. 
th. the Diameter AL: FM:: ABCDE:FGHIK.-Ax. 13.5. 
Alſo, as AB N: FG :: the Areaof Pol. X to Z; 10. andi 3. 
conſ. as ALU: FM N:: the Area of Pol. X to Z-Ax. 13.5. 


Con. The Circumferences of Circles, are proportional to 
their Diameter; ; and, their Areas are as Ew Squares 
of their Diameters. | 2 


For, the Circumference of a Circle * a as the 
Perimeter of a Poligon, of an infinite number of Sides, and, the 
Diameter may alfo be confidered as a Diagonal ; wherefore, the 
Demonſtration evidently follows from the Theorem. 


Cor. 2. Circumferences of Circles are proportional, to the 
Perimeters of ſimilar Figures inſcribed, or circumſcrib- 
ing rectilinear Figures. | 


For the Perimeters, of all ſimilar ioht-lined Figures, are in 
proportion to their corre onding Sides or Diagonals. - C. 3. 13. 
And, the Circumferences of Circles are as their Diameters, 


% 


. 
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Cor. 3. The Areas of Circles are in proportion to that of 
any fimilar inſcribed or circumſcribing Figures. 


For, the Areas of all fimilar Fi ures, are as the duplicate 


Ratio of their correſponding Sides or Diagonals ; and, tte 


Areas of Circles are as the duplicate Ratio of their Dia- 


meters. (Th. 13.) Wherefore, fince the Diagonals of fimilar 
| 2 are in the ſame Ratio as their Sides, reſpectively; and 


o, as the Diameters of circumſcribing Circles; conſequently, 


- the Areas of Circles are as the Areas of ſimilar Poligons, in- 


ſcribed or circumſcribed, 


Cox. 4. The Area of a Circle is to that of any circum- 
| ſcribed right-lined Figure, as the Circumference of the 
Circle to the Perimeter of the cireumſcribing Figure. 


For, the Area of a Circle is equal to a Triangle, whoſe Baſe 


is equal to the Circumference, and height equal to the Radius. 


And, the Area of a circumſcribing Poligon is equal to a 
Triangle, whoſe Baſe is equal to the Perimeter of the Poligon, 
.and its height equal to the Radius of the inſcribed Circle, * 

| Conſequently, the Areas of all circumſcribing Figures are as 
| 5 which may be conſidered as the Baſes of 
Triangles of equal height. - > Th i. 
Therefore, the Area of a Circle is to that ofa circumſcribed 


Poligon, as the Circumference of the Circle to the Perimeter 


of the Poligon. 
* See, Theory of Menſuration ; Article 7, and 8. 
"i E O REM XV. 22. Euclid. 


Ir four Right lines are Proportionals ; ſimilar right- 


lined Figures, deſcribed on cach Pair, will alſo 


be proportional, 


Let the Right lines AB, CD, EF, and GH be pro- 


portionals, and let AB be to CD, as EF to GH. 
On AB and CD, let ſimilar Triangles, V and X, be con- 


ſtructed; and, on EF and GH any other fimilar Figures, 


whatever, Y and Z. I ſay; as V is to X ſo is Y to Z. 
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Let P be a third Proportional to AB and cp; and Q. 
to EF and GH, reſpectively. 


DEM. Now, the Triangle V is to X, as AB to P; 
and, the Trapezium Y is to Z, as EF to Q. Th. 1a 
But, as AB: CD:: EF: GH; and, CD: P:: GH: Q Con. 
wherefore, as AB: P:: EF: Q. (9. 5.) Th. V: X:: V: Z. 
It is alſo true, if ſimilar Figures are conſtructed on the 


firſt and third, and others on the ſecond and fourth, of | 
four proportional Lines. 


For, fince V: X:: V. Z, conſ. v. V. : X. Z. - Th. 4. 5. 


Cox. Similar Figures being proportional to Abs Gmilas 
e their correſponding Sides are Proportionals. 


The Converſe, needs no proof; ſeeing it is but re- 
verſing the Premiſes. 


THEOREM XVI. 31. Euclid. 


Any ſimilar Figures whatever, deſcribed on the three 
Sides of a right-angled Triangle, and if they are 
made correſponding Sides of the Figures; then, 
that which is deſcribed on the Side ſubtending the 

| Right angle will be equal to both the others, 
_ deſcribed on the Sides containing the Right angle. 


Let ABC be 2 right-angled Triangle; and, let X, 

V, and Z be ſimilar, irregular Pentagons, deſeribed on 
the three Sides, AB, BC, and AC, of the Triangle; which 
are correſponding Sides of the Figures, X, V, and Z. 


1 fay, that the Figure Z, deſcribed on the Hypothenuſe, 


AC, is equal to both X and V, deſeribed on the other twosides. 
Let BD be 1 to AC. a 3 
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Dru. ir every right · angled Trinagle (ABC,) > A 
AD: AB:: AB: AC; and DC: BC::BC.:AC.-Cor. to 7. 

Gonſequently, any Figure, deſcribed on AB, is to afimilar 

| Figure deſeribed on- AC, as A is to AC; and, any Fi- 
gure deſeribed on BO, 1 is to a ſimilar one deſcribed on 
AC, ar DU is t ASW T2 and 13. 


Therefore, fince Z: X:: AC: AP; and Z: V:: AC: DC, 


2 will be to x IV:: AC: AD DC. Cor. to 3.5. 


But, AC= -AD+DC; therefore, Z= XIV. . 


SCHOL. This Propoſition, by the Dethrine of Proportion, extends the 


famous Pythagorean Propoſition, vize the 47%. of thefirft Book of 


Euclid (the 20th, of the firfl, of theſe Elements ) univerſally, 


Seeing, by Th. 10. of this 6th Boak it is demonſtrated, that T1 riangles, . 


and all ſimilar Figures ⁊ubateuer, are in proportion, to the Squares of 
their correſponding Sides, the fell and perfect demonſtration of this 


Propoſition neceſſarily follows from thence ; which (after the 10th) 


ua therefore unneceſſary; nevertheleſs, for the peculiar elegance 
F it, I did not think proper to omit it, though it includes them both, 
being applicable to all ſimilar Figures whatever. 
This Propoſition is alſo applicable to the Diagonal. of rieht-Tined 
Fi gures, as well as to their Sides; and, conſequenth ly, to the Diameters 
of Circles, 'Wherefore, a Circle te) ſcribed on the Hypothenuſe of 


2 right-angled Triangle, for its Diameter, is equal. to tao 8 | 
5 "_ n are n equal to it. Legs. 


THEOREM XVI: Aach 


Is every: Parallelogram, thoſe which are about the 
ſame diagonal Diameter, are ſimilar to the whole | 


Parallelogram and alſo to each other. 


And the two Complements have their Sides re- 


ciprocally proportional. 65 


In the Parallelogram ABECD, let AEFH. and FICG be 
about the Diameter AC. Then, the Parallelograms EH, 


IG, are ſimilar to the whole Parallelogram, BD, and to 
each other. EG is parallel to AD, and BC; and HI, t 
AB and DC; by Conſtruction. | 


21 
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DzM. Now, becauſe EF is parallel to BC, the Sides AB 
and AC, of the Tri. ABC, are cut proportionally. | 
wherefore, AE: EB::AF:FC; = — Th. 2. 
and conſ. AE: AB:: AF: AC. = - Conv.6.5. 
And, becauſe HF is parallel to DC. as AF: AC:: AH: AD. 
wh. as AE: AB:: AH: AD; and, as AE: AH: : AE: AD 4 5. 


But, EF = AH, and BC AD, &c. (15. 1.) wherefore, the 
Sides of the Parallelograms AEF H, and ABCD, have 


all their Sides proportional. 

But, the Angle EAH is common to o both; and, the op- 
poſite Angles of Parallelograms are equal; - 15. 1. 
- wherefore, EFH=BCD. - = - Ax. 3. 
Alſo, the Angle AEF=ABC, and AHF=ADC ;- 4. 1. 


therefor-AE FH is ſimilar to the whole Par. ABC D-Def. 1. | 
By the ſame Reaſoning, the . FICG may 7 


be proved ſimilar to ABCD. 
For, CI: CB:;: CG: CD; viz. as CF to CA as above; 
they are alſo equiangular; the Angle at C being commoꝝ 


Conſequently, the Par. FICG is ſimilar to AEFH: being 
both fimilar to the whole Parallelogram; ABCD.-Axiom. 


2nd. The Complements BF, FD are equal. ST. 17. 1 
and they are equiangular (15. I.); for EFT=HFG.-2.1. 
. as EF: FG :: HF: FL; reciprocally. - - Th. 8. 


0 o ROLL AR v. 26 Propoſition of Vacs: 


| Hence it is evident, that, if on any Angle of a Paral- 


lelogram, there be deſcribed, or taken away, a leſſer Pa- 


rallelogram, fimilar, and alike fituated, _ will have 


the ſame common Diameter. 
For, the Diameter AF or FC, is common with AC: 
If any other Parallelogram Ae f H, ſimilar to ABCD, 
be deſcribed at the Angle A, not alike fituated, they 


have not the Jame Diameter AC, 
D d 


- — 1j —o a 


OO 
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THEOREM xviII. 2. Euclid. 


Ir a Parallelogram be deſcribed on a Right line, and 


from it there be taken away a Parallelogram, fimi- 


lar, and alike fituated, to one deſcribed on half the 
Line, equiangular to the firſt; that, which is de- 
ſcribed on the half Line, is greater than FRE re- 


maining Parallelogram. 


Let ABCD bea 3 deſcribed on a given Right 
line, AD; and, let AEF G be an equiangular Parallelo- 
gram, deſcribed on half the Line, AG; alſo, let HICD be 


taken away from the Parallelogram ABCD, ſimilar, and 


alike ſituated, to the Parallelogram AEFG. 


I fay, the Parallelogram AEF G is greater than the re- 


maining Paraltelogram ABI H. 
Draw the Diameter ID, and produce EF to K. 
Dem. Then, becauſe the Parallelograms, HC and GK, are 


about the ſame Diameter, ID, they are ſimilar; - 17. 
wiuherefore, AEFG is fimilar to HIC D. Axiom. 


Now, HFS FC (17.1.) and BF ZFC; Ph. 1. 
conſ. BF HF (Ax 3. 1.) and HF is greater than BL; 


93 add AL, to both; and AF is alſo greater than AI. - 8. 
Therefore, AEFG is greater than the remaining Paral- 


. lelogram, ABI, the defect of HI CD. 
Again. From the leffer Parallelogram A be D, let 


there be taken away the Parallelogram h i D, ſimilar 


to AEF G, and fituate alike. 


Now, becauſe FD is a pope in the Paraflelogram 
GFK D, Gi is equal to i K. — 17. 1. 
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Add hic D, on both Sides; and Gc=h i; - Ax.6.1, 
But, -Gb =Ge (Th. 1.); wh. Gb gh K. 3. 1. 
Add Gi, to both, and Ai = GK -F i; 

conſequently, AF (equal GK) is greater than A i. 

a Therefore, the Parallelogram A EF, deſcribed on half. 
the Line, AD, is greater than any other Parallelogram 
deſ-ribed an the whole Line, being deficient by a Paral- 
letoram, ſimilar and alike ſituated to that which is de- 
ſcribed on halt the Line. E. D. | 


Few, it any, who have favoured the World with Treatiſes on 
Geometry, have taken notice of this Theorem, or the foregoing 
(the 27 and the .24 of Euchd) except thoſe who have trod in his 
path without ſteping the leaſt aſide; indeed, the laſt is ſo very 
obſcurely warded, that 'tis ſcar cely intelligible; which Mr. Stone 
has endeavoured to remedy, with little ſucceſs. He excuſes Eu- 
clit, by faying, that he could not have rendered it more clear, 
in 1 few words ; and therefore, rather than appear tedious, gave 
it as it is. If the Propoſition, itſelf, be unintelligible, how are 
we to underſtand the Premiſes ? Euclid has given ſome Propoſi- 
tions in more words. I am perſuaded th.r I have made it clearer 
than Mr. Stone, and in as few words as Euchd makes uſe of. Wl! i! 

How far this Theorem may be ot afe in the Mathematics I do | 1 14 
not pretend to ſay; bat, when it is clearly underſtood, it will be 1 
found to contain ſomething extraordinary in it; inſomuch, that 
I could by no means diſpenie with the omitſion of it, 
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There are two Problems, e after, in Euelid, which 


are dependant on it; he alſo divides a | ine in extreme and 111 
mean Ratio by it; in the goth; it is certainly demonſtrable, | 1 Jie! 
when done, but how it is to be performed, in the operation, nn. 
[ cannot deviſe. See, Prop. 11th. B. 2. | "til 

As I do not conceive the Problems to be at all aka to Me- 81:1: 
chanics, &c. I hace not inſerted them, amongſt the reſt, in the 1 1 


The 32nd Prop of Euclid is of little conſequence, 3 and has 


Practical Part. | | Il 
| 

* in it worthy of notice, | 
| 


T H EOREM XIX. 33. Euclid. 1 

Ix the ſame or equal Cingles, the Angles, whether at 1 q 
the Center or at the Circumference, are in propor- l 
tion to the Arks on which they ſtand. | Wit 
Dd 2 i i | 

| Wit 

Wit 

- i hs "© 

N a 
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Firſt, in the Circle AED, the Angle ACB ſtanding on 


the Ark AB, is to the Angle *. on the Ark BD, as 


AB is to BD. 


Het the Arks, AB and BD, be divided into any number 
of equa] Parts, in F and G; and join CF, and CG. 


DEM. Now, becauſe the Ark AF=FB, and BG =D , the 
Angle ACF is equal FCB, and BCG Sg GCD;- C. 2.9. 3. 
wherefore, as the Ark AF: BG:: FB: GD in eq]. 
and, as the Ang ACF: BC G:: FCB: CD. 1 3 
For, whether AF be equal to, greater, or leſs than BG; | 
the Angle ACF is alſo equalto, greater, or leſs thanBCG; | 
in the ſame Ratio; conſequently, 
as the Ark AF:BG:: Angle ACF: BCG, Fe. 

Therefore, as AF FB: B6＋GD, 
fo is the Angle ACF FCB: BCGGCD. 2. 5. 
i. e. as the Ark AB: BD, :: Angle ACB : BCD. Q. E. D. 


But, the Angle AC B, at the Center, is double AEB, 
at the Circumſerence; and, BCD is double BED; - 9.3 
wh. as the Angle ACB: BCD: : AEB: BED. - Ax. 8. 5. 
Therefore, as the Ark AB: BD, ſo is the Angle AEB: BED. 


2 nd. Becauſe, in the equal Circles, AEG, a e b, the Radii 
are equal; and equal Arks ſubtend equal Angles-C, 2. 9. 3. 
conf, as Ark AB: ab:: Angle ACB: ac b; and AEB: a eb. 
If A; and ab be divided into an equal number of Parts, 
the Demonſtration is the ſame as above. 


Cor. Sectors of Circles, ACB, B 'S or acbb, are 
Proportional to the Arks AB, BD, or a b. | 


For, each Sector may be conſidered as an ag regate of a num- 
ber of Iſoſceles Triangles, of equal Baſes — equal Legs; as 
ACF, FCB, &c. conſequently, equal Triangles; and having 

| equal Altitudes, each Sector, ACB, BCD, or ac b hav e, there- 
fore, that Ratio to each other, as the Baſes of thoſe Triangles ; 
1. e. as the Ark AB to BD, &c. - - Ik. 
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N. B. None of the following elegant, and ſome of them 
elementary, Theorems are in Euclid ; except the 34th; 
| which is the 8th Propoſition of his thirteenth Book. 


T HE OR IM x 


Ir two Right lines interſect, within a Circle, and 
are 3 by the Circumference, the Seg- 
ments of thoſe Lines are reciprocally proportional. 


The two Chords, AB and CD, cut each other i in E. 
I fay, that CE is to A E, as EB is to ED. Join AD and CB: 


Dem. Now, the Angles AED, CEB are equal; == 2, 10 
and ABC ADC; alſo BAD=BCD; = = 16-3 
wherefore, the Triangles AED, CEB, are ſimilar. Th.4. 

Therefore, CE: AE::EB : ED, by the ſame. Q. E. D. 

Conf. CE xED=AE x EB; by 9. 6; alſo by 14. 3. 


THE OREM XXI. 


Ir two Right lines are drawn, from the ſame Point 
without a Circle, to the oppoſite and concave part 
of the Circumferepce; they will have that propor- 
tion to each other, reciprocally, as their external 
Segments. 


From the point A, a. AB and AD, at ts cuting 
the Circle EBD in the Points E, C, B, and D. 


I ſay, that AB! is to AD, as AE is to AC. JoinEB& CD, 


DE M. In the Tris. ABE, ADC, the Angle ABE= ADC-10. 3 
and the Angle A is common; wh. AEB=ACD.;-10.1. 
conſequently, the Triangles ABE, ADC are 3 

Wherefore, AB: AD: : AE: Acc : Thes 
And, AB XACZAD x AE, by Th. 9. and, alſo by 16. 3. 
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THEOREM XXI. 


Ir from any Point without a Circle two Right lines 
are drawn, one touching the Circle, and the other 
cuting it; that which touches the Circle is a mean 
Proportional, between the whole Secant and the 
external Segment. 5 ä 


From any Point, A, draw AB, touching the N at 
B ; ; and, from the ſame Point draw AC, at pleaſure, cut- 
ing the Circle, in D and C. | | 

+ I fay, that AC is to AB, ag AB to AD. Join BC, 1 BD. 


Dx. The Triangles ACB, ABD, are fimilar. - Th. 4. 


For, the Angle ACB is equal to ABD; - = 13.3. 
and BAC is common ; wherefore, ADB= ABC, - 10.1. 
Therefore, AC: AB:: AB: aD. Q. "Ob 5 


And conſ. AC x AD=ABQ. by Cor Th.g; alſo by 16.3. 
THEOREM XXIII. 

Ir two Circles touch one another, either internally 

or externally, and it Right lines be draw n, from 

or through the point of Contact, cuting both 


Circles; thoſe Lines will be cut proportionally, by ; 
the Circumf erences ot the Circles. 


In the Circles, ABC, ADE, and from, or through, the 
Point of Contact, A; draw AB and AC, cuting both Cir- 
cumferences, in the Points B, C, D, and E. 

I fay, that AB is to AC, as AD to AE, 

Draw AF, a Tangent to the Circles, at the Point A; 

and j join BC, and DE, by Right lines. 

DEM. Then, the Angle ABC is equal to ADE; - Ax. 3. 1. 
for they are each equal to the Angle FAC. Th. 13.3. 
And ths Angle BAC (Fig. .) is common; but, 
in the ſecond, BAC, DAE, are vertical, th. equal; 2.1. 


and ther efore, the Triangles, ABC, ADE, are fimilar; | 


and, TON: quently, AB:AD::AC:AE. - Th. 4. 
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THEOREM XXIV. 


IF a \ Right line be drawn perpendicular to the Dia- 


meter of a Circle, whether it be within or. without 


the Circle, or touching. the Circumference, and if 


any Right line be drawn, from the fartheſt extreme 


of the Diameter, cuting the Circumference and the 
Perpendicular ; that Line and the Diameter will 
be cut reciprocally proportional. | 


Let the Line CD be perpendicular to the Diameter AB. 
Draw AD, at pleaſure, cuting the Circumference in E, 
and the Perpendicular in the Point D. | 


I fay, that AE is to AB, as AC to AD. Draw EB. 


Dee. Then, becauſe AB is « Didi: the Angle AEB 


(being in a Semicircle) is a Right one; - = 12. z. 
and AC is a Right one (Con) th. equal to AEB; Ax.9. 
and, the Angle D AC is common; conſ. ADC=ABE-10.1. 
wherefore, the Triangles AEB, ACD are ſimilar. - 4. 6. 
Therefore, as AE: AB:: AC: AD. QED 


In Fig. 3. AB and AC are the fame ; conſequently, AB 
is a mean Proportional between AE and AD. 


Cor. The Rectangle under any Line, AO, drawn from the 


extreme A, of the Diameter, to the Perpendicular, DC, 
and the part of it, AE, within the Circle, is equal to the 
Rectangle under the Diameter, AB, and the whole, AC, 
of the Diameter produced to the Perpendicular (Fig. 0 


For, AE: AB:: AC: AD; wherefore they are Proportionals; 


and conſequently, AE x ADZABxAC. - Th 9. 
"M Fig. 2, the Rectangle under the Means, AB and 
AC, is under the whole Diameter and a my of it. 
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In Fig. 3, fince AE: AB::AB: AD; 
conſequently, the Rectangle under AD and AE, is equal 
to the Square of the Diameter, A3. Cor. to 9. 
For, AD x ED = BD; = 156. 3. 
and, AB H HTH BDS ADG. - Th. 20. 1. as above. 


THEOREM XXV. 


Ir two Circles cut each other, and a Right line 
be drawn cuting both Circles, it will be cut pro- 
portionally by rhe Circumferences, and a Right 
line joining the points of interſection of the Circles, 


Join the Points, F and G, in which the-two Circles, 
AFG and FBG, cut each other ; and, let any. Right line, 

Az, cut both Circles, and the Right line FG, in the 
Points A, C, D, E, and 8. „ | 
I fay, the Line AB is cut proportionally in thoſe 
Points; viz. as AC: CD:: EB: ED. | 


DEM. For, intheCircleAFG, as AD:DF ::DG:DE; 
and, in the Circle FBG, as DF: CD:: DB: DG; 
wherefore, ,, as AD: CD:: DB: DE. - 10.5. 
Therefore, as AD=CD : CD:: DB- DE: DE. = 7.5. 
That is, as AC: CD:: EB: EPW. QE. D. 


20. 


THEOREM XXVI 


Ir a Tangent to a Circle cuts any Diameter produced, 

and a Perpendicular be drawn, from the Point of 

Contact to that Diameter; the Segments of the 

Diameter, intercepted between the Center and the 

Perpendicular, the Circumference, and the Tangent, 

are proportionals ; i. e. the Radius is a mean Pro- 

portional betwixt the part, intercepted between 

tube Center and the Perpendicular, and the Point in 
which the Tangent guts the Diameter. =» 
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Let any Tangent, as AB, cut the Diameter C D, pro- 
duced, in B; and let AF be perpendicular to CD; and E 


the Center. I ſay, that EF, ED, and EB are in con- 
tinueg Proportion. Draw AE. 


Dx. For, becauſe EAB is a Right angle, - C.3. 8. 3. 
and, AF is perpendicular to EB = by Conſtruction; 

the Triangles EAF, EAB are ſimilar-. =» The 7. 
Wherefore, as EF: EA:: EA: EB. Cor. a. 7. 

But, EA is equal to ED; | 16 23 DOES, 
therefore, as EF: ED: ED EB. Ax. 4. 5. 


THEOREM XXVIL. 


Tas Squares of Chord Lines, drawn from the ſame 
extreme of a Diameter, are in proportion to the 
Parts of the Diameter, intercepted. between Per- 
pendiculars, from the other extremes of the 

Chords to the Diameter. 


AB and AC are two Chord lines, drawn Foonk thi Ex- 
treme A,. of a Diameter, AD; from the other Extremes 
(B and C) of the Chords, let BE and CF beperpendicular 
to the Diameter, cuting it in E and F. I ſay, the Square 
of AB is to AC ſquare, as AE to AF. Draw BD and CD. 


Dr M. Now, BE is a mean Proportional between AE&ED; 
alſo, CF is a Mean, between AF and FD ; - Cor. to 7. 6. 
for ABD and AC are Right angles. „ „ 3 

Wu. the Rect. AED BE ©; alſoA FDS CF H- Cor. 9. 6. 

But ABN BEN ＋AE N; and ACO= CFH ＋ AF; 
conf, AB =AED+AEn; and AC N = =AFD+AF Q. 
But, AED, i. e. AE ED AEN; SAE xAD; a7 5 
and, AFD, i. e. AF x FD TAF N = AF x AD; 8 
wh, ABQ=AE x AD; and AC AF xAD- Ax. 3. 1. 

But, AE x AD: AF XADSAE : A I, 
Therefore, AB N: AC:: AE: AF. Q. E. D. 


S 
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THEOREM XXVII. 


Ir two Points be- taken i in a Diameter of a Pele, 
produced, on the ſame ſide of the Center, ſo, that 
the Radius is a mean Proportional, between the 
diſtances of the two Points from the Center; then 
will two Right lines, drawn from thoſe Points 


to any Point in the Circumference, be in the ſame 


Ratio as the internal and external ins Seg- 
ments of the Diameter. 


Aﬀoms any Point, A; the Diameter CD; in a which 
Diameter, produced, let the Point B (from the Center, E) 


be a third Proportional to EA and EC; and, to any Point, 

as F, in the Circumference, let two Right lines, AF and 

| BF be drawn. I fay, that AF is to BF, as AC to CB, 
Draw EF. | | 5 


Dem. EA: EC:: EC: EB (Con.); wh. EA: EC- El, 
:: EC: EB-EC (7. 5. ); i. e. EA: AC:: EC: CB; 

conſequently, EA:EC:AC:CR.-..- „„ 
But, EA: EF (eq. EC) :: EF: EB; and, as Angle AEF 


is common, the Triangles, AF E, EBF, are ſimilar. 5. 


Th. AF: BF:: AE: EC; i. e. as Ac to CB. Q. E. D 
oOrnkxwisr. Make EG equal EA, and draw CG. 


Then, becauſe EA, EF, areequal EG, EC, reſpectiveh, 


and the Angle at Eis common, the Triangles APE, ECG 
are congruous; and CG is equal AF, - 8.1. 
But, EA: EC:: EC: EB (Hyp.); wh. EG: EC: EF: EB; 
conſ. EG: EC:: GF: CB( J. 5.); wh. CG is paral. to BF, 2. b. 
and the Triangle ECG is ſimilar to EBF. 6 
But, GF = AC (Ax. 5. 1. ): wh. as GF, i. e. AC, : CB, 
as EG: EC, or, EF: EB:: CG, i. e. AF,: BF. QE. D. 


2 ® 


Is 
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THEOREM XXIX. 


lr any Angle of a Triangle is biſected, ad the biſc&- 
ing Line cuts the oppoſite Side; a Rectangle under 
the two Sides, containing that Angle, i is equal to the 
Square of the biſecting Line, added to the Rect- 
angle under the Segments of the oppoſite Side. 
Alſo, the Sides of the Triangle, the biſecting Line, 
and that Line produced till it cuts the Circumference 
of a circumſcribing Circle, are Proportionals. 


Let the Angle B, of the Triangle ABC, be biſected by 
the Right line BE, cuting AC, in the Segments AE, EC. 


Then, the Rectangle under the Sides AB and Bo, is 
equal to the Square of BE, added to the Rectangle under 


AE and EC. | 
| 2nd, About the Triangle ABC, deſeribe Circle, ABCD. 5.4. 


Produce BE to D, and join AD. 
I ſay, that AB is to BD as BE is to BC, reciprocally; 


De M. F or, the Triangles ABD, EBC, are 8 2. 4. 
becauſe, the Angles ABD, EBC, are equal, by Con. 
and, the Angle ADB is equal to ECB; = = 10. 3. 
wherefore, - BAD is equal to BEC. - C. F. 10. 1. 
Th. AB: BD::BE:BC(4)conſ. AB x BC=BD x BE. . b. 

But, DBE DEB Ez ti (3. .) &DEB AEC. 14. 3. 
Wherefore, the Rectangle DBEZAEC+EBqn. Ax. 6. 1. 
Eonſequently, ABx BC=EBQ+AExEC. Q. E. D. 

The 2nd Part was proved in the fifth Line. 


THEOREM xxx. 


Ir a Triangle be circumſcribed. by a Circle, and a 
Tangent to the Circle be drawn, at any Angle of 
the Triangle; and, if a Right line be drawn from 


| the adjacent Angle, parallel to the Tangent „cuting 
| Ee 2 
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the oppoſite Side; then, the Side between the 

Tangent and that Angle will be a Mean- propor- 
tional, between the oppoſite Side, and that Segment 
which is contiguous to the Tangent. 


Let AD be 2 Tangent to the Circle ABCE, at the 
Point A, in which, the Angle of a Triangle, ABC, in- 


ſcribed, cuts it; and, let BE beꝛdrawn parallel to AD, cut- 


ing, AC, in E. I fay, that AB is a mean Proportional, 


between AE and AC, 


DEM. BE ispar. ton D Con); wh. as ABE=BAD4. 
But, ACB=BAD (13.3.) conf, ABE=ACB; - Ax. 3. 1. 
and, in the Trjangles ABE, ABC, the Angle BAC is 
common ; wherefore, thoſe Apo are fimilar. 
Therefore, as AE: AB:: AB: AC. Th.4.6, 
Conſequently, AE, AB, and AC, are 3 Proportionals; 


and therefore, AB is a Mean, to AE and AC. E. D. 


Cor. Hence it is manifeſt, that, what is proved, in Cor. 2. 

of the 7th, in reſpect ofa right- angled Triangle, is general, 
in every ſcatene Triangle; on two Sides of which, fi- 
"ili Triangles are conſtructed. e.g. 


In the Triangle ABC, if ABD be made equal to the 
Angle C, and CBE equal A, the Angles A and C being 


common; the Triangles ABD, EB C, are ſimilar to the 
whole Triangle ABC (C. 2. 4. 6.); conf. to each other.-Ax. 


Wherefore, the ſquare of AB is equal to a Rectangle, 
under the Side AC, and the Segment AD; and the ſquare 


of BC is equal to a Rectangle under AC and EC. C. to q. 


For, becauſe the Triangle ABD is ſimilar to ABC, 
AD: AB::AB:AC; &, for the ſame reaſon, EC: BC: :BC:AC. 


| Wherefore, AB and BC are, each, a mean Proportional; 
between the adjoining Segments of AC, and the whole, AC. 


If the Triangle be right-angled (Fig. 2.) the two Seg- 
ments AN and EC are equal to ms whole AC (for tho 


— ———ͤ— Sn 


- 
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Points D and E coincide ; conſequently, the two Squares 


of AB and BC are equal to the Square of AC. 
i, e. AB ſquare 1s equal to the Rectangle AF, 


and, BC ſquare is equal to the Rectangle CG. = 20. 1. 


In Fig. 2rd, the Angle at B being acute, a 


the two Segments AD and EC are greater than the 


whole AC; but they are, in each Caſe, ſubje& to one 


general Demonſtration. 


When the Angles are all en the Square of 4 
Side is equal to the Square of the other ; for che "Tag | 


will be equilateral. 
THE 0 FI EM XXXI. 


TRE Rectangle, under any two Sides of a 1 


is equal to a Rectangle contained under the Per- 
pendicular to the other Side, from the oppoſite 
Angle, and the Diameter of a circumſcribing Circle. 


Deferibe the Circle ABCD about the Triangle ABC. 


(5. 4. Draw the Diameter * and BF perpendicular 


to AC% 4 


Then, the ReAangle under AB and BO, is equal to the 
ReQangle under BF and BD. Draw AD. | 


Dem. Now, the Angle ADB=ACB; - -' = 10. z. 
and BAD is equal to BFC; - - "ha 10 
| (For BFCisaR. angle (Con. ) 1 BAD is Right; 12.3) 
conſequently, ABD is equal to FBC; / 
and the Triangles ABD, FBC, are ſimilar. 
Wherefore, as FB: BC:;AB:BD; <' 4. 6. 
and therefore, FBI BD=ABxBC. Q.E.D - 9.6. 


N. B. If che Angle, ABC, was biſected by the Line BD; 
the Rectangle under the Sides, AB, BC, is equal to 


For, AB is to BD, as BE is to BC; by the 29th. 


a Rectangle under the Diameter BD and the Segment BE, 
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214 ELEMENTS or GEOMETRY. 
"THEOREM XXXIL 


In every Quadrilateral inſcribed in a Circle, the 
Rectangle contained under the Diagonals is equal 
to two Rectangles under the oppoſite Sides. | 


In a Rectangle the thing is manifeſt. 20. . 


In the Trapezium ABCD, *** the Diagonals, AC 
and BD. I ſay, the Rectangle, under AC and BD, is equal 
to the two Rectangles, under AB and CD, BC and AD. 


Make the Angle ABE- equal to DBC. 


Dux. The Ang. ABE = DBO (Con) and BAC =BDC; ;10.3 
 wherefore, the Triangles ABE, DBC are ſimilar; C. 2. 4-6. 
conſequently, as AB:BD::AE: CD. - + Th. 4. 6. 

ä Therefore, ABxCD=BDxAE. - = 9. 6. 

Again. Becauſe the AngleABE =DBC by Conſtruction; 

add EBD, as common to both, ABD=EBC; Ax. 7. 1. 
alſo, BDA=BCA (10. 3.) conſ. A ABDis ſimilar to EBC. 

Wherefore, BC: BD:: EC: AD; - oa 4.6. 
conſequently, BC x AD=BDx EC, | 

But, AB x CD BD xAE (above): and AE +EC=AC | 

| wherefore, BD AE+BD x EC=BD x AC. = 1.2. 

. Th.ABxCD+BCxAD=BD AC. Q.E.D.-Ax. 3.1. 


"THEOREM XXXIILL 
Ir all the Sides of a Trapezium are biſected, and the 
Points of biſection, in contiguous Sides, are joined 
by Right lines, the Quadrilateral formed by thoſe 


Lines is a Parallelogram and, it is equal to half 
the e e TY: BE 39 He” 


Book VI. ELEMENTS or GEOMETRY. 21; 
Alſo, the Sum of the Squares of the Diagonals, 


of the Trapezium, is double the Sum of the {quares 
of the Diagonals of the Parallelogram. 


Leet the Sides of the Tipeniun ABC D, be biſected 
in the Points E, F, G, and H, and draw EF, FG, GH, 
and EH. Alſo, draw AC and BD.” I ſay, firſt, that t the 

Quadrilateral, EFGH, is a Parallelogram. | 


DEM. For, becauſe, in the Triangles ABC, ACD, the Sides 
AB, BC, and alſo AD, DC, are cut proportionally, 
in F and G, E and H, the Right lines F Gand EH 
are both parallel to the common Baſe, AC; and, for the 
ſame reaſon, the Lines GH and FE are both parallel toBDz 
conſequently, they are parallel between themſelves ; 5.1. 


therefore, EFGH is a Parallelogram. (Def. 33. 1.) 


Secondly. It is equal to half the Trapezium ABCP. 


For, in the Triangle ABC, becauſe FG is parallel to AC, 

and, becauſe AB and BC are biſected in F and G, BI is 
alſo biſected in. k — & 15:5 we 
and, for the ſame reaſon AI and IC are biſe&ed in L& M; 
wherefore, L M is half AC; and conſequently, the Pa- 


rallelogram LFGM (on half che Baſe AC, of the 


Triangle ABC, and half its Altitude) is equal to half 
the Triangle ABC. =< = from Th. 19.1. and 1.6. 
For the ſame reaſon, the Parallelogram LE H M is 
equal half the Triangle AC D; conſequently, the Paral- 
lelograms LG, LH, are equal half the Triangles ABC, 


ADC; 1.e. the Parallelogram FF G, is equal to half 


the Trapezium ABCD. 
* hirdly. Having drawn the N EG = FH. - 


I fay, that AC ſquare, added to BD ſquare, is double 
| the ſum of the ys of EG and FH. 
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previous to it; whi 


ſecond Propoſition of the ſixth Book; nich cannot be made 
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equal to the Squares of all the Sides EF, FG, &c. 14.2, 
But EF and GH are each equal to half BD; 7 10 
and FG, EH, are each equal half AC. © 8 

Wherefore, the four Squares, of EF, FG, GH, and EH, 

4 are equal to half the Squares of AC and BD; Cor. to 4. 2. 

and, they are equal to the Squares of EG and FH. 


Therefore, the Squares of AC and dh are double 
the Squares of EG and FH, 


This Propoſition i is, by Stone and 1 athers, Bren; in the | 


ſecond Book; rs rc” there is a neceſſity for a Lemma, 
Lemma, is only a particular Caſe of the 


general without that Theorem. 


13 5 Part, of which he 5 a 3 Pad, may 
be demonſtrated n the ſecond Book; but I did not think it of 


conſequence enough to make another Propoſition r 


T HE OR E M XXXIV, 8.13. Eyclid. 


Trex Diagonal of a regular Pentagon is, to its Side, as 
a Line divided in extreme and mean Proportion, 
In the Pentagon ABC DE, let the two Diagonals, 

AD and BE, be drawn, cuting each other in F. 


"Then, ADis to AB, or AE, as AE is to AD AE. 
Dru. The Triangles ABE, ADE, are congruous. - 8. 1. 


For, AB ED, eq. AE; and, the Angle, BA Em AE; 9.4. 


- Wherefore, the Angle AB Fg AEF, equal EA F, 9. 1. 
conf. the Triangles ABE, AF E, are ſimilar.- C. 2. 4.6. 


Therefore, as BE: A E:: AE: FE. 446 


But, BE is parallel to CD, alfo, AD to BC; - C. to. 4. 
conſ. BC DFis a Parallelogram; wh. BF e 5˙1.• 


Therefore, as BE: BF:: BF: FE; 
i. e. as BE: AE, or AB, : AE: F E. | 
. Conſequently, A B, Sc. is equal to the greater Segment 
of BE, divided in extreme and mean Proportion. 


For, the Squares of the Diagonals, E G and FH, are 
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Con. Two Diagonals, of a Pentagon, cuting each other, 


are divided in extreme and mean Proportion, i in'the 
point of their mutual Interſection. 


As, AD ad BF, in the Point F. | 
For, AD=BE, and FD=BC, equal BF. 


THEOREM XXXV. 


A Diameter or Perpendicular, of a regular Pen- 
tagon, is divided in extreme and mean Proportion, 
by the Diagonal which cuts it at right Angles. 


In the Pentagon ABCDE, let the Diameter CF be drawn, 
and the Diagonal BD, cuting CF in G, perpendicularly, 
I fay, that CF is divided in extreme and mean Propor- 


tion, in G. Draw EH parallel to CF; alſo, the LANG 


gonal BE cuting tlie Perpendicular in I. 


® 


Dem. BecauſeBEisparallel toCD. ,theAng. CDB=DBE4. 1. 


and, CB DSC DB (9. 1.) wh. CB D=DBE.- Ax. 3. 1. 


But, the Angle CGB=BGI ( Ax.9); wh.GI=GC.- 1 1 


Now, ſince EH is parallel to FG (Con) and AE to BD, 


FGHE is a Parallelogram; wherefore, EH=FG. 1 5•1. 

And, becauſe EH is par. to IG, EH: IG:: BE: BI. Th. 2. 
But, B E is to BI, as BI is to IE (for, BI BC). 

And F GSE H; alſo, C GSG]; proved above; 

| wherefore, FG: GC:: BE: BI; i. e. a8 BI: IBE; 

and therefore, CF is divided in extreme and mean Ratio, 

in the Point G; where it is cut by the Diagonal BD. 


Con. The Diagonal BE cuts FG, the greater Segment of 
CF, in extreme and mean Proportion; at I. 


For, BD is par. to AE; conſ. the Tris. GBI TEFarefimilar; = ; 


wherefore, BI is to IE as GI to IF. - Th. 4. 
But, BI: IE:: BE: BI(eg. AB) therefore, FG: GI:: GI. IF. 
85 FF 
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Hence, if a Right line be divided in extreme and mean Pro- 


portion, and from either extreme of the greater Segment 


the meaſure of the leſs is ſet off, it will alſo be divided in 

| the ſame Ratio; and the leſſer _ of the firſt, will be 

the greater Segment of the other. e. g. 

Let AB be divided in ex- — F B 
treme and mean Proportion, in C. | 

Then, if CD be made equal to CB, AC will be divided 

in the ſame Ratio; and CD is the greater Segment. 

For, ſince AB: AC:: AC: CB, it will be (by 5. ö.) 

AC: CB: AB — AC: AC- CB, i. e. AC: CB: CD: AD. 


Alſo. If to the whole Line, divided 3 in extreme and mean 
Proportion, there be added the greater Segment ; then, 
the whole compounded Line is divided in the ſame Ratio, 

and the greater Segment, of the firſt, will be the leſſer. 


Let AC be divided in extreme and mean Proportion,inD, 
Then, if CB be made equal CD, CB will be the leſſer 
Segment of the whole, AB, divided in the ſame Ratio. 
For, fince AC:CD::CD: AD; it will be (by 6. 5 
AC: CD:: AC+CD:CD+AD; i. e. AC: CD:: AB. AC. 


Hence, if an Segment be given, the other may be found. 


„ 


Let AC, me greater Segment, be given. 
Diride AC in the Ratio required, in D. Produce AC; 
make CB equal CD, and CB is the Segment ſought. 


If CB, the leſſer Segment had been given. 
To find the greater; divide CB as before, in E; 
make CD equal CB, and AD equal CE. 

Then, AC is the greater Segment required. 


. . 
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B O O K VII. The XI. of Euclid. 


HE ſeventh Book, of theſe Elements, treats firſt of the 
Elements or firſt Principles of plane Solids (i.e. Solids 
bounded by Planes only) viz. of the Poſitions of Right 
lines, and of Planes to Planes; of the Se&ions of Planes 
by Planes, and of Right lines by Planes, | 
Secondly, of ſolid Angles, generated by the interſections 


of Planes; their Conſtruction and Principles inveſtigated. 


Thirdly, of Solids, bounded by ſix Planes, only; their 
Affections, Proportions, and Properties, are ſearched out, 
on which is founded the Theory of Menſuration of Solids. 


Tu Doctrine of Solids, contained in this Book and the 
following, is alſo of great uſe throughout the Mathematics; 
ſome of which have their very exiſte nce in it. The Science 
of rectilinear Perſpective is wholly founded on the Sections 
of Planes by Planes, and, of Right lines cut by a Plane, 
and by parallel Planes; inſomuch that, without their aſ- 
fiſtance, Perſpective would be a very imperfe& Science ; 


which, to the immortal Fame of Dr. Brook Taylor, is 


now eſtabliſhed on the moſt permanent Principles. 


Every Theorem, of the eleven firſt, is more or leſs uſeſul 


in Perſpective; the 5th and 7th are of great uſe; which, 


with the 8th and gth contain the Eſſence of it, in Theory; 


as the 10th and 11th, of both Theory and Practice. 
| To enumerate every branch of the Mathematics, inwhich 
this ſeventh Book 1s particularly uſeful, is needleſs, was it in 
my power; the Reader may depend on it, that its Doctrine 
is, at the ſame time, entertaining, and of extenſive utility. 
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DIFIN-ITION 8s. 


Def. I. ASOLID is a Bop, having length, breadth, and 


thickneſs; and is bounded by Planes, or curved Surfaces, 
or both, As X. 


Def. II. A PLAxE (or RIOCRT LINE) is parallel to ano- 
ther Plane, which, being produced infinitely, would never 
meet; but are, every where, equidiſtant. | 

As the Plane X, to the Plane Z; 
or, the Right line AB, to both X and Z. 


Def. III. A RIiHT LINE is perpendicular to a Plane, 


when it makes equal Angles with every Line drawn in 


the Plane, to or from that Point in w hich the Line cuts, 


or would cut, the Plane. 
If AB makes Right angles with the two Lines, CD 
and EF, paſſing through B, in which Point, AB cuts 


the Plane CEDF; and if the Lines, CD and EF, are 


both in that Plane; AB is perpendicular to the Plane, 


Def. IV. A PLANR, cuting another Plane, is perpendi- | 


_ cular to the other, when it does nat incline to the other 
on either Side. 
If the Plane ABD cuts the Plane AED, in AD: and, if 


any Right line, BC, or CE, drawn in one, be per- 


pendicular to the other Plane, thoſe Planes are perpen- 
dicular to each other. 


N. B. It is uſual to define perpendicular Planes, by Right lines 


being drawn perpendicular to their common Section; which is 


taking for granted that their common Section is a Right line, 


which being granted, there would be no occaſion afterwards to 


demonſtrate it, in Propofition 3rd. | 
Let the young Geometrician take particular notice, that no 
regard is had to the polition of the Plane, or Line, in reſpect of 

the Horizon, to which another Line or Plane is ſaid to be perpen- 


gicular, but only to their poſition 1 in reſpect of each other, for, 
if they make Right angles with*each _ they are perpendi- 
gular, each to the other, 
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Def. V. If a PLANE (or Ricoh LINE) be neither parallel 
nor perpendicular to another Plane, it is ſaid to incline 
to the other Plane. be 


The Inclination of one Plane to the other is the acute 
Angle ABC, made by the Section of another Plane, DEC, 


cuting both the Planes, BE and BF, perpendicularly ; i. e. 
at right- angles. 
Alſo, the Inclination of a Right line, AB, to a Plane, 


BD, is the Angle ABC made by another Line (BC) 


drawn in the Plane, from the Point B, in which the in- 


clined Line, AB, cuts the Plane; and paſſing through 


another Point, C, in which a Perpendicular, AC, from 
any Point (A) in the inclined Line, cuts the Plane, 


N. B. Two Planes have an equal Tnclination to two other Planes, 
when the Angles of their Inclination are Squads 


Def. VI. A SOLID ANGLE is that which is made by 
more than two Plane Angles, being ſo applied to each 


other, at the fame Point, that two of them are not in 


— 


the ſame Plane. 

If the three plane Angles A, B, and C, beturned over, 
they will form a ſolid Angle, at the Point where their 
Vertices meet each other. 


N. B. If three Plane Angles, form a ſolid Angle, any two 


muſt be greater than the third; or (if four) three are greater 
than the fourth, &c. 

Solid Angles are equal, which are conſtructed on an m equal num- 
ber of plane Angles; being equal, reſpectively, and equally in- 
cined to the contiguous Planes, and ſituated in the fame Unger. 


Def, VII. APYRAMID is a Sek bound by ang | 


number of Planes more than three; of which, one (the 


Baſe) may have any number of Sides ; all the other Planes 
are Triangles, meeting in a common Vertex. As AB 


and CD, A and C are their Vertices; Band D their Baſes. 
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N. B. Not lefs than four Planes can form a Solid; and that, 
muſt neceſſarily be a Pyramid, and the Planes are all Triangles. 
Therefore, a Pyramid is the firſt of Plane Solids, it being the 
ſimpleſt; as having the leaſt number of Planes, Lines, and Angles. 
Def. VIII. A PRISM is a SOLID, compriſed within any 
number of Planes not leſs than five, of which, two are 
parallel, equal, and fimilar Figures (of any number of 
Sides) all the other Planes are Parallelograms,*” _ 
As AB; or CD. A and B, alſo, C and D, are the ſimi- 
lar and equal Planes; the others, a b, bc, &c. are all 
Parallelograms. x e 


q 


Def. IX. APARALLELOPIPED is a PRISsM, bounded 


by Six Planes; of which, two and two oppoſite Planes 
are parallel. | T- 

If the Plane ABCD be parallel to DEFG, ABDG 
to DCEF, and ADFG to BCED; the Solid, ACF, 
is a PARALLELOPIPED. | 5 | 

Def. X. A CUBE is a PARALLELOPIPED, whoſe Planes 
are all Squares. As A, B, C. | | 
| Therefore, a Cube is alſo a Priſm; - by Def. 8. 


Def. XI.  StMILAR PLANE SOLIDS are contained within 


an equal number of plane Figures, ſimilarly ſituated and 
_ fimilar one to another, reſpectively, in each Solid. 
The Angles are, alſo, neceſſarily equal. 


If the Plane a, be fimilar to A, b to B, and c to C 


and if all the other Planes, of which each Solid is con- 
ſtructed, be alſo ſimilar and ſituate alike; then tlie Solid 
abc 1s ſimilar to ABC. | | | 
All Curxs are fimilar Solids. . 
All SoL1Ds, contained within an equal number of 
__ equilateral and equiangular Planes, are fimilar, 


* A Priſm may be conceived to be generated, by the direct 
motion of any right-lined Plane Figure; always parallel to its firſt 
poſition; but not in a continuation of the Plane of the Figure. 
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A X10 - 
Ax. I. The firſt Propoſition of Euclid. 


Every part of a Right line is in the ſame Plane. i. e. One 
part of a Right line cannot be in any Plane, and another 
part of the Line out of that Plane; either, or both being 
produced. | | 
For, if it was poſſible, a Right line does not agree with a 
Plane in every Point; agreeable to Def. 6. of Book 1ſt. 
þ If the part AB, of a Right line, ABC, be in the Plane AEC, the 
| whole Line is in the ſame Plane; for, the two Points, A and B, 


are in the Plane; and if any Point, D, be not in the Plane, ABD 
is not a Right line ; ſeeing that, AB is a Segment of the Line AC. 


II. Two Right lines, being parallel, are in the ſame Plane, 
i. e. a Plane, may paſs through both Lines, 


AB and CD, being parallel, are in the Plane ABCD. 


Imagine a Plane, ABEF, revolving on AB as an Axis. 
Then, ſince CD is parallel to AB, it is parallel to a Plane 
| paſſing through AB; wherefore, the Perpendiculars CE and DF 
are equal (Def. 2.) and, conſequently, when the Point C coin- _ 
cides with E, D will coincide with F, and the whole Line CD be 
in the Plane, ABCD. „ 


III. The ſeventh Propoſition of Euclid. 
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Two Right lines, being parallel, and cut by another 
Right line, are all in the ſame Plane. 


For, if AB- be parallel to CD, they are in the Plane ABCD 
(2nd); conſequently, the Points, A and D, where AD cuts them 
both, are in that Plane. | 
| Wherefore, fince there are two Points, A and D, of a Right 
line AD, in a Plane, the whole Line is in that Plane (Ax. 1.) 
and, conſequently, AD is in the ſame Plane with the two parallel 
Lina, AB ad C . | * 


HFlence, if two or more Lines, not parallel, are in the ſame 
Plane, and are both cut by another Right line, it is alſo in the ſame 
Plane with them. Conſequently, two Right lines, AB and AD, 
or AD and CD cuting each other, are in the ſame Plane, 


n 


of the Diagrams. It has never 8 that a Mathematician, 


from the Premiſes given and the foregoing Elements, it is mani- 
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IV. The ſecond Propoſition of Euclid. 


Three Right lines cuting each other (not in the ſame 
Point) are all in the ſame Plane; wherefore, the three Sides 
of every right-lined Triangle are in one Plane. | 

For, the two Right lines, AB and BC, are in the fame Plane (3.), 
Conſequently, being both cut by another Right line (AC) ſeeing 


the two Polnts, A and C, are in the ſame Plane, the whole Line, 
AC, is alſo in that Plane. Ax: 1. | | 


V. Solids, contained within an equal number of Planes, 
which are equal and ſimilar to each other, two and two, 
(i. e. one in each Solid) reſpectively; and being ſimilarly 
ſituated, in reſpect of each other, and alſo of the whole; 

ſuch Solids are equal in every reſpect. As ACE and ace. 


If the Plane a bd e, be equal and ſimilar to AB DE; ac, to AC, 
and fd to FD; alſo ate, to AF E, and bed, to BCD; then, 


the Solid abedef is equal, in every reſpect, to ABC DEF. 


Tux eleyenth Book of Elements is, in general, leſs underſtood 
than any of the foregoing; not owing to any defect or imperfec- 
tion in the Demonſtrations, but very much ſo to the imperfection 
who had engaged in a Publicatioirof the Elements of 3 
was competent in Perſpective delineation; for want of which, 


the Schemes, which are intended to repreſent Planes cuting 


Planes, &c. are ſo badly deviſed, and worſe repreſented, that it 
is with the greateſt difficulty a juſt Idea of their meaning can be 
made out; nor is it poſſible to conceive the meaning of ſome, 
unleſs the Pupil has very acute Talents, or is aſſiſted in his ſtudy 


of them, by Apparatus, or an able Tutor. 


J flatter myſelf that I have removed that difficulty, which has, 
hitherto, been the greateſt impediment, to a clear inveſtigation of 


the Doctrine of Solids. Where it is neceſſary, moveable Schemes 
are adapted for the purpoſe; and, where they may be diſpenſed 


with, the Diagrams, and Solids repreſented are perſpectively de- 
lineated; ſo that, the Student muſt not always expect (as in 


Plane Geometry) that, Angles which are ſaid to be right, or 


Lines parallel, &c. are really ſo, in the Diagram; but, that they 
are, or would be ſo, if ſuch a Figure was conſtructed, as the Dia- 


gram repreſents. For, unleſs the Reader can conceive this, it 


will be very difficult for him to ſuppoſe one Line to be greater 
than another, when it is, abſolutely and evidently, leſs ; which, 


felt muſt be greater, 


* 
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: IV. The ſecond Propoſition of Euclid. | 
Three Right lines cuting each other (not in the ſame 
Point) are all in the ſame Plane; wherefore, the three Sides 
of every right-lined Triangle are in one Plane. 


For, the two Right lines, AB and BC, are in the ſame Plane (g.). 
Conſequently, being both cut by another Right line (AC) ſeeing 
the two Polnts, A and C, are in theſame Plane, the whole Line, 
AC, is alſo in that Plane. Ax. . | ; | 


V. Solids, contained within an equal number of Planes, 
which are equal and fimilar to each other, two and two, 
(i. e. one in each Solid) reſpectively; and being ſimilarly 
ſituated, in reſpect of each other, and alſo of the whole; 
ſuch Solids are equal in every reſpect. As ACE and ace. 


If the Plane a bd e, be equal and ſimilar to AB DE; ac, to AC, 
and fd to FD; alſo ate, to AFE, and bed, to BCD; then, 
the Solid abedef is equal, in every reſpect, to AB CDE. 


THz eleyenth Book of Elements is, in general, leſs underſtood 
than any of the foregoing ; not owing to any defect or imperfec- 
tion in the Demonſtrations, but very much ſo to the imperfection 

of the Diagrams. It has never happened, that a Mathematician, 
who had engaged in a Publication the Elements of Geometry, 
was competent in Perſpective delineation ; for want of which, 
the Schemes, which are intended to repreſent Planes cuting 
Planes, &c. are fo badly deviſed, and worſe repreſented, that it 
is with the greateſt difficulty a juſt Idea of their meaning can be 
made out; nor is it poſſible to conceive the meaning of ſome, 
unleſs the Pupil has very acute Talents, or is aſſiſted in his ſtudy 
of them, by Apparatus, or an able Tutor. 85 | 

J flatter myſelf that I have removed that difficulty, which has, 
hitherto, been the greateſt impediment, to a clear inveſtigation of 
the Doctrine of Solids. Where it is neceſſary, moveable Schemes 
are adapted for the purpoſe; and, where they may be diſpenſed 

with, the Diagrams, and Solids repreſented are perſpectively de- 
' lintated; ſo that, the Student muſt not always expect (as in 
Plane Geometry) that; Angles which are ſaid to be right, or 
Lines parallel, &c. are really ſo, in the Diagram; but, that they 
are, or would be ſo, if ſuch a Figure was conſtructed, as the Dia- 
- gram repreſents. For, unleſs the Reader can conceive this, it 
will be very difficult for him to ſuppoſe one Line to be greater 
than another, when it is, abſolutely and evidently, leſs; which, 
from the Premiſes given and the foregoing Elements, it is mani” 
felt muſt be greater. OT 1 
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| Therefore it is, in ſome meaſure, neceſſary (by way of Poſtulate) 
to requeſt, that one Line be __ to another ; or at right angles, 
i. e. perpendicular to another Line, or Plane, &ec; that two Right 


lines contain an Angle, equal to that which two other Lines con- 


tain ; which, in the Diagram, is, perhaps, either greater or leſs. 
Theſe things muſt be granted and underſtood to be ſo, or no 
Demonſtration, of what is premiſed, can poſſibly follow. 
Ir is neceſſary that the young Student be appriſed of theſe 
preliminaries; otherwiſe (without a Tutor) he would, frequently, 
be perplexed and bewildered ; and would, very probably, con- 
clude, that there muſt be ſome miſtake, or error in the Diagram; 
for it is not eaſy, at firſt, to conceive, that one Line ſhould be per- 
pendicular to another, when we ſee and know, that the Angles 
they make are not Right ones; and, being acute, that another 
Angle, apparently contained within that, and manifeſtly leſs, is 
a Right angle; i. e. it is, or muſt be, underſtood to be ſo. 


THEOREM. I. 3. Euclid. 


Tux common Section of two Planes is a Right line. 


Let the two Planes, AB and CD, eut each other, in EF. 
1 fay, that EF is a Right line. | | 


Dru. The Points E and F, and every other Point (G) 
in the Line EF, are in both Planes; for, the Line EF 


is in both, ſeeing it is their common Section. Ax. 1. 


Therefore, it is a Right line; ſeeing that, a Plane agrees 

only with a Right line, in every Point; - Def. 6. 1. 
and, a curved Line cannot poſſibly be in two Planes. 

For, ſuppoſe the curve Line, EHF, drawn through the 


Points E and F, in the Plane AB; if it was their common 


Section, it muſt alſo be in the Plane, CD; and con- 
fequently it would not be a Plane, but a convex Surface. 
This Theorem might paſs for an Axiom, being ſelf-evident, 


THEOREM IL. 4. Euclid. 


Ir a Right line ſtands at Right angles, in the Point 

of interſection of two Right lines; it will be per- 

pendicular to the Plane, in which thoſe Lines are. 
. N 
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This might alſo paſs for an Axiom ; but there 3 is a peculiar 
elegance in the Demonſtration, which cannot be diſpenſed with, 


Imagine the Right line AB, at right angles to the two 

Right lines, CD and EF, in the Point B of their com- 

mon Section. 

| Then, AB will be perpendicular to the Plane CHE, 
"In which the two Lines, CD and EF, are ſituated. 


Make BC equal to BD (at pleaſure) and i imagine BE, 
| BF, alſo equal to BC or BD. 

Az ſtanding perpendicular to a. imagine the 
lines AC, AD, AE, and AF, drawn to any Point, A, in AB, 
Join CE and DF; and, through B, draw any Right 
_ Une, GH, at pleaſure, cuting CE and by D, at G and H 

and draw AG, AH. e 


DEM. Then, becauſe CB, BD, BE, and BF are all equal, 
and ABis common; alſo, the Angles ABC, ABD, ABE, 
ABF, are all ſuppoſed Right, therefore equal; the Right 
lines AC, AD, AE, and AF, are all equal; - 8.1, 
wh. the Angle ACE=AEC; and ADF= . 
And, becauſe the Angle CRE=DBF (2. 1.) and CB, 

BE are equal, reſpectively, to BD, BF; CE=FD;8.1, 
5 conſequently, the Angle BEE=BDF, « fame. 
Alſo, the Triangle CAE, being equilateral to PAD, 1 
they are conſ. equiangular; & the Angle ACE = ADP. 7-1. 


Now, the Angle BCE BDF; and CBG=DBH; 2.1. 
| od CB=BD; wh. the Triangle CBG=DBH; 
and, conſequently, CG =DH, and BG = -B H. 
| Wherefore, i in the Triangles CA, DAH; AC, CG, are 
reſpeQively equal to AD, DH, and contain equal Angles; 
. conſequently, AG is equal to AH; „. 1. 

Wh. the Triangles \GB BAH, are equilateral, to each other; 
| (for BG, was proved, equal to BH, A equal AH, and 
AB is common) conſequently, the Angle ABGZABH, 


11% % 
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Therefore, AB is perpendicular to GH; = Def. 10. 1. 


and, conſequently, to every Right line, drawn through B, 


in the Plane CHE; and therefore, AB is r 


to the Plane, CHE. Q. E. DP) . Def. 3. 
3 


Conortany. FPropeteick V. of Sha 


If three Right lines meet in one Point, and a fourth ſtands 


at right angles to each, in that Point, the three Lines are 
in the ſame Plane. 
If AB makes Right angles with CB, and BE; ind alſo 
with BG, they are neceſſarily in the ſame Plane. - Def. 3. 
If ABG be leſs - than a Right angle, BG will be on 


this fide the Plane; CHE ; ; and, if it exceeds a Right angle, 


BG will fall on the other Side. But, ABG is a Right angle; 
therefore, BG is in the ſame Plane with BC and BE. 


_ ® Triangles are equilateral to one another, when the Sides of dne 
are * . to the Sides of che other. 


THEOREM III. 6. Euclid. 


IF two Right lines be perpendicular to the ſame 
Plane, they are parallel to one another, 


This might well paſs for an Axiom; for, it is evident, the t two 
ines may be in the ſame Plane, which i is thus proved. 


Let AB and CD be at right angles with the Plane BOD. 
1 fay, that AB is parallel to CD. 


Draw BD, through the Points, B and D, in which the 
Lines, AB and CD, cut the Plane, And, let BE and 1 
be perpendicular to BD. 


Dru. Becauſe AB and CD are both perpendicular to hs 
Plane BGD, they are at right angles with every Line in 
that Plane, drawn through the Points B& D,reſpeQively; 


n to BE and DF (2.) and, conſequently, they 
5 G £2 


F 


2 FE II _— 


— > 23 OS 
— — * 
8 - Ee ee Cent 2 Se 
— ——_ oh - where, p & * reer 
i 8 * "Fas 22 T ” 
n 


— n 
PPFPFPFPP OE OE 


228 ELEMENTS OF GEOMETRY. 


do not incline to the Plane BGD, on any Side; Def. 7 
wherefore, a Plane may paſs through both Lines. Def. 4. 
But, the Angles ABD and CDB are Right. Def. 3. 
Therefore, AB is parallel to CD. = «+ Th. 41. 


If the Plane BACD be turned up, perpendicular to 
BGD, thething is manifeſt; ſeeing, the Lines ABandCD 
will make Right angles with BE and DF, reſpectively. 

According to Euclid (AD being drawn) the three Lines, AD, 
BD, and CD, are proved to be at right angles with DG, ſup- 


poſed perpendicular to BD; but, the proceſs, — ſtrictly true, 
appears very lame and contradictory i in the Figure. 


CoROLLAR Y. The 8th Propoſition of Euclid. 

If two Right lines be parallel, and if one of them be at 
right angles with ſome Plane, the other Line is alſo at 
right angles with the fame Plane. 

This, being the Converfe of the Theorem, is manifeſt. 


THEOREM. IV. 9. Euclid, 


Right lines being paralle] to the ſame Right line, 
which is not inthe ſame Plane with them, are parallel 
amongſt themſelves; 1. E. each to the other. 


Let ABand CD be each parallelto EF; 
I fay, that AB is parallel to C D. 


In EF, take any Point, G; at which Point, let GH 
and Gl, be at right angles with EF, and cuting the 
Lines AB and CD reſpectively. 


By the Premiſes, EF is not in the ſame Plane with 


KB and CD; therefore, raiſe np EF, out of the Plane, 


but parallel to it, till CD coincides with 0 D, or any 
other Line, cd, parallel to EF. 
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DEM. Becauſe GH and Gl are at right angles with EF, 


EF is perpendicular to a Plane paſſing thro” thoſe Lines. 2. 


But AB and CD are both parallel to EF; 
wherefore, they are alſo at right angles with the Plane 
HGH, paſſing through GH and GI. - Cor. to Th. 3. 
Therefore, they areparallel between themſelves; byTh, 3. 


When the three L ines are alt uk ſame 883 as in Theo. 95 
Book 1ſt. it is manifeſtly an Axiom; and, in this Caſe, it amounts 
to little more; ſeeing that, a Plane may paſs through any two 
Right lines which are parallel to one another. Ax. 2. 


THEOREM v. 10. Enclid. 


Ir two Right lines, cuting or meeting each other, 
be reſpectively parallel to two other Right lines, 
alſo meeting or cuting one another, not in the ſame 
Plane with the firſt, „they ſhall contain cn Angles. 


Let the two Right lines, AB and BC, be reſpectively pa- 
rallel to DE and EF; viz. AB to DE, and BC to EF; 
and, ſuppoſe they are Not in the fame Plane. 


1 fay, the Angle ABC is equal to DEF. 


Take BA equal to ED, BC equal to EF, and draw the 
Right lines AD, BE, and CF. 


DEM. Becauſe AB is equal and parallel 99 1 Hyp. 


AD is equal and parallel to BE ;- Cor. to 15. 1. 
and, for the ſame reaſon, BE is equal and parallel to CF; 
_ Wherefore, CF is equal and parallelto AD. Ax. 3. 1& Th. 4. 
Join AC and DF, by Right lines. 
Now, becauſe AD is equal and parallel to CF, 
AC is equal (and alſo parallel) to DF; as above. 


| Then, in the Triangles ABC, DEF, the three Sides, AB, 
BC, and AC, of the one, are reſpectively equal to DE, 
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EF, and DF of the other ; ; wherefore, the Angles of one 
arealſo, reſpectively, equal to the Angles of the other. 7. i. | 
Therefore, the Angle ABC is equal to DEF; 

being oppoſite equal Sides, AC and DF. Q.E. D. 


| THEOREM VI. 14 Euelid. 


Planes, to which the fame Right line is perpendi- | 


- cular, are parallel to one another. 


Let the Right line AB hs n to both the 
Planes, CGD and FIE. | 


I ſay, thoſe Planes are n 


Imagine a Plane, C DEF, to pal through the 
Line AB, cuting both Planes, in CD, and EF; which 


Lines, neceffarily paſs through the Points A and B, in 


which the Line AB cuts thoſe Planes, reſpectively; 


| by Ax. 1. and Theorem iſt, 


At the Points A and B, let AG and BI, in the Planes 


CGDH, and FIEK, be perpendicular to CD and EF, re- 


ſpectively, and produce them to H and K. 


Dx. Then, becauſe G H and IK are perpendicular to CD 


and EF, and thoſe Lines are in the Plane C DEF, 
G H and IK are perpendicular to that Plane; - Th. 2. 


(F or AB being perpendicular to both CGD and FIE, it is 


ſo to every Line drawn thro' A and B; th. to GH and IK) 


wWherefore, t they are parallel to one another; „IR. 3. 


and, confequently, the two Planes cannot meet; being 
produced, either way, towards G and I, H and K. Ax. 1. 
Let other Lines paſs throngh A and B, in the Planes 


CGD and FIE, at right or equal angles with, and inclined 
the ſame way towards, GH and I K; as CD and FE. 


Then, becauſe the Angle GAD is equal to IBE, and 


- AG is parallel to IB; and thoſe Lines are perpendicular 
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to AB; CD is parallel to EF; „ Av 

conſequently, the Planes CGDH and FIEK cannot meet 
being produced towards D and E, or F and C. 

Therefore CGDH and FIEK 3 are e - - Def. 2 


T HE O RE M VIE 


Ir two Right lines, cuting or meeting each other, be 
parallel to two other Right lines, alſo meeting 
each other, not in the ſame Plane with the firſt two; 


Planes paſſing through each two Lines, e 
are parallel. | 


Let, the Right lines AB and BC, meeting at B, 
be parallel, reſpe&ively, to DE and EF, meeting at E, 
and not in the ſame Plane with AB and BO, | 


I ſay, the Planes ACB, DPE, paſſing through thoſe 
Lines, are parallel. 


From the Point B (in which AB meets BC) let BG 

be perpendicular to the Plane DFE; and, through the 

Point G, in which BG cuts that Plane, let GH and 
Gl be drawn parallel, . to ED and EF. 


Des. Then, becauſe BG is perpendicular to the FRI 
GH, and Gl, make Right angles with BG. Th. a. 
But, AB is parallel to GH, and BC to G l- 5. 
(for, GH and GI are reſpectively parallel to ED and EF). 
And, BGH, BGI are Right angles; Th. a. 
conſequently, ABG and CBG are Right angles. 41. 
Wherefore, BG is perpendicular to the Plane ACB; 2.4 
and, conſequently, the Plane ACB is parallel to DFE, 1 5 

in which the Lines AB, BC, and DE, EF are ſituated. : 
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T HE OR E M VIIL 16, Euclid, | 


Ir two, or more, Planes, 25 ch are parallel, be cut by 
another Plane; their common Sections are parallel. 


Tbis Wea might paſs for an Axiom, or be ed from 
che 6th, as a Corollary ; ; bur i it is eaſily demonſtrated. 

Let, the Planes ABC and DEF be parallel; and, ima- 
eine 2 Plane, AB F cuting them, in AB and DE. 


| I lay, the Sections, AB and DE, are parallel. 


Drxr. If AB (being in the ſame Plane, ABF, with DE) 
be not parallel to DE, they will meet, if produced, 
towards one extreme or the other. .. 
ut, A; is in tue Plane ABC; and DE, in | DEF. Th. 
And, the Plane ABC is parallel to DEF. Hyp. 
Therefore, fince both Lines are in the Plane ABF, 
and are, alſo, reſpectively, in the Planes ABC, DEF, 
AB is parallel to DE; ſeeing they cannot go out of thoſe 
Planes, and conſequently can never meet. - Ax. 1. 


THEOREM IX. 18. Euclid 


Ira Right Gon be perpendicular to a Plaue; every 
Plane, which paſſes through that e! is alſo per- 
pendicular to the Plane. 


(Lit AB be perpendicular to the Plane CEDF, and 
let any Plane CAD, or EAF, paſs through the Line AB, 


Fu. the Planes, CAD and E AF, are perp. to CE DF. 


Drs. Becauſe AB is perpendicular to CEDF, - Hyp. 
AgB does not incline to it on any Side. - Def. 3. 
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But, AB is in the Plane CAD, and alſo in the Plane EAF; 
conſequently, thoſe Planes do not incline, on either Side, 
to the Plane CED; ſeeing that, every Line, BC, BE, BD, 

and BF, make Right angles with AB. Th. 2. 
Th. the Planes, CAD, EAF are perp. to CEDF. - Def.4. 


COROLLARY, The 19th Propoſition of Euclid. 


j 


If two Planes, cuting each other, be perpendicular to 
the ſame plane; their common Section is perpendicular 
to that Plane. The Converſe. - | 


For, fince the Planes CAD, EAF.. cuting each other i in the 
Line AB, are perpendicular to the Plane CEDF, AB is * 
dicular to that Plane; for, it is in both the other. | 


Cor. 2. The 38th Propoſition of Euclid. 
If from any Point in a Plane, which is perpendicular to 
another Plane, a Right line be drawn, perpendicular to 
that other Plane; it will cut the other in the common 
Section of the two Planes. | 


For, fince one Plane is perpendicular to the other (Hyp.) 
every Line drawn from any Point in one, perpendicular to the 
other, is wholly in the firſt Plane, as AB; nd conſequently, it 
muſt cut the other Plane in their common Section, CD, or EF. 


THEOREM X. 17. Euelid. 


Right lines, being cut by parallel Planes, are cut 
proportionally. | 


Let the Right lines, AB and co, be cut by the 
Planes X, V, and Z, which are parallel between theme 
ſelves, in A, E, B, and E,... 

I fay, AE is to EB, as CG to GD. 

Join the Points A and C, B and D; and, AD being 
drawn diagonal- wiſe, cuting the Plane EG in F, draw EF 
and FG, joining the Points where Bay wi the Plane, X. 
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Dem. Then, becauſe AB, AD, and BD are three Right 
lines, cuting one another, they are in the ſame Plane 
ABD; and ADC is alſo a Plane, by the ſame. - Ax. 4. 

Nov, ſince the Planes X and Z are parallel, and they 
are both cut by the Plane ABD, their common Sections, 
BD and EF are parallel; and, for the ſame reaſon, AC 
is parallel to FG. - - - „„ 

But, in the Triangle ABD, becauſe EF is parallel to BD, 
the Sides AB, AD are cut, as AE: EB:: AF: FD. 2.6, 
And, becauſe FG is parallel to AC, as AF: FD:: CG: GD. 

- Therefore, as AE is to EB, fo is CG to GD. - Ax. 13.5. 


Cor. Hence it is manifeſt, that any Number of Right lines, 
proceeding from one Point, are cut proportionally (from 
their common Point of Section) by parallel Planes. 
For, ſince, DF: DA::DG:DC; by 2. 6. and 6. 2 
conſequently, any other Right line, DH, is cut in the 
ſame Ratio, at H and I ; ſo that, DI: DH: : DG: DC. 


THEOREM XL 


— 


Ir two Right lines are perpendicular to a Plane, 
(whether they are on the ſame Side, or on contrary 


Sides) and are both cut by another Right line, 
which alſo cuts the Plane; that Line will cut the 


Plane, ſomewhere in a Right line paſſing through | 
the Points where the Perpendiculars cut the Plane; 


and, it will be cut in the ſame Ratio by the Plane, 
and the Perpendiculars, as the Perpendiculars by 


that Line; and the Right line, joining or paſſing | 


through the Points where the Perpendiculars cut 
the Plape, will alſo,be cut proportionally, by that 
Line and the Perpendiculars, 
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Firſt; let the two Lines AB and CD (on the fame 


Side) be perpendicular to the Plane aB f; cuting it in 


| the Points B and D. 


From any Point A, in AB, draw a Right line AC, 
cuting CD in C, and produce i it, till it cuts the Plane; 1 
8 at E. 


Then, a Right line, BD, being produced, will paſs 
through the ſame Point, E; and they will, both, be cut, 


in the Points A, C, E, and B, D, E, in the Ratio of | 


the two Perpendiculars ; viz. as AB to CD. 


Dx x. For, becauſe AB and CD are both perpendicular to 
the ſame Plane, they are parallel (3.); wherefore, AC 
and BD are in the ſame Plane with them. Ax. 3. 
And, BD is the common Section of the two Planes. 


Conf. every Line (as AC) not parallel to BD, in the Plane 


AEB, will cut the other Plane, in the Interſection of both. 


Th. AC, produced, will cut the Plane a B f in BD produced. 


2nd. Becauſe CDi iS parallel to AB, the Sides EA, EB, of | 


the Triangle AEB, are cut proportionally - = 2. 6. 
wh. as EC: CA:: ED: DB; conf. EC: EA:: ED: EB. 6. 5. 


i. e. EC: EC CA:: ED: ED DB; viz, as CD: AB. 4.6. 


AscAlx. Let FG (on the other Side of the Plane) be 
perpendicular to the ſame Plane (a Bf) with AB; they are 
parallel (3. which is evident, producing either; asF G,toH. 

Then, if AF be drawn, cuting AB and FG, it will cut 
the Plane a Bf in the Line BG, joining the Points B; andG. 
And, they alſo, mutually, cut each other, in the pro- 
portion of AB to FG. | | 


DEM, Becauſe AB is parallel to F G, a Plane may paſs | 
through them both (Ax. 2.); conſequently, AF and BG 


are both in the Frome Plane my an and FO, Ax. 3 and 4. 
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Wherefore, in theTriangles, EAB, EFG, the-AnglesatF 
being vertical, are equal (2. 1.) the Angles at B and G 
are right (2. 7.) therefore equal! - Ax. 10.1. 
the Angles at A and F, are conf. equal; and alſo, by 4. 1. 
wherefore, thoſe Triangles are fimilar; - = 4. 6. 


and therefore, as AB:FG:: AE: EF, and BE to EG, 


Con. Hence it is manifeſt, that if a Right line, ab, be 


drawn, at pleaſure, through the Point B, in the Plane a Bf, 
and (through G) if fG be drawn parallel to aB; aB and 
f G being made equal to AB and FG, reſpectively, or in 
the Ratio of AB to FG; then, a Right line, drawn through 
2 and f, will cut BG in the ſame Point E, as before. 


"92 becauſe aB is parallel t to fG, the Triangles EaB, EfG, 
are ſimilar; or, becauſe a B is parallel to J G, af and BG are £4 


proportionally, in E. - - Caſe 3 
And, becauſe the Triangles are kmilar, a E: Ef: BE. EG 


and, alfo as a B: fG. 4; 6, 


| But, aB: :fG:: AB: FG; conf.aE: Ef, and BE : EG, : AB: 10, 
and therefore, BG is cut in the ſame Point (E) as before. 


7 HE O RE M XII. 21. Euclid. 


Excry plane ſolid Angle is contained under plane 


Angles, which, taken together, are leſs than four 
Right angles. | 


. Let ABCDE be a Section of the Planes AFB, BFC, &c. 
forming a ſolid Angle, at F; i. e. let ABCDE be the 
Baſe of a Pyramid, whoſe Vertex i is F; ſuppoſed to be out 
of the Plane of the Baſe. 


I fay, all the Angles, AFB, Kc. will, in that caſe, be 
leſs than four Right angles. 


DE. All the Angles AFB, BFC, &c. OP in a Plane, 
are equal to four Right angles. Cor. 2. 2, 1 


BockVII. ELEMENTS or GEOMETRY. 237 


But, if F be raiſed out of that Plane, ſuppoſe equal to 
FG, perpendicular to AF, BF, &c. and AG, or BG, 
drawn, AG is longer than AF. „ 1 
For the ſame reaſon, all the Right lines, from each 
Angle, A, B, &c. of the Baſe, to the Vertex, at F, elevated 
perpendicularly, at F (eq. FG) are longer than BF, CF, &c. 
But, if two Sides of a Triangle be, reſpectively, greater 
than two Sides of another Triangle, and the remaining 
Sides are equal, they ſhall contain a leſs Angle. - 14. 1. 
Therefore, the Angles of the Triangles AFB, BFC, &c. 
being conſidered as raiſed out of the Plane AB CDE, are 
leſs, reſpectively, than thoſe Angles in the Plane; which, 
being equal tofour Rightangles, conſequently, the Angles 
raiſed out of the Plane, are /e/s than four Right angles. 


If the Triangles AGF, BGF, be turned up, on AF and BF, 
til! FG, in one, coincides with FG ; in the other; and from the 
Point 8, ſo elevated (FG being perpendicular to the. Plane 
ABD) it Right lines are drawn to all the other Angles, C, D, 
and E; each two will contain a leſs Angle than thoſe in 'the 

Plane, to which they are inclined (as AGB than AFB) and 
are therefore, together, leſs than four Right angles. | 
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2 H E O R E M XIII. 20 ud 22. Euclid. 


Ir any two, of three given Plane Angles, be greater than 
the third, and the Lines containing the Angles all 
equal; and if thoſe three Angles are, together, leſs 

than four Right angles, they will form a ſolid Angle; 
and three Right lines, joining the extremes of the iin 
equal Sides, will form a Triangle. Wit | 


Let ABC, ABD, and CBE be three Phne Angles; 
of which, any two are greater than the remaining Apgle; 
and, the Sides, AB, BC, BD, and BE are all equal ; alſo, 
the three Angles, together, are leſs than four Right angles, 
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Then, a ſolid Angle may be formed of thoſe three An- 


les, ABC, &c. Alſo, of the three Lines, AC, AD, and 
EC, a Triangle may be formed, 


Turn over he Triangles ABD and CBE, on AB 5 
BC, till the two Sides BE and BD coincide. | 


DEN. Becauſe they are leſs than four Right angles (the de- 


ficiency being the Angle EBD) it is manifeſt they will 
form a ſolid Angle, at B, their common Vertex ; the two 
leſſer Angles, ABD, CBE, being together greater than ABC. 
For, it is evident, if they were leſs, as ABF, CBG, 
the Sides BF and BG would not meet each other ; and 
conſ. with ABC, they cannot form a ſolid Angle, at B. 
Therefore, a ſolid Angle formed of three Plane Angles, 

any two are, together, greater than the third. Q. E. D. 


Or, a ſolid Angle formed of any number of Plane Angles, 
any one muſt be leſs than all the other, added together, 


Notwithſtanding, BFand BG being equal to AB & BC 

| reſpectively, altho' the Angles (ABF, CBG) are, together, 
leſs than ABC, AF& CG, together, may be greater than AC; 
and conſequently, a Triangle may be formed of the three 
Lines AC, AF, and CG; and therefore, of AC, AD, 
and CE, which are greater than AF and CG. - 13. 1. 


N. B. The laſt part ofthis Theorem, which (according to Euclid) 


ſeems to imply, that, unleſs two of the plane Angles are greater 


than the third, a Friangle cannot be formed of the three Lines, 
joining the extremes of equal Sides; whereas, the contrary is ma- 
nifeſt. It appears however, to me, of ſo little conſequence, as 


not v very of being made a diſtinct Theorem, of itſelf. 


N. B. 2. To make a Solid Angle of three given Plane Angles 
(the 231d Prop. of Euclid) is to place them ſo, together, that the 
| Vertices, of all the three, meet in one Point; and the Sides, which 
contain the plane Angles, ccincide, two and two in one * 

as in the Fi Sure. (Sec Defin. 6. 0 
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With this Problem, Euelid's Expoſitors take up four 
full Pages; but, for what purpoſe I cannot deviſe. 


T HE OR E M XIV. 24. Euclid. 


Ir a Solid be bounded by fix Planes, of which two 
and two are parallel; the Planes are all Parallelo- 
grams, and thoſe oppoſite are equal and ſimilar, 

Let ABEG be a Parallelopiped. (See Def. 9.) 
I ſay, the Planes AB CD, DEF G, BCE D and ADFG, 


alſo, ABDG and DCEF, are Parallelograms; and each 8 


two 8 N equal and ſimilar. 


DEM. The Planes, AC, GE, being parallel, and both 
cut by the Planes BG, and CF, alſo parallel; their Sec- 


tions, AB and DG, CD and EF, are parallel amongſt 2 


themſelves. = - - - -. by Th. 9; 
But, they are alſo cut by the i Planes, BE and 


AF; their Sections, AD, BC, * and F G, are con- 
ſequently parallel. 


Therefore, the Figures formed by thoſe Sections are 


Parallelograms, for their oppoſite Sides are parallel. Def. 33 


2nd. Becauſe AB is parallel to GD, and AD to GF, and 
are in parallel Planes, the Angle BAD is equal to DGF; 
wh. the oppoſite Angles, BCD and DEF, are equal. 15. 15 


But AB = =CD, and alſo to DG; and DGS EF - ſame; 


conſ. they are all equal amongſt themſelves. Ax. 3. 1. 


Alſo, AD, BC, DE, and GF are equal amongſt themſelves; 
therefore, the ParallelogramABCD= DEFG,and ſimilar; 
alſo, BEZAF, and BG to CF, and reſpectively ſimilar. 
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one is divi 


To make Solids is rather a mechanical 
| trical ; ris ſufficient, for the purpoſe of Demonitration, to ſuppoſe 
that one folid Angle, or Solid is equal to another; for, an 
attempt to make them really ſo, on a Plane, is inconſiſtent; 


— 
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THEOREM XV.” 25. Euclid, 
Ir a Parallelopiped be cut into two Parallelopipeds, 


they will have that Proportion to each other, as 


their Baſes, i. e. as the Parts of thoſe Planes, cut 


by the other; or, as the Segments of the Sides. 


0 This Theorem is manifeſtly an Axiom. 


For, ſince the Sections made by parallel Planes are equal, every 
where, which is manifeſt, ſeeing the oppoſite Planes are equal and 
ſimilar; conſequently, if each Part be again cut into Parts, by 
parallel Sections, which are equal amongſt themſelves (as in Fig. 1.) 
the Demonſtration follows from the gth Axiom of the th Book, 

Or, being incommenſurable, they may be divided into an equal 
Number of Parts, (Fig. 2.) and demonſtrated as Theorem 1. 6. 

If the Baſe (AKMC) or Sides (AC, or DF) are biſected, the 
Parallelopiped is biſected; and conſequently, in whatever Ratio 
de, (by a Plane BEHL) che other is the ſame. + 


Wy 


Dx. Let the Baſe AM, or any other Plane, AF, be cut by 
2 Kight line, parallel to its Sides, AK or AD; and ima- 


gine a Plane (BH) to paſs through BE or BL, parallel 
to AG; then, AE: EC, or AL: LC:: AB: BC. Th.1.6. 
And, ſeeing the oppoſite Planes, DGI F and GM, are 
equal and ſimilar, to AK MC, and AF, reſpectively; 
and are all cut by the Plane BEH L, parallel to AG and 


CI; conſequently, the Solid AG HB: BHIC:; AE: EC, 


i Le, AB: BC. QE. D. 


N. B. The two following Propoſitions, 26th and 21th of 


ceſſary, or elementary. 
8 ; 2 w . ; OM 
Proceſs! than geome- 


aud, unleſs to delineate them perſpectively fo, abſurd, _ 
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Euclid, are Problems; which, I do not conceive to be at all ne- 
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THEOREM XVI. 28. Euclid. 


Ir a 8 be cut by a Plane, paſſing through | 


the Diagonals of two oppoſite Planes, it will be 
cut in two equal and fimilar Parts. 


Let ABDF be a Parallelopiped, and AC, FH, Dia- 


gonals of the oppoſite Planes, ABCD and EFGH. 
Then, becauſe AF and CH are both parallel to B G, 


they are parallel between themſelves (Th. 4. 85 ; where - 


fore, AF and CH are in the ſame Plane. — 1 


I ſay, the Parallelopiped, ABDF, is biſected by the 
Plane AC H F. 


Dem. For, the Triangle ABC= ADC; FGH = FEH. 1 5. 1. 
And the Parallelogram ABCD is equal to EFG H; Th. 14. 


wh. the Triangles are all equal amongſt themſelves. 
But, the Parallelogram BF SCE, and AE=BH; = 14. 
wherefore, the Priſm FBH is equal to AEC. - Ax. 5, 
{For, they arecontained withintheſame numberof Planes 
which are equal, and ſimilar to each other, reſpectirely) 
Therefore, the Plane, ACHF, paſſing through oppoſite 
Diagonals, (AC and FH) biſects n ABD F. 


OTHERWISE. 

By the parallel motion of the Panel ABCD 
along the Right Lines AF, DE, &c. the Parallelopiped is 
ſuppoſed to be generated. (See Note, Def. 8.). | 

Wherefore, ſince the Triangles, ABC, ACD, are-equal, 
and the Priſm, FBC, CEF, are deſcribed in equal Time, 


that is, by the ſame motion of both Triangles togothars : 


conſequently, they are equal. 


The Definition of a Priſm, as it is given by ay Authors, i 13 


ſomewhat obſcure and unfatisfaor 15 being leſt to a that 
we may as reaſonably con- 


any one of the Planes may be its Ba 
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. clude, that any Plane of a Pyramid may be its Baſe, but it is 
never ſuppoſed ſo, unleſs they are all Triangles; nor in a Prifm, 
except they are all Parallelograms. For, to ſuppoſe the two 
equal, fimilar, and parallel Planes, in a Priſm, Triangles or Po- 
ligons, and any other Plane to be its Baſe, is inconfiſtent, and 
abſurd. | | | | 
Hence, the 40th Propoſition of Euclid, which, in reality, is but 
a Corollary to this Theorem, is an abſurd Propoſition. | 
Becauſe, I do not conceive, that, unleſs a Priſm be alſo a 
Parallelopiped, its Baſe can be a Parallelogram. 5 


* 


THEO R E M XVII. 29, zo, & 31. Euclid. 


Parallelopipeds having the ſame Baſe,* or equal Baſes, 
and the ſame Altitude, are equal to one another. 


F irſt; let the two Parallelopipeds, AHFC and AIGC, 
have the ſame Baſe, AB CD; and, let their oppoſite Faces 
have a common Side, GH. | TO 


1 fay, the Parallelopiped AHFC is equal to AIGO. 


DEM. The Parallelopiped AHFC, being cut by a Plane, 
CHD, through the oppoſite Diagonals, DH and CG, 
is cut into two equal Parts CAG=DFH. - Th. 16. 
And, for the ſame reaſon, the Plane AHGB biſects the 
Parallelopiped AI GC; in AIG equal AGD. 
But, AGD+DFH=AGD+AIG. = Ax. 6.1. 
Therefore, the Parallelopiped AHFC=AIGC. Q. E. D. 


* By the Baſe, of a Solid, literally, is underſtood the Plane, 
or Face, on which it is ſuppoſed to reſt; but 'tis not always 
confined to it in Geometry, For, when a Face of various Pa- 
_ rallelopipeds are in one Plane, or in parallel. Planes; whether 
they coincide with each other, entirely, or are apart, and diſtinct 
from each other (no regard being had to the poſition of the Plane 
they are in) the upper Face is ſometimes called the Baſe, 

N. B. Parallelopipeds, having the ſame Altitude, are ſuppoſed 
to be contained between the ſame parallel Planes; i. e. two of their 
oppoſite Faces, in each Solid, are in the ſame Plane; or, that there 
is the ſame perpendicular diftance between them. | 
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Secondly, Let the Parallelopipeds, AH FC and AMKC, 
have the ſame Baſe, ABCD; their oppoſite Faces, 
EFGH and IK LM, are in the ſame Plane, and have 

not a common Side. AMC is equal to AHFC. 


Loet the ſpace, GHIK, between the upper Faces, be 
| Pann” to the Baſe A conſ. equal to E F GH, 
equal IK LM. o - -" IH 4; 


Dem. TheParallelopiped. AHFCis 1 AIGC; proved. 
And, for the ſame reaſon, AIGC is equal to AMKC. 
Th. the Parallelopiped AMK C is equal to AHFC. Ax. 3. 1. 

Suppoſe G H K, either greater or leſs than EF GH. 
The Triangles, AM H, DIE, are congruous; - 7. 1. 
(for AM is equal toDI, MH IE, and AH = DE; by 15. i. ) 
and the Sides, AB, DC, EF,GH, IK, & LM, areequal; 14. 
the Par. AG=DF; ABLM=IKCD;&EFKI=MLGH; 
conf. the Solid AGLM is equal to DFKI. Ax. 5. 


Now, ifthe Solid, l K Gb( common to both) be taken away, 


AMKba is equal to Da GW. Ax. 7. 1. 
And, if the common Solid Aab CD be added, to both; 
the A N AM KC, is equal to A H FC. Ax. 6.1 I. 


The 0 Part, v VIZ, . they have equal Baſes ad and 
have not one common to both, is readily proved. 


Let the Baſe, ABCD, of the Parallelopiped AHFC, 


be equal to NOPQ, of the Par. NM KP; and ſimilar. 


Then, the Parallelopiped, AHFC, is equal to NMKP. 


Let them be ſo ſituated, that the Planes AE, NI, are 
in the ſame Plane, DEMN; draw AM, BI, BL, and cx 


Dem. Now, becauſe MI is parallel to AD, and LK to BC, 
andalſoequal, AMIDandBLEC are Parallelogms. C. 1 5. 1. 
And, for the ſame reaſon, AM LB and DI KC are Parallel- 


| As; and they are,alſo,paralleland ſimilar, reſpectiveꝶ: | 
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wherefore, AMK C is a Parallelopiped. - Def. g. 
(For, AM is parallel to DI; and ML to IK; ene 
the Angle AML is equal to DI K, &c. - by Th. 5) 
But, the Parallelopiped AHF C has the ſame Baſe with 
AMK C; and they are contained within parallel Planes; 
wherefore, they are equal Parallelopipeds. - - proved. 
Alfo, the Parallelopiped N MK P, has the ſame Baſe with 
AMKC(i.e. thePlaneorFaceIKLMis common to both) 
conſequently, they are equal Parallelopipeds. - ſame. 
But, the Parallelopiped AMKC is, alſo, equal to AHFC, 
Therefore, the Par. NMKP, is _ to AHFC - A 3.1. 


After the Proofs already given, it may, by ſome, be thought 
unneceſſary to add more; but, there are other Caſes, in which 
there 1s abundantly more room to diſpute the Affirmation, than 
in the preceding; and, as this Theorem is very eſſential, it can- 
not be too Ds enforced. | 


Case II. . more than two Faces of the Parallel. 
opipeds (i. e. two in each) are in the ſame parallel Planes. 


Let AGH D and F HIL be Parallelopipeds ; whoſe 
Baſes, AB CD and IK LM, are equal, and in the ſame 
Plane; and the F ace, EFGH, common to both; 1 | 
have no other Plane common. 


1 fay, thatthe Parallelopiped AGHD, is equal to FHIL. 
Produce AD and BC, IM and KL, (being in the ſame 
Plane) they will cut each other, in NO PO, which is a 
Parallelogram; equal and fimilar to ABCD, and IKL. 


Dae, Becauſe EFGH is common to both Parallelopipeds, 
and becauſe the oppoſite Planes are equal and fimilar, : 
AC is fimilar to LI; and, being fimilarly poſited, IK, LM, 
are parallel to AD and BC; and IM, KL, to AB and DC; 
therefore, NOPQ , heing between the ſame Parallels, is 
conſequently equal and fimilar to AC, & LI, 4. & 18.1. 

and conſequently to EFGH; and alſo fimilarly ſituated. 
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Join EO, FP, GQ and H N. | 

Then, PFHN is a Parallelopiped ; which, being equa 
to each of the other, AGHD and FHIL (part i) 
they are conſequently equal between themſelves. Ax. 3. 1. 


Alſo; if the Parallelopipeds, AS FD and FHIL have 
their Baſes equal; and have no Face common; being be- 
tween the ſame parallel Planes, A OI and RG E, they 
are equal Parallelopipeds; which is evident, from the 
foregoing; each being equal to PF HN. 


Cas III. When the Parallelopipeds have no Face common 
nor ſimilar Figures. | 


Let the Parallelopipeds AOMD and E MKG, be be- 
tween the ſame parallel Planes, AR H and NQI; con- 
ſequently, they have equal Altitude; and, let the Baſe, 
ABCD, be equal to the Baſe, EFG, of the other, 
which are not ſimilar Figures. 


| I fay, the Parallelopiped, EMKG, is equal to AMD. 


Dru. Let the Sides NM and ML be ſo placed, at the 
common Angle M, that NML is a Right line. 
Compleat the Parallelopiped, DMKT; having a 
common Side, DM, with AOMD. k 
The Parallelopiped DMKT is equal to EMKG; Caſe and 5 
(For they have the ſame Altitude, and IM LK is common) 
Produce KI and TU, PM & CD, meeting at X and Vv.. 
Draw LY and SZ, parallel to MX and DV, cuting IK | 
and TU, at X and Z. Join VX and YZ, - 
Then the Parallelopiped VM YZ=UMKT; = ift. 
conf, the Parallelopiped, VMYZ=HMKG. Ax. 3. 1. 
Produce OP and YL, BC and 28, meeting at Q and R; 
and, joining Q, there is formed a Parallelopiped DPQS; 
_ equiangular to both the Parallelopipeds, AOMD and 
VMYZ; conſ. they are equiangular amongſt themſelves. 
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Nou, as the Parallelogram IM LKE=N OPM (Hyp.) 
XMLY (eq. IMLEK, 18.1.) is equal to NOPM, Ax. 3. 1. 
conſequently, (the Angle PMN being equal XML, 2. 1.) 
as NM: ML:: X M: Mr.. by 8. 6. 
But, the Parallelopiped AOMD: DPLS:: NM: ML) 
And, the ParallelopipedVMY Z: DPLS:: XM. Mp, 15. 
Nov, the Parallelopipeds AO MD and V MY hav- 


ing an equal Ratio to DPLS; are therefore equal; Ax. 5. 5. 


But, the Parallelopiped HM KG is equal toV MVZ, above. 
Therefore, HM KG, is equal to AMD. Q. E. D. 


_ ConorLlarny, The 33rd Propoſition of Euclid, 


Parallelopipeds having equal Altitudes, have that Ratio 
to each other as their Baſes. 


For, fince by this Theorem, all Parallelopipeds, having equal 
Baſes and equal Altitudes are equal; and, by the 15th, if a Paral- 
lelopiped be cut in two, by a Plane, parallel to zz Planes, the 
two Parts have that proportion to each other as their Baſes; con- 


ſequently, all Parallelopipeds, having equal Altitudes, are to 


each other as their Baſes, 


Cor, 2. Parallelopipeds, having equal Baſes, have that 
Ratio to each other as their Altitudes. + 
For, having equal Baſes and equal Altitudes, they are equal; 


conſequently, if the Altitude of one, be half, or a third part, &c. 
of another; or, in whatever Ratio the Altitude of one Parallelo- 


| piped is to the other, whoſe Baſes are equal, they are in that 


roportion, to each other, as their Altitudes, 


THEOREM XVII. 33. Euclid. 


Tux Proportion of ſimilar Parallelopipeds, to one 
another, is the triplicate Ratio of their correſpond- 
iypg Sides, 5 | OS 
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Let ADK and acd be ſimilar Parallelopipeds; in 
which, let AB, ab, BC, bc, and BD, bd be correſ- 
ponding Sides, in each, reſpectively. 


1 fay, the Proportion, which ADK has to ace; is the 
| triplicate Ratio of AB to ab, BC to bc, or BD to bd. 


In the Solid ADK, produce the Sides, AB, CB, & DB. 
Make BE equal to ab, BF equal bc, and BG equalbd; 
draw E H and FH, reſpectively, parallel to BF and BE; 
and compleat the Parallelopipeds GH, DH, and AFD; 
equiangular to ADK. | 


Dx M. Iivcauſe BH is a n (by Conſtruction) 
and the Angle EBF = ABC (2. 1.) EBG Sg ABD, and 


FBG=CBD; alſo, BE Sab, and BF to be; BH is equal 


and alſo ſimilar to ac; for, ac is ſimilar to AC, by Hyp. 
And, for the ſame reaſon, GE is equal and ſimilar 
to ad (which is ſimilar to AD); alſo, FG is equal and 


ſimilar to cd (ſimilar to CD) conſequently, the Parallelo- 


piped GH, is equal and fimilar to acd (ſimilarto AK D). 
Now, AB: ab:: BC: be, and as BD is to bd, Def. 11.7. 
and, the Parallelopiped GH is equal and fimilar to acd; 
BE = ab, &c. wh. as AB: BE:: CB: BF, and DB: BG. 
But, the Parallelopiped, AF D and DF H, have equal 
Altitude, with ADK ; wherefore, they have that Pro- 


portion to each other as their Baſes; 


and, - - AFD:DFH:: Par. AF: FEzi. e. as A BtoBE C of 15. 
alſo, - DFH: GEH: : Par. DE: GEzi. e. as DBtoBG J & 1. 6+ 
Wherefore, the Parallelopiped ADK: AFD: DFH: GEH 
for the Ratio of CB to BE, of AB to BE, and of DB 
to BG, is the ſame, by Hypotheſis. 


lle. the Solid ADK: AFD:: Par. AC: AF; i.c.asCBtoBF — 


Therefore, the Ratio of ADK to ac d . GH) is 


RE YR of ADK to AFD; i. e. of CB to BF (eq. bc) 
of AB to BE (<q. ab) or, of DB to BG (eq. bd). Def. 12. 5. 
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THEOREM XIX. 34. Euclid, 


The Baſes and Altitudes, of equal Parallelopipeds, are 
| Teciprocally proportional. 


Let ABD and FEG be equal Parallelopipeds. 


If the Bafe of one be equal to the Baſe of the other, their Alti- 
tudes are alſo equal (Th. 17.); becauſe theParallelopipeds are equal, 
by Hypotheſis. Let them be unequal. 


Being acute - angled and unequal, let them be ſo placed 
together, that the Angle C, of one, touches | the Side EF, 
of the other. 

Produce the Plane, BC to H, let to FG; and, 
through C, let EF be drawn, perpendicular to their Baſes, 


AD, FG (which are ſuppoſed to be in the ſame Plane). 


EF and CF are the Altitudes of the Parallelopipeds. | 
I fay, as AD is to FG, ſo is EF to CF, reciprocally. 


Dex. ABD:FCG :: AD: FG, their Baſes. Cor. 1. 17. 


And, FEG: FCG :: EF: CF, their Altitudes. Cor. 2. 1). 
But, ABD is equal to FEG; by Hypotheſis. 
Therefore, ABD: FCG, i. e. AD: FG:: EF: CF 
i. e. as the Baſe AD, of one, is to FG of the other; 
ſo is EF, the Altitude of the laſt, to CF, of the firſt. 


— 


A hn 
= 


THEOREM XX. 


8 Paraliclopipeds, whoſe ſolid Angfes are equal, have 


that Proportion, to one another, which is com- 
pounded of the Ratio of their Sides. 


Let ADK and BH be equiangular Parallelopipeds ; and | 


let them be ſo placed together, at the equal Angles, B, that 


the Side AB, of the one, is in the ſame Right line with BE, 


of the other, and CB with BF; conſequently, the two — 
Bb and BG are in one A line. 


' CONT E 


I 
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It is not material which Plane, EE. 9 or GF, is 
made the Baſe. | 
On EF, and BD, compleat the Parallelopiped DFI. 


Takeany Right line, V, at pleaſure; and let X be made 
toV, as BE to AB; and as BF 1s to CB, let Y be to X; 


alſo, as BG is to BD, _ Z be to Y. 


Then, as Vis to Z, ſo is the Parallelopiped, ADR ſe BH. 


Dru. The Solids, ADK and DFI, have equal Altitudes ; , 


wherefore, they are to each other as AC to EF; C.1.17. 


that is, as the Ratio which is compound of AB to BE, 
and CB to BF; i. e. as V to . =  - It. 0, 


And, the Solid DFI is to BH, as the Par. DE is to EG; 15; 


that is, as DB is to BG, i. e. as Y to Z, = 1. 6. 
But, ADK: DF1:: V:Y, and DFI: BH: 2 
Therefore, the Parallelopiped ADK: BH:: V: Z; 9. 5. 
i. e. in the compounded Ratio of AB to BE, CB to BF, 
and of DB to BG. QE. D. | 


THEOREM XXL 


Is equal ſolid Angles, contained by three Plane An- 
| gles; any two Planes, which contain equal Angles, 
have equal Inclination to one another, 


Let B and F be two ſolid Angles, each contained by 
three Plane Angles; viz. ABC equal to EFG, ABD equal 
to EFH, and CBD equal to GFH. 


I fay, the inclination of ABD, or CBD, to ABC, is equal | 


| to the inclination of EFH, or GFH, to EFG; alfo, the 
inclination of ABD to CBD is the ſame, as EFH to GFH. 
In AB take any Point, A, at pleaſure, and take EF equal 
AB; and, in the Planes ABC ABD, EFG EFH, 

| draw AC and AD, EG and EH, at right Angles with AB 


and EF, * Draw Fog and GH. 
K 
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Dru. TheAngleABC=EFG(Hyp.)andBAC=EFG,Cor. 
ard AB EF; wh. the Triangles ACB, EGFarecongruous, 
AC is equal to EG, and BC is equal to FGG. 11.1, 
Alſo, the AngleABD =EFH(Hyp.)&BAD=FEH, Con. 
wherefore(ſeeingAB EF) BDS FH, and ADto EH, fame, 
And, becauſe BC, BD, are reſpectively equal to FG, FH, 
and the Angle CBD is equal to GFH; CD SGH. 8. 1. 
Laſtly, becauſe the Triangle ACD is equilateral to EG, 
they are alſo equiangular; and, the Angle CAD g GEH, 7 
But, thoſe Angles are the Inclination of the Planes, 


ABD to ABC, and EFH to EFG, - - - Dets, if 


Therefore they have equal Inclination. Q. E. D. 


After the ſame manner, it may be proved that any other 
two have equal Inclination; therefore, &c. 
Cox. Solid Angles, contained by three Plane Angles, of 
which, two and two (one in each) are equal, reſpec- 
tively, are equal to one another. 1 
For, the Planes have equal Inclination to each other, 


reſpectively (by Theo. ); therefore the Angles are equal.“ 


THEOREM XXI. 


IN equiangular Parallelopipeds (which are not right 
| angled) Perpendiculars, to equiangular Planes, 
are proportional to the Sides. | 


This Theorem, though very different, apparently, is the ſame, | 


in Subſtance, as the 35th of Euclid, 


— 


* Profeſſor Simſon ſays (Prop. B.) & and alike ſituated” making 
that a Condition of their equality, which it is not; for, it 1 
impoſſible, that three Plane angles, equal reſpectively to three 
other Plane angles (containing a ſolid Angle) can be fo placed, 
in forming a ſolid Angle, which will not be equal to the other. 

For, they muſt neceſſarily have the fame Inclination each to the 

other, reſpectively, however ſituated, | h 


Ip 
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Let BFG, bfg be equiangular Parallelopipeds, and let 


the Angle A be equal to a; conſequently, B is equal to b. 

Let AC and ac be perpendicular to the Baſes, con- 
taining the equal Angles, EBG, ebg; cuting them 
at C and c. 


I ſay, that, AC is to ac, as ; AB to ab, and as BG: to bg. 


From C and c, let CD and cd, be perpendicular to 
BE and be, reſpectively; and join AD and a d. 


Du. Becauſe AC is perpendicular to the Plane EG, Con. 
the Plane CAD, paſſing through AC, is perp. to EG; 9. 
and, for the fame reaſon, cad is perpendicular to e g. 


But, CD is perpendicular to BE; and cd to be. Con. | 


wh. BE is perpendicular to the Plane CA, and be to cad; 
conf. AD is perpendicular to BE, and ad to be. Th. 2. 

Then, in the Triangles BAD, bad, the Angles ADB, 
adb are right, therefore equal; - - Ax. 10. 1. 


and the Angle ABD=abd, (Hyp.) conſ. BAD=bad;10.1. 


and therefore, as AB: AD :: ab: ad. Th. 4. 6. 
But, the Angle ACD ga cd (becauſe, AC is perpen- 
dicular to the Plane EG, and ac to eg, AC, ac d are 
Right angles) and, the Angle AbC ga de; by 21. 
for, ADC is the Inclination of the Plane AE to EG; 
and, ade is the Inclination of the Plane ac to eg, Def. 5. | 
wherefore, the Triangles DAC, d ac are ſimilar; 
and therefore, as AC: AD:: ac: ad. Th. 4. 6. 
But, AD: AB:: ad: ab (above) Th. AC: AB:: ac: ab, 9.5. 
and, by alternation, AC: a c:: AB:: ab. Alfo, as 
AB: BG: : ab: bg; and conſequently, AC: ac:: BG: bg. 


THEOREM XXIII. 36. Euclid. 


IF three Right lines are Porportionals ; 3 Parallelo- 


piped conſtructed on all three, is 88 to an equi- 
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angular Parallelopiped, whaſc Sides are each equal 


to 5 Mean. 


If the Parallelopipeds be right angled, that len 1s 3 | 
under the Mean 1s a Cube. | 


| Let the three Right lines X, V, and 2, be Tropos- 
tionals; Nas X is to X, ſo let Y be to Z. 


And, let ACD be a Parallelopiped, whoſe Side AB 
is equal to X, BC equal to V, and BD equal to Z.“ 

Alſo, let EGH be a Parallelopiped equiangular to ACD. 

Then, if the Sides EF, FG, and FH, are each equial 
to Y ;* I ſay, the Parallelopiped ACD is equal to EGH, 


Dem. Becauſe, X: V:: Y: Z, the Rectangle, under X and Z, 
is equal to the Square of V, i. e. Xx Z=Y 0. Cor. to 9. b. 
But, Parallelograms, having equal Angles, are in the fame 
Ratio as Rectangles, whoſe Sides are equal to the Sides of 
the Parallelograms, refſpeQivelyg =- = ©, 4 11.6. 
wherefore, the Parallelogram AD is equal to EH. 

But, BCS FG; and conf. their Altitudes are equal. 22. 
Therefore, this Parallelopiped ACD is equal to EGH. 
Fox ns have equal Baſes, and equal Altitudes. Q.E.D. 


„ 
- = — 


* In thoſe Figures (w hich are but repreſentations of Solids, 
on a Plane) it the Lines, BD, and FH, were made eQual to L, 
and Y, reſpectively, they could not poſſibly have that appearance, 
but they would appear much greater; becauſe they are ſuppoſed 


| to recede from the Planes of the Faces, AC and EG. 


Therefore, they are ſuppoſed to be equal, only; which is the 


fame thing, and holds equally true, in the Demonſtration. If one 


be, the other is a neceflary Conſequence. 


Note. As the Ratio, between two ſimilar Plane Figures, 13 
diſcovered by a third Proportional, ſo, between Solids, a fourth 
determines it. And, to deſcribe plane Figures, in any given 
Ratio to others, a Mean Proportional is found z ſo, 1 in reſpect of 
Solids, two Means are requiſite. 

For, ſince the Ratio between ſimilar Solids is triplicate of their 
correſponding Sides; conſequently, ſince AB: DH : BF: AD:: 
and, if the Ratio of ſimilar Solids be as AB to AD, AB, 
and DH are in the Ratio of their correſponding Sides. Hence, 
limilar Solids may be confiruged in ny Ratio to one another. 
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THEOREM XXIV. 3. Euclid. 


Ir four Right lines are Proportionals ; ſimilar Pa- 
rallelopipeds, and fimilarly conſtructed on each 


Line, are alſo proportionals. 


Let , B, C, and D be n as A is to B, 
ſo let C be to D. 


And let the Pannllcloginds V, X, Y, and Z, be fimi- 


| larly conſtructed, on A, B, C, and D. 
4 ſay, that, as V is to X, fly U Le. | 
Dem. Let E and F be ſo taken, as A:B:E:F=; 


and, let G and H be taken, as C: D: G: H. 
Then, the Parallelopiped V: X:: A: F; | 

and the Parallelopiped Y:Z::C: 15 5 Th. 18. 
But, as A: B:: C: D; wherefore, B: E:: D: G; and, 


as E: F:: G: H (Ax. 13 5. ); conf. as A:F;;C:H. = an 


Therefore, as the Parallelopiped V: X:: X: Z. QE. D. 


It is not neceſſary that the Parallelopipeds V and Z ſhould 
| ke ſimilar to V and X; for, if V be fimilar to X, and V to Z, 
the Demonſtration | is evidently the ſame. 
"If, if V be not ſimilar to X, nor Y to Z; but, let V 
be ſimilar to V, and X to Z; it ſtill holds true. 
For, ſince A: B:: C: D, ſo A: C:: B: D (4:5.); cn 
quently, ſimilar Parallelopipeds, conſtrued on A and C, 


and others, not ſimilar to . on B and D, will fil be | 


Proportionals. 


For, ſince the Parallelopipeds, on A and 2 B and D, are, 


as V: X:: V: Z, fimilar; fo V: V:: X: Z, not ſimilar.” 
The ſame holds true, in ſimilar Solids of any kind. 
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GEOME T R V. 
13 BOOK VIII. The XU. of Euclid, 


HE laſt Book, or Section, treats only « Plane Solids, 

and determines their proportions, and Relation to 

each other; in this, the Doctrine of Solids, bounded by 

regular curved Surfaces, as the Cylinder, Cone, and Sphere, 
are conſidered ; the Solution of which is truly admirable. 


IT muſt appear, to all who confider it, before they have 
gone through ſome Book on the ſubject, a matter not 
merely of difficulty, but of abſolute impoſſibility, to aſ- 
| certain the true Area of the Surface, much leſs the ſolid 
| Contents of a Sphere; to reduce ſuch a Solid to right 
t- 1 | angled and cubical Meaſure, with any degree of certainty, 
| ſeems to be beyond the n of Art, or the reach of finite 
| Knowledge, | | 
And yet, nothing m more is requiſite thereto, than the true 
1 meaſure of its Diameter, which may be acquired; at leaſt of 
any Sphere conſtructed by Man. In reſpect of the Earth, 
| | the Diameter can only be obtained by its Circumference. 
It is poſſible to come ſomewhat near the truth; but it is 
beyond all human abilities to aſcertain it, with abſolute 
- certainty. | | 
How much eſs, then, are we 1 to come at the true 
Diſtances, by which, the magnitudes of diſtant Planets are 
reduced to the ſame ſcale of Proportion; viz. by the known 
meaſure of the Earth. For, if that cannot be had, with 
certainty, how much leſs exact muſt the other be, from 
— on ſuch imperfect Data? 


— Ea Ine 
—— —— — — ad of — 
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Although the many ingenious contrivances, by Inſtru- 1 
ments, curiouſly conſtrued for that purpoſe, are worthy - | 18 || 
of the greateſt praiſe, and redound highly to the Fame of | 
their ſeveral Inventors; and notwithſtanding all other 

means, which, by Tranſits, &c. may ſtill approach nearer 
to the truth, they only evince, and prove the imperfection 
of all human Inventions, for the purpoſe; we muſt (or 
we may as well) then, remain fatisfied, that we have ac- 
quired ſo much, as to anſwer various great and notable 
purpoſes, in Trigonometry, Navigation, &c. but, that 
we ſhall never be able, by uy means, to come at the | j 
Truth is moſt certain. TI, | ES + 1 


Tux Affinity between the Pyramid and the Priſm, and Wild. 
the Proportion one bears to the other, are, in the firſt + 4 
place, determined ; by means of which, the Proportion ll } | 
between the Cone and Cylinder, is alſo inveſtigated. Silk! 
Laſtly, of the Sphere; ſhewing the Proportion it alſo 17 

has to a Cylinder and Cone, as given by Archimedes, | | 4: of 
for, on that Head, Euclid is totally filent ; the 12th Book e 
only determines the Ratio one Sphere has to another, in | 
the laſt Theorem. To obtain which, he has two Problems, i 1 
the 17th and 18th, the latter, the moſt prolix of the whole; h [18 
containing, in four or five full Pages, the moſt tedious de- FEW 
ſcription of the Conſtrution of a Solid, which is not of any | i 
other uſe, whatever; and previous to it, Profeſſor Simſon | 
alſo gives a preparatory Lemma. | 
The manner, in which the Ratio of one Sphere to ano- 
ther is here inveſtigated, and deduced from the gth Theo- 
rem, is ſolid and convincing ; and alſo ſhews, how the MS 
quantity of every Sphere is aſcertained, which the other 1 
does not; and therefore, what it does is of little uſe — 
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* 


DIFINITIONS 


For the Definite of a 3 be Def. 7th of the 
5th ; which, altho' it is not uſed there, is the firſt of 
Plane Solids (having the leaſt number of Faces) and as a 
PRISsM (Def. 8th) includes all Parallelopipeds whatever, 
it could not be ee with, e of but little ufe 
in that Book. the 6 


 SoLIDsS bounded by curved Surfaces are as follow, 74; 8 


' Dzr. I. ACYLINDER is 4 8011p, having two pa- 
rallel Plane Surfaces, which are equal Circles; and a 
convex Surface, bounded, in length, by the circular 
Planes, and returning into itſelf in widths without 


bounds. As AB, or 4B. 


Dr. II. The Bass, of a | CxLINDER, 3 are the two cir- 
cular Planes; 5 A wad * 8 * : 


Dee. HI. The Ark or Ants 11 a 57, ak is; a | Right 
2 aa paſſing rough Yo: Centors.p of its Dalek; : As AB, 
or AB, 1 . 


N. B. A Cvimper may be conceived to be generated by the 
direct Motion of unde (as A, or! A ) along its Axe, always 
parallel to itfelf, 

Let the Circle A; or 4, be ippoled to be applied, at its Center, 
to the Right line AB, or AB; and being moved, parallel to its 
ficſt poſition, at A or A, to B or B; the Line AB or A B, being al- 
ways in the Center; it will, in that motion, have deſcribed the 

Cylinder AB or AB. | 


If any Right line as b 0 or ab, be drawn in the Circle, cuting 
the Circumference, at a, or b, à or 5; and, whilſt the Circle de- 
ſcribed the Cylinder (the Right line ab, or ab, being always pa- 
rallel to its firſt poſition). the Point a or b, à or , will deſcribe 

a Right line, ac, or bd, which is a 8S1DE of the C ylinder. 
The two Extremes, a and b, @ and 5, will dcleribe parallel 
Lines, ac, bd, or ac, 64,-conf. equal; and cd, or c, is parallel 
to ac, or ac wherefore, abe d, or wed is a  Parallelogram, 
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Pxr. IV. A Ricur CYLINDER is one whoſe Axis, AB, 
is perpendicular to the Planes of its Baſes, A and B, 
(See the iſt Figure) 

A Right Cylinder may be conceived to be generated by 
the revolution of a right angled Parallelogram, or Rectangle 
(CABC) on one Side (BD) which remains fixed, and is there- 
fore called its Axe, or Axis; on which the Rectangle revolves, 
and on which the Solid, revolving, would appear at reſt. 


The two Sides, AB and CD, being equal, deſcribe the equal 
Baſes, whilſt AC deſcribes 1 its CONVEX Sorkin. 


DEr. V. An OBLIQUE CYLINDER, is when its Axe is in- 
clined to the Baſes ; (ſee F1 Ig. 2). 


Dex, VI. A CONE i is a SOLID having but one Plane 


Surface, which 1s a Circle, and a convex Surface, return- 
ing intd itſelf; continually varying in convexity, from 


the Cirele which bounds i it, till it terminates in a Point. 
As ACP, or ACD. : 


Dr. VII. The BAsE of a Con i is the i Plane 
r. 


Der. VIII. The VERTEx (or Apex) of a Conz is the 


Point A or A. 


Dzr. IX. The Ax1s, of a Con, is the Right line AB; 
or AB; from the Vertex A, or A, to the Center B, 
or B, of its Baſe. 


N. B. A Cone may be conceived to be generated | 


If CD or C be a Circle, and any Point, A, or A, be taken 
Out of its Plane; then, if a Right line be applied from the Point 
Aor A, to any Point C, or C; and being fixed, at A, or A, 
let it be revolved ara the cireumference of the Circle; in 
which revolution, it will deſeribe the Cone ACD, or 4 . 


Drr. X. A RioRHT Cons is when the Axe (AB) 8 is 
Poop to the Plane of its Baſe. 


ight Cone may be conceived to be generated by the. revo - 
tions » a right angled 3 * on either Side contain- 
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ing the Right angle, as AB, which remains fixed; and is there 
fore called its Axe, or Axis, on which it revolves, 

The other Side, BC, deſcribes the Baſe, in its revolution ; 


whilſt the Hypothenuſe, AC, deſcribes the Surface of the Cone, 
and preſcribes i its Bounds, 


Every Section, by a Plane, through the Axis of a Right Cone, 
is an Iſoſceles Triangle, as CAD; CD is its Baſe; and a 
Right Line, AC, or AE, from the Vertex to any Point in the 
Circumference of 3 its Baſe, 15 a Side of the Cone. 


De. XI. A SCALENE or OBLIQUE CONE is when the 
Axe, AB, inclines to the Baſe, CD. 


Every Section of an oblique Cone, through its Axis, is a Scalene 
Triangle, except in one poſition, it is Iſoſceles (when the Axis 
is at right angles with the Line of ſection with the Baſe) ; 3 It is, 
therefore, called a Scalene Cone. 


When the Diameter of its Baſe, CD is equal to the ſhorteſt | 
Side AD ; the Section, CAD, through that Side, perpendicular 
to the Baſe, i is an Iſoſceles Triangle, and AC, the longeſt * 
is its Baſe; ; nevertheleſs CAD is a Scalene Cone. 

Dex. XII. A SPHERE is a SOLID, Landed by one 
uniform convex Surface ; which Surface has no Bounds, 
As the Circle is bounded by one Line, its Circum- 
ference, ſo the Sphere is bounded but by © one Surface, 
without begining or end. 


Deer. XIII. The CENTER of a SPHERE is the middle 


Point of the Solid; which is equally 2 8 every 


way, from its Surface. As C. 


Dee. XIV. The Dran TER ofa SpHene is any Right 


line paſſing through its Center, and terminated by its 
Surface. As AB. 


N.B. A Sphere may be conceived to be generated, by the 
revolution of a — as ADB, on its Diameter AB, which 
remains fixed, whilſt the Semicircumference revolves ; ; and, in its 
revolution, deſeribes, or preſcribes the Bounds of, the Sphere. 
The Diameter, AB, being at reſt, on which, if the Sphere 


revovled it would appear at ret, is thereforc called an Ax, or 
| Axis of the Sphere. 8 
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Der. XV. A SEoMENT, of a SPHERE, is any portidas | 


cut off by a Plane. As ACB, 
Its Baſe, AB, is a Circle, made by the Section. | 


' Dee. XVI. A HEMISPHERE is a Segment of a Sphere. 


When the Plane of the Section paſſes through! its Center, 
each Segment 1s a Hemiſphere. 


As ADB, and AEB, made by the Plane AB. 


Dzy. XVII. A SECTOR of a Sphere contains a Segment, 


and a Right Cone on its Baſe, whoſe Side is a Radius, 


Drr. XVIII. S1011.48 OytingtRs, and Conzs, ace fork 
as have their Axes, and the Diameters 1 their Baſes 
Proportionals; being Right. 
If they are ſcalene or oblique; Sections rough the 
Axes of Cylinders, perpendicular to their Baſes, or 
equally inclined to their Baſes, are ſimilar Parallelograms; 


as ABCD, abcd; and, in Cones, * are ſimilar : 


Triangles; as abc, ABC. 
All Spheres are fimilar to one another. 


THEOREM LI. 


Ir a Pyramid be cut in two parts, by a Plane a 
to its Baſe; the leſſer Pyramid, made by that Section, 
will be ſimilar to the whole Py ramid. 


| f irſt; let A be the N and, BCD the Baſe of a tri⸗ 
angular Pyramid; BADC. 


Let FG H be a Section made by a Plane, parallel to BCD. 


J fay, the Pyramid, FAHG, is ſimilar to the Pyra- 
mid BAD C. 


Dr x. Becauſe the Planes BCD, FGH are 3 and they. 


are both cut by the Plane WF the ANG F G and 
12 
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BC, are parallel; for the ſame reaſon, the Sections GH 

and CD, FH and BD are parallel. 8.7. 

Wherefore, AF: FB:: AG: GC, and as AH: HD; 2.6. 

conſ. AF: AB:: AG: AC, &c. (6.5.) i.e, as FG: BC, &c. 4.6, 

and conſequently, the Triangle AFG is ſimilar to ABC, 

AGH to ACD, and AFH to ABD; 

alſo, the Baſe, FG H, is ſimilar to the Baſe, BC D. 

Therefore, the Pyramid FAHG is ſimilar to BADC. 
After the ſame manner, the Pyramid f A h g may be 

proved ſimilar to either of the other. 


Again, Let CBDE be the Baſe of a 1 Py- | 
\ Tamid, and, let GF HI be a Section, parallel to the Baſe, 
It may be demonſtrated, in the ſame manner, that each 
Triangle AFG, AG], &c. is ſimilar to ABC, ACE, &c. 
alſo, FGH is fimilar to BCD, and GHI to CDE; 
conſequently, GFHI is ſimilar to C BDE. 13. 6. 
Wherefore, ſince a Pyramid, whoſe Baſe is a Poligon of 
any number of Sides, may be divided, by diagonal Sections, | 
into triangular Pyramids, the ſame Demonſtration will 
hold true in every * whatever. 


THE OR EM II. 


Pyramids, having equal Baſes and equal Altitudes, 
klzre equal. (See the laſt Figure.) 


F irſt; let the Pyramids ABCD and CADE have tri- 
: angular Baſes, BCD and CDE, and a common Vertex, A; 
conſequently, they have equal Altitude, | 


I ſay, they are equal Pyramids. 
Let there be made ſeveral Sectiens, GF HI, gf hi 1, pa- 
| rallel to the Baſes, BCD, CDE, which are in one Plane. 


Dx u. Then, becauſe they are both cut by a Plane, parallel 
to their Baſes, and the Baſe BEDZ=CDEz FOH Gl. 
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For, FGH is ſimilar to BCD, and GHI to CDE; by 1. 
and each has that Ratio to the other, reſpectively, which 
is duplicate of AC to AG; i. e. of CD to GH. - 12.6. 
After the ſame manner, the Section fgh, may be proved 
equal to ghi; and conf. every Section, made by Planes 
par. to CBNE, will be equal, each to the other, reſpectively. 
Therefore, the Priſm BACD is equal to CADE. 
For, the Sections being equal, every where; conf. if each Py- 


ramid be conceived to be compoſed of an infinite number of Tri- 
angular Priſms, whoſe height (or thickneſs) are all equal, and the 


- leaſt that can be conceived, laid on one another, as at BCD, CDE, 


being each eq. to the contiguous one, the whole is eq. to the whole. 


Again. Suppoſe the Baſes of the Pyramids to be different 
in Figure, as ABC and DEFG ; their Vertices, H and I, 
being equally diſtant from the Plane of their Baſes (AK F) 
conſequently, every Section, abc, or ab c, and defg or 
de (made by the Planes X and , parallel to AKF) be- 
ing in the ſame Ratio, each to the other, reſpectively, as 
the Baſes, are equal, Therefore, the Pyramid AHBC is 
equal to DEIFG. | 


THEOREM III. 7. Euclid. 


Every] Vila , having atriangular Baſe, may be divided, 
into three Pyramids, having triangular Baſes, which 
are equal to one another, 


F irſt ; let A CF be a Priſm, whoſe Baſe ABF, and con- 
| ſequently CED, are right angled Iſoſceles Triangles. | 
| Let the Planes, ABCD and A DE F, be Squares, and 
BAF, CDE, Right angles; conf. BC EF is a Rectangle, | 
under the Side of a Square and its Diagonal (BC and CE). 
Draw the Diagonals AE, BE, and BD, and imagine 
Planes to paſs through AE and BE, BD and BE. Ax. 4.7. 


f 
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I fay, the Pyramids, ABE P, AEDB, and BCE D, made = 
by the Sections of thoſe Planes, are equal and ſimilar. | 


Dem. The Triangle ADE=AEF, and ADB= BCD. 13-0 
But, ABCD and ADEF are Squares, and they have a 
common Side, AD, wherefore they are equal. Ax. B. 2. 
Alſo, BAF and CDE are Right angles; wherefore, the 
Triangles AFB, CED, ADB, BCD, ADE, and AEF 
are all equal, and ſimilar to one another. 8.1. 

But, AEB and BED (the Planes of the Sections) are each 
common to two Pyramids; and they are equal and ſimilar 
to each other, and alſo to CEB, BET. 7. 1. 
(For, AE, BD, CE, and BF are Diagonals, AB, DE, CB, 
EF, Sides, of equal Squares; and BE is common to them all. 
Wherefore, the Pyramids ABEF, AEDB, and BCED 
(being bounded by an equal number of Planes, equal and 
ſimilar to each other, reſpectively) are equal. = Ax. 5.7. 


For two Angles in each Pyramid, at A, C, D, and F, are contained 


by two R. angles each, and half a R. angle; as APE, BFE, & AFB. 


The remaining two, in each, meeting at B and E, are each con- 


tained by two half R. angles, AEP, B EF, &c.) and an Angle. AEB, 


equal BBE (each common to two Pyramids) each equal CEB, 


or EBF; being contained by the Diagonal of a Square, (CE) and 
the Hypothenuſe (BE) of aright angled e under the Side 
and Diagonal, BC, and CE. 


2nd. Let AB CE be a triangular Priſm ; i. e. whoſe Baſes, 
ADE and BCF, are Triangles; ſuppoſe them Scalene, 
and the Sides AB, &c. of the other Faces, not perpendi- 
cular to them; the Priſm is conſ. oblique in every reſpect. 

Draw the Diagonals, BE, BD, & EC, andſuppoſe a Plane 
to paſs thro BE& BD, and, another, thro' B E& EC. Ax. 4.7 
I fay, the Priſm will be divided into three Pyramids, 
_ ABDE, BCEF, and BECD, equal to one another. 


Dem. The Pyramids, ABDE and BCE, have equal and 
fimilar Baſes, ADE &BCF, and equal Altitudes. Def. 8:7. 
Conſequently, every Section, made by parallel Planes, at 
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equal diſtances from their Baſes, are equal, and alſo ſimi- 
lar; and therefore, the Pyramids are equal. Th. 2. 


Again. Suppoſe the Pyr. BCE F. eq. AB DE) taken away; 


the Face BCE is common to the Pyramid BEC D . ſee Fig. 3) 

Then, in the Pyramids ABDE, BECD: becauſe ABCD is 
a Parallelogram (Def. 7. ) it is divided by the Diagonal, BD, 
into congruous Triangles, ABD and BCD. — 15. 1. 
Let them be conſidered as the Baſes of the two Pyramids; 
E being their com. Vertex, they have, conſ. equal Altitude; 
wh. every Section, parallel toA BCD, will be equal, and alſo 
fimilar; and conſequently, the Pyramids are equal. Th. 2. 


If AB DE be ſuppoſed removed (Fig. 2) then, the Py- 
ramids BC EF, & BECD are equal; for their Baſes CEF, 


EX CEbp are equal (15. 1.) and Bis their common Vertex. 


Therefore, they are all equal to one another. QE. D. 


THEOREM IV. 


Every Priſm 1s triple of a Pyramid, having equal 


Baſes, and equal Altitudes. 


Firſt. Let the Priſm ACHF be a Cube. 
Then, a Plane drawn through the oppoſite Diagonals 
CE and BF, will cut the Cube into two equal triangular 


Priſms; whoſe Faces FD and AC, &c. are Squares, and 


the Angles BAF, CDE, CHE, and BGF, are Right. 
Draw, AE, BE, and BD; dividing the hither Priſm, 
ABCEF, into three equal and ſimilar Pyramids ABEF, 
AEDB and BCE (as in Caſe 1. of the 3rd). Draw EG. 
BE FG is a Pyramid, equal and fimilar to ABEF ; 
and the Priſm ACHF is triple of the Pyramid ABEFG. 


Dew. For, the Baſe BFG is equal and fimilar to ABE, 15.1 
and the Face BEG is congruous with AEB; - Ax. J. 1. 
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(for EG biſects the 8 Square FH, and AE biſe&s F D). 

But, BEF is common; and BEG, AF are congruous;9.1 
(for, BG is equal to AB, EG=AE, and BE is common) 

| Wherefore the Solid, BEFG, is contained within four tri- 
angular Planes, equal and ſimilar to thoſe of AEBF; 
and conſequently, they are equal Pyramids. Ax. 5.7. 


But, the Pyramid, AEBF, is equal one third ofthePriſm, 
ABC EF; and BEFG one third of BHF, equal CAE. 3. 


Therefore, the quadrangular Pyramid, ABEFG, is equal 
one third of the Cube ACE; or, the Cube triple of the 


Pyramid, on the ſame Baſe, ABG F, and _—_— the 
- ſame Altitude, EF. 


2nd. After the ſame manner (as in Caſe and. of the laſt) 
every triangular Priſm may be proved triple of a Pyramid, 
having the ſame, or an equal Baſe and Altitude. 


Wherefore, ſince every Priſm, having a quadrangular 


Baſe, may be divided into two triangular Priſms; and each 
triangular Priſm, into three equal Pyramids having trian- 
- gular Baſes; conf. a Pyramid on the whole quadrangular 
Baſe of the Priſm, and having equal Altitude, is equal one 


third of the Priſm, or, the Priſm triple of the Pyramid. l 


3rd. Let the Baſe, ATHED, of the Priſm, AKFD, be a Pen- 


| tagon; and let the Diagonals, CG, CK, DH, DI, be drawn. 


Then, becauſe CD is parallel to AB and EF, GH to 
EF, and IK to AB Def. 33. ) DCis parallel to IK & GH,; 4.7. 
wh. Planes may paſs through DC & GH, DC & IK, Ax. 2. 
and conf. the Priſm, AK FD, will be divided into three 
triangular Priſms, by the Planes, DCKI and DCGH; 
viz. AKD, KIDHG, and DGE. 
Draw the Diagonals BD, DF, DG, and D K; 
EBD is a Pyramid having the fame Baſe, BCFGKE, 
| and Alutade as the Priſm, 
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But, BDCK is a Pyramid, having 1 fame Baſe, | 


BCK;./and Altitude, as the Priſm AKD; | 
AED is therefore triple of the Pyramid, BDCK. =" 9. 

For the ſame reaſon; KIDHG is triple of KDGC ; 
and, the Priſm DGE is triple of the Pyramid CDFG. 
But, the Pyramid BDFGK is equal to the three Pyramids 


BDC ER, KDGC, and CDF G; and the Priſm AK FD is 


equal to the three Priſms AK D, KIDHG, and DGE. 
Th. the Nn AKF Di is tripls * ee n D. 


TH BORE M' . "46. Euclid. 


Every Cone is equal to the third part of a Cylinder, 
having equal Baſes and equal Altitudes. 


Let the Circle AC E be conſidered as the Baſe of a 


Cylinder or Cone ; and, let a regular Poligon, ABCDEF, 
of any number of Sides be inſeribed; it is n. that 
the Poligon is leſs than the Circle. 
Let the Arks, AGB, &c. be biſected, as at G; and 
draw AG and GB, &c. This Poligon will be greater than 
| the firſt, but it is alſo leſs. than the Circle. 


 Wherefvre, it is evident, that, the more the Sides of * 


Poligon are multiplied, the nearer it approaches to te 


Circle, till the difference is leſs than any aſſignable Quan- 

tity whatever. The difference is the Segments AG, GB, &c. 

And, by the ſame reaſoning, every Poligon, circum- 
ſcribed; will be greater than the Circle ; conſequently, 
they will at laſt end in the Circle; i. e. the Perimeter of 
the Poligon, in the Circumference of the Circle, and their 
Areas will be equal ; or the difference will be leſs than 
any other Quantity, affigned. 

Let AGKD be a Cylinder whoſe Baſe is AD; and 
agd a Cone, whoſe Baſe, ad, is equal to the Baſe AD, 
of the Cylinder; and let them alſo have equal Altitudes. 

I fay, the Cylinder 9 is triple of the Cone, agd. 
WM 
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Dx. Let there be regular Poligons, of any numberof Sides, 

inſcribed; as ABCDEF, and abcdef, whoſe Sides 

Ag, BC, &c ab, be, ke. are i and conſequently 

they are equal Poligons. 

Let a Priſm be conſtructed on the Poligon, ABCDEF, 

| whoſe Sides AG; BH, CI, &c. are in the Surface of the 

Cylinder; and from every Angle of the Poligon, a b d, 
: * there be drawn Right lines ag, bg, &c. | 

Then, a bg de is a Pyramid, whoſe Baſe is equal to 

the Baſe ofthe Priſm (by Conſtruction); and, having equal 

Altitudes, the Priſm, Au KC, inſcribed in the Cylinder, 
' 3s triple of the Pyramid, inſcribed in the Cone. Th.4. 


Again. Let the Arks AB, BC, &c. be biſected, at N 
and O, &c. and let a Priſm be inſcribed, having twice 
the number of Sides. 

Alſo, let the Pyramid, inſcribed in the Cone, have the 
ſame number of Sides, as the Priſm; their Baſes are equal; 
and, conſequently, the Priſm is triple of the Pyramid, 4. 

And ſo it will continually be; till, by multiplying the 
Sides of the Priſm, its Surface will be the ſame as the 
Surface of the Cylinder, and the Surface of the Pyramid 
as the Cone; the Baſes of the Priſm and Pyramid will 
be the ſame as the Baſes of the Cylinder and Cone. 

But, they are equal, and they have equal Altitudes. 

Therefore, the Cylinder is triple of the Cone; or, 
the Cone equal to one third of the ER D. 


1. H E O R E M vi. gand 6, Euclid 


Priſins, or Pyramids, having equal Altitudes, have 
| that Ratio to each other, as their Baſes. 


Firſt, Let the Priſms have quadrangular Baſes. 


3 they are Parallelopipeds, it is already proved. Cor. I. 17. = 
For, every Parallelopiped is a Priſm (Def. 8, 55 and may be 
divided, by a Plane e through its 0ppolito 3 into 
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two equal and ſimilar nalen Priſms; conſequently their Baſes 
and Altitudes are equal, Th. 16. 7. 


And it is manifeſt, that if the: Baſe uf one be double, or triple | 
of the other, ſeeing they have _ Altitudes, they are as their 


Baſes ; ; i. e. the Priſm, whoſe Baſe is double or triple of the others 
Baſe, is double or triple of the other Priſm ; and conſequently, 
whatever Ratio one Baſe has to the other, the Priſms have ne- 


ceſſarily the ſame. For, whether the Baſes be fimilar Figures | 


or not, being equal, it is the ſame; as it is proved, 1 in Caſe the 
rd of the 17th, being Parallelopipeds, - 

Alſo, if their Baſes beequal, they are as theirAltitudes; C. 2. 1. 7. 
if the Priſms are equal, their Baſes and Altitudes reciprocate. 19.7. 
Conſequently, every triangular Priſm is to another, of equal 
Altitude, in the ſame Ratio as their Baſes; ſeeing, they are each 
half a Parallelopiped or Priſm, whoſe Baſe is double the Baſe of 

the triangular We and having equal Altitudes. 


Let the Priſms AFD and EG KM have equal Alti- 


tudes; the one on a triangular Baſe, the other pentagonal. 
Let the Diagonals GL, GO, HM, and HN be drawn, 
between oppoſite Angles in the equal Pentagons; and iina- 


gine Planes OGH N, and GLMH, drawn through thoſe 


Diagonals, dividing the Priſm, EGKM, into three tri- 
angular Priſms, EGN,NGM, and MGl. 


DEM. Then, becauſe the triangular Priſms, AFD En | 
- EGN, have equal Altitudes, they have that Ratio to each | 
other, as their Baſes ADE to EHN; - proved above; 


1, e. the Priſm AFD: EGN: :ADñE: EHN 


And, the Priſm AFD: NGM:: ADE: NHM theirBaſes 


alſo, thePriſm AFD: MGI :: ADE: MHI 
Wh. as the Baſe ADE: EHN + NHM + MHIJ _ 2.5. 
ſo is the Priſm AFD: EGN +NGM + MGIT 

i. e. as che Baſe ADE: EHIMN ::thePriſmAFD: : EGKM., 


2 cid Becauſe the Priſm AFD is triple the Pyramid ACED; 
and the PriſmEG K M is triple of the PyramidNEGIM,4. 
Alſo, as Baſe ADE: EHIMN, :: the Priſm AFD: EGKM 
conf. as Baſe ADE: EHIMN, :: the Pyr. ACED:NEGIM 


Cor. 1. Cylinders, having equal Altitudes, have the ſame 
Ratio to each other as their Baſes, 


Mm z 


be. 199" 
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For, fimilar Poligons, inſcribed in Circles, are, to each other, as 
the.Squares of their Diameters. - £ - - 14. 6. 
And it has been proved, that all Priſms, having equal Altitudes, 
are in- the Ratio of their Baſes to each other; conſequently, 
1 Cylinders are to each other in the ſame Ratio. 3s 
Becauſe, every Cylinder, whether it be right or oblique, is 
equal to a Priſm, whoſe Baſe is the ſame, or equal to the 
Baſe of the Cylinder; 1. e. having its Sides multiplied continually 
till it ends in the Surface of the Cylinder; and its Baſe, in the 


| 
| 
| 


» 


Circumference of the Cylinder. 
| Cox. 2. Cones, having equal Altitudes, are to each other, 
EL In the Ratio of their Baſes. | . 9 5 
| | _* Becauſe, a Cone is equal to one third of a Cylinder, having 


equal Baſes and Altitudes; and Cylinders are in that Ratio to each 
other; therefore Cones have the ſame Ratio as Cylinders. 


Cor. 3. Priſms and Pyramids, having equal Baſes, are to 
| each other as their Altitudes. | 


Becauſe Parallelopipeds are Priſms ; and it has been proved, - 
that Parallelopipeds are to each other in that Ratio; and conſe- 
0 | quently, all Priſms, having equal Baſes, are as their Altitudes. 


Con. 4. Cylinders and Cones, having equal Baſes, are to 
eceeach other as their Altitudes. | 


- Becauſe there is the ſame Ratio between Cylinders and Cones, 
as betweenPriſms and Pyramids, having equal Baſes, Therefore, &c. 
THEOREM VI. 8. Euclid. 


I Similar Priſms and Pyramids are, to one another, in 
| the triplicate Ratio of their correſponding Sides.“ 


| | In reſpect of Priſms (being alſo Parallelopipeds) this property 
= is already proved (18.7.) and conſequently, in Priſms having tri- | 
angular Baſes; ſecing, every ſuch Priſm is half a Parallelopiped, 
Whoſe Baſe is double of the Priſm and having equal Altitudes. 


Let the Pentagonal Priſms AK D, akd be fimilar, 


** by —_—_— — W — 14 * 


*I cannot conceive the reaſon, Why Euclid confines this Pro- 
paſition, and the following, ta Pyramids only; and to ſuch, only, 
s have triangular Baſes; ſeeing. that, it holds equally true in 
Prims; and allo in Pyramids, having poligonal Baſes, of any kind. 
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Take any Right line, V; and as ab, or be, is to AB, 
or BC, &c. let X be to V; and as X is to V, ſo let Y. 
be to X; alſo, as Y is to X, or & to V, let Z be to V. 


1 fay, that, as V is to Z, ſo is the Priſm AKD to akd. 


Let them be divided by diagonal Planes, BK, KC, bk, 
| ke, paſſing through the oppoſite Diagonals ; dividing the 
Priſms into three triangular Priſms, each. 


DEM. The Poligons ABC DE, a bed e, are ſimilar, Hyp. 
wh. the Triangles ABE, abe, &c. are ſimilar; - 13.6. 
and conſ. the Priſms AK g, ak b, &c. are ſimilar. Def. 11. 7. 

For, as AB: a b, or as BO: be, :: BG: bg, and GK: gk; 
conſequently, the diagonal. Planes, BK and bk, KC 
and kc, are ſimilar. 

Wherefore, ſince each 9 Priſm i is equal to half 
a Parallelopiped, whoſe Baſe is d uble of the triangular 
Priſm, and Altitudes equal ( above) they have that Ratio to 
, each other, which is triplicate of their correſponding Sides; 
i. 6. as V to Z. (Ax. 8. 5 / - as 
gut the Priſm AK B: ak b:: BK C: bke, and as CK D: ckd; 
wh.asAKB:akb::AKB +BKC+CKD:akd+bke+ckd.* 
i. e. as the Priſm AK B:akb::the Priſm AKD :akd. 
But, AKB: akb: V. Z. Th. the PriſmAK : akd:; V: 2 + | 


”- ahl Let the Pyrantida ABCD, abcd be ſimilar. ( Fig. 2.) 


The Pyramids AB CP, abcd, being fimilar, are each equal 
to the third part ofa Priſm on the ſame Baſe and Altitude. 
But, Quantities are in the ſame Ratiq, to each other, 
as their Equimultiples or equal Parts. Ax. 8. 5. 

and the triples of the Pyramids ABCD, abe di are as Vto Z. 

therefore, the Pyramid ABCD:abcd: V. Z. Q. E. D. 


Cor. Similar Cylinders are; toone another, i in the triplicate | 


Ratio of their Diameters or Sides. 


r 


— 


By Theo, 2nd of tlie 5th © + By Axiom 13th of the th. 


; 
EY 
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For, they are in the ſame Ratio, to each other, as ſimilar Priſng 
inſcribed; or, as Priſms, whoſe Baſes are equal to the Baſes of the 
| Cylinders, and having equal Altitudes. 


| Cor. 2. Similar Cones are, to each other, in the triplicate 
Ratio of the Diameters of their Baſes, or of their Axes. 


Keeauſe a Cone is equal to the third art of a 0 linder, on equal 
Baſes and Altitudes. 4 a : y Wy 


THEOREM VIIL 9. Euclid. 


Equal Priſms, or Pyramids, have their Baſes and 
Altitudes reciprocally proportional. 


; 17 the Prifas are Parallelopipeds itis already proved. 19.7. 


Let the triangular Priſm AKC be equal to the qua- 
drangular Priſm FLG; whoſe Baſes, ACD, FGHI, are 
in the ſame Plane; to which, BF is perpendicular. 
BF and EF are their Altitudes. | 


I ay, the Baſe, ADC, is to the Baſe, GH,. 
as EF to BF. | 

Let the Plane of the upper Face, LE, be produced, 

- cuting the triangular Priſm, at EMN. 


Dx. The Priſm AMC: AKC::EF:BF, their Altitudes, 
And - - AMC:FLG::ADC:FGHI, their Baſes. 
But, the Priſm FLG is equal to AKC; by Hypotheſis, 
| conſequently, AMC:FLG : EF: BF, i. e. as ADC:FGHI. 
Therefore, as ADC: FGHI;:: EF: BF. Q. E. D. 


2nd. Draw the Diagonals AB, DB; EG, EH, and El. 


The Pyramid ABCD is equal to one third of AKC. 4. 
And the Pyramid FGEHT is equal one third part of FLG. 
But, Quantities are in the ſame Ratio as their Equimultiples 


Wherefore, the Pyramid ABCD 1 is _ to F GEH. 


— . —— . . erty Eng = ns 
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But, they have the N Baſes and Altitudes, as the 


Priſms, AKC and FLG. Therefore, their Baſes 1 
Altitudes are reciprocally proportional. Q. E. D. 


Cox. Equal Cylinders, or Cones, have their Baſes and a 8 
titudes reciprocally Proportional. 


| Becauſe, Cylinders are equal to Priſms whoſe Baſes 
and Altitudes are equal; and Cones to Pyramids. 


In theſe eight Theorems, and their Corollaries, with the 
Corollary to the next, is contained the whole-ſubſtance of 
Euclid's 12th Book. Thoſe: which follow, are ſele& 
Theorems from Archimedes, which ſhew how the ſurface 
of the Sphere may be aſcertained ; alſo, of any Segment, 

or Portion of its Surface, intercepted between parallel 
Circles, with great accuracy. 

The next Theorem (which is not from Arid 
ſhews, in a brief and elegant manner, the Ratio between 
the Sphere and a circumſcribing Cylinder; and conſequently, 
if the Quantity of the Cylinder be known, or attainable, 
the Quantity of the Sphere may alſo be obtained. Accord- 
ing to Archimedes, it is determined by the Cone, in the 

| 1jth of this Book; which, though perfectly true, is not 

fo brief; and though perhaps more geometrical, yet not 

more convictive and ſatisfactory. | 

I! the following is contained all that is really: uſeful or 
valuable, in reſpect of the Cylinder, Cone, and Sphere; 
nor is it poſſible, I think, to obtain the Area of the Sur- 
face of a Sphere in a more conciſe manner. 

In ſhort, without the following Theory, I cannot bat. 
think the Doctrine of Solids imperfect; ſeeing that, the 
Quantity of a Sphere, the moſt perfect Solid, cannot, by 

Euclid, be obtained, in reſpect either of its Superficies or 
ſolid Contents; for want of which, A ctificers are frequently 
at ailoſs, in meaſuring a Dome or other ſpherical Object. 
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For, they are in the ſame Ratio, to each other, as ſimilar Priſins 
inſcribed; or, as Priſms, whoſe Baſes are equal to the Baſes of the 
Cylinders, and having equal Altitudes. 


| 
Cor. 2. Similar Cones are, to each other, in the triplicate 
Ratio of the Diameters of their Baſes, or of their Axes. 


Becauſe a Cone is equal to o the third part of a C linder on e ual 
Baſes and Altitudes. 4 Þ if N 


THEOREM vll. 9. Euchd. 


Equal Priſms, or Pyramids, have their Baſes and 
Altitudes reciprocally proportional. 


IfthePriſms are Parallelopipeds it is already proved. 19.7. 


Let the triangular Priſm A K C be equal to the qua- 
drangular Priſm FLG; whoſe Baſes, ACD, FGHTJ, are 
in the ſame Plane; to which, BF is perpendicular. 
BF and EF are their Altitudes. | 


1 fay, the Baſe, ADC, is to | the Baſe, FGHI, 
as EF to BF. | 
Let the Plane of the upper "ON LE, be produced, 
: cuting the triangular Priſm, at EMN. 


DM. The Priſm AMC: AKC: : EF: BF, their Altitudes, 
' And - - - AMC:FLG::ADC: FGHI, their Baſes, 
But, the Priſm FLG is equal to AKC; by Hypotheſis, 
- conſequently, AMC: FLG:: EF: BF, i. e. as ADC:FGHI. 
Therefore, as ADC: FGHI:: EF: BF. Q. E. D. 


2nd. Draw the Diagonals AB, DB; EG, EH, and El. 


The Pyramid ABCD is equal to one third of AKC. 4. 
And the Pyramid FGEHT is equal one third part of FLG. 
But, Quantities are in the ſame Ratio as their Equimultiples 
Wherefore, the Pyramid ARC is equal to FGEHI. | 
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But, they have the ſame Baſes and Altitudes, as the 


Priſms, AKC and FLG. Therefore, their Baſes and 


Altitudes are reciprocally proportional. Q. E. D. 


Cox. Equal Cylinders, or Cones, have their Baſes and Al- 


titudes reciprocally Proportional. 


Becauſe, Cylinders are equal to Priſms whoſe Baſes 
and Altitudes are equal; and Cones to Pyramids, | 


In theſe eight Theorems, and their Corollaries, with the 
Corollary to the next, is contained the whole-ſubſtance of 


Euclid's -12th Book. Thoſe: which follow, are ſelect 


Theorems from Archimedes, which ſhew how the ſarface 
of the Sphere may be aſcertained ; alſo, of any Segment, 


or Portion of its Surface, intercepted between parallel 
Circles, with great accuracy. 


The next Theorem (which is not 8088 Archimedes) 


ſhews, in a brief and elegant manner, the Ratio between 


the Sphere and a circumſcribing Cylinder; and conſequently,” 


if the Quantity of the Cylinder be known, or attainable, 
the Quantity of the Sphere may alſo be obtained. Accord- 


ing to Archimedes, it is determined by the Cone, in the 
17th of this Book; which, though perfectly true, is not 


ſo brief; and though perhaps more > geometrical, yet not 
more convictive and ſatisfactory. 

In the following is contained all that ĩs really uſeful or 
valuable, in reſpect of the Cylinder, Cone, and Sphere; 
nor is it poſſible, I think, to obtain the Area of the Sur- 

face of a Sphere in a more conciſe manner. 


In ſhort, without the following Theory, I cannot 5 | 


think the Doctrine of Solids imperfe& ; ſeeing that, the 
Quantity of a Sphere, the moſt perfect Solid, cannot, by 


Euclid, be obtained, in reſpe& either of its Superficies or 
ſalid Contents; for want of which; Artificers are frequently 


at a:loſs, in meaſuring a Dome or other ſpherical Object. 
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THEOREM IX. 
Every Sphere is equal to two-thirds of 4 eircum- 
ſcribing Cylinder; 1. e. of a Cylinder whoſe Dia- 


meter and Alritude are equal, cach to the Diameter 


of the Sphere. 
Let AB be the Diameter of a Ven F bile AB, at C. 


0 C. deſcribe the e AKB; and, on AB, let 
the Rectangle AEDB, n it, be conſtructed. 

av D.. 

Then (AB remaining fined). imagine them all revolved 
about AB, as an Axis; the Semicircle, AK B will de- 
ſcribe a Sphere, AKBL (Def. 14.); alſo, the Rectangle, 
AE DZB, will deſcribe a Right Cylinder, DEMN, con- 

tiining the Sphere (Def. 4.); and, the right-angled Tri- 
angle, ADB, will generate aRight Cone, DAN (Def. 10.); 
vhoſe Baſe, DN, is the ſame as the RI and . 
to the Diameter of the Sphere. | 
The Cone, is equal to a third part of the Cylinder. Th. 8. 


I fay, that the Sphere, AK BL, is 1 to two-thirds 1 


of the Cylinder circumſcribing i it. 


Draw CD; and FG (at diſcietion) parallel to CK, 
cuting CD at H, and the Circumference of the Sphere - 


at I; and draw CI. 


Dx. In the R. angled Tri. CFI. CIo =CFc o "vio, 20.1 


and, the Areas of Circles are as the Squares of their 


Diameters (Cor. 1:14.6.); wherefore, a Circle, deſcribed 


on CI, is equal to two Circles, on CF and FT, 

Now, in the revolution of the Square C KD B, there 
will be deſcribed the Cylinder KDNL; the Ark BIK 
will deſcribe a Hemiſphere; and, CD will deſcribe the 
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Surface of a Right Cone, DCN; alſo, the Points G, 
H, and I, will deſcribe Circles, with the ſeveral Radii 
FG, FH, and FI; FG is equal to CI (cnt SIE 


and FH 1s equal to CF (9. 1.) | 
For, the Angle CFH is Right; and the Angles FCH, 


FHC, are half Right; ſeeing that, the Diagonal, CD, 


biſects the Angles BCK, K DB. 


Wherefore, the Circle deſcribed by FH (equal c j 
is equal to thg difference between the Circles deſcribed 
by FG (equal CI) and FI. Conſequently, the Circle, 
deſcribed by FH, is equal to the Annulus, or Ring, de- 


ſcribed by GI ; and, conſequently, every Section (FG, 
or fg) of the Cone DCN, by a Plane parallel to its 


Baſe, is equal to a Section of the concave Solid, remaining 
when the Sphere is ſuppoſed to be taken out of the Cylinder. 


Wherefore, the Cone, DCN , is equal to the Solid 
deſcribed by the mixed Triangle KiIB D. 
But, the Cone, DCN gone third of the Cylinder KDNL 


conf. the concave Solid (taking away the Hemiſphere, K BL, 


out of the Cylinder, KDNL) is equal to one third of that 
Cylinder; and conſequently, the Hemiſphere, EBL, is 
equal to two thirds of the Cylinder. 


But, the Cone, DCN, is half the Cone DAN; and, the 


Cylinder, DKLN, is half the Cylinder DEMN; C. 4. 6. 
alſo, the Sphere, AKBL, is double the Hemiſphere, K BL, 
Therefore, the Sphere AK BL, whoſe Diameter, AB or KL, 
is equal to the Diameter, and Altitude, of the Cylinder 
DEMN, is equal to two thirds of the Cylinder. QE. D. 
CoroLLary. The 18th Propofition, of Euclid. 
Spheres have that Proportion to one another, which 
is triplicate of their Diameter; Gs 
For, all Cylinders, being fimilar, are in that Ratio to one an- 


other; and conſequently, Spheres, inſcribed in Right Cylinders 


whoſe Diameters and Altitu es are equal to the Diameters of the 
| Nn 
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Spheres, reſpectively, being two thirds of ſuch Cylinders, are in 
the ſame Ratio to each other as the Cylinders; 1, e. in the tri- 
plicate Ratio of their Diameters. 


THEOREM x. 


A Circle, whoſe Radius is a mean Proportional be. 
tween the Diameter of the Baſe, and the Side of a 
Right Cylinder, is equal to the cylindrical Surface. 


Let AB de the Diameter of the Baſe of the Cylinder AD, 
and let BI) be its Side. Take FG a mean Proportional, 
between AB and BD, and, on FG, deſcribe a Circle. 

Let C be the Center of the Baſe of the Cylinder; pro- 
duce BD, and make DE equal to BD. 

Then, CB, FG, and BE are Proportionals; for, 
CB: AB:: BD: BE; wherefore, CB x BE= ABN BD; 9.6. 
1. e. to FG ſquare; for AB x BD FG. . Cor. to 9. ö. 

Let ſimilar Poligons (X and Z) be 1 about 
the Baſe of the Cylinder, and the Circle whoſe Radius is FG; 
and let a Priſm, be ſuppoſed to circumſcribe the Cylinder. 


Där. A Triangle, whoſe Baſe is equal to the Perimeter of 
the Poligon, and its Altitude equal CB, is equal to the 
Peligon;* and a Rectangle under the Perimeterand BD, a 
S8SideofthePriſm, is equal to theSuperficies of thePriſm. 1.2 
Alſo, a Triangle under the Perimeter and BE is equal 
to a Rectangle under the Perimeter and BD, half BE. 
But, a Triangle, under the Perimeter and CB, is to a 
Triangle under the ſame Perimeter & BE, as C; is to BE, 1.6 
conſ. the Poligonis to the Surface of the Priſm, as CB: BE. 


* : 


* This follows from the 18th of the firſt, | | 
For, all the Sides of the Poligon are equal; and all Triangles 
| having equal}Baſes and Altitudes are equal, 7 
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But, CB to BE is duplicate of CB to FG; - Def. 12.5. =_ 
wherefore, the Poligon X is to the Superficies of the Wl || 

Priſm, in the Duplicate ratio of CB to FG. | 

But, the Poligon & is to Z in the Duplicate ratio of their 
Sides, or Perpendiculars, CB to FG, i. e. as CB to BE. 
wh. the Poligon X has the ſame Ratio to Z, as X has to the 
Superficies of the Priſm, AD; conſ. they are equal. Ax. 5. 5 

After the ſame manner, it may be proved that the Su- 
perficies of any other Priſm, whoſe Faces being multi- 
plied infinitely, tillthey end in the Surface of the Cylinder, 
AD, is equal to the Poligon circumſcribing the Circle, Z, 
whoſe Sides, being multiplied, end at laft in the Circle. 

Therefore, the Circle, Z, whoſe Radius is a Mean, be- 
tween AB& BD, is equal to the Surface of the Cylinder, AD. 


Cor. 1. The Superficies of a Right Cylinder is to its Baſe, 
as the Side of the Cylinder to the fourth . the 


Diameter of the Baſe. | 

For the Superficies of the Cylinder 3 is equal to the Circle, 

- whoſe Radius is FG; and that Circle, is to the Baſe of the 
Cylinder in the Duplicate ratio of FG to CB; i. e. of BE 
to CB; I. e. of BD to half CB. 

Cox. 2. The Superficies of aCylinder whoſe side is 5 to 
the Diameter of its Baſe, is equal to four times the Area of 
the Baſe; conf, if the Side be a fourth part of the Dia- 


3 the cylindrical Superficies and the Baſe are equal. 


| Con, 2 The Superficies of a Right Cylinder i is equal to 
a Rectangle, under its Circumference and Side. 


Con, 4 Cylindrical Surfaces, of equal height, are to each 
other as the Diameters of their Baſes ; and, having equal 
Baſes, they are as their Altitudes. 
| Cor. 5. The Surfaces of fimilar Cylinders have that Ratio 
927 between them; which is duplicate of their Diameters. 
N n 2 "98 ; 6; | 1 
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THEOREM XI. 
A Circle, whoſe Radius is a mean Proportional 
between the Side of a Right Cone and the Radius 
of the Baſe, is equal to the Superficies of the Cone, 


Let ABD be a Right Cone, the Diameter of whoſe 
_. Baſe is AD, and C its Center. 
Take FG, a mean Proportional between the Side, BD, 
and the Radius CD (equal BE and CE, and on FG de- 
{cribe a Circle. 
Let regular Poligons (X and Z) be ride | 
about the Baſe of the Cone and the Circle, whoſe 
Radius is FG, of the ſame kind; and ſuppoſe a Pyra- 
mid, on the Poligon X, circumſcribing the Cone. 


Du. Becauſe CE: FG:: FG: BE; by Hypotheſ S; 
CE to BE is duplicate of CE to FG. - Def. 12.5. 
But, as CE is to BE, ſo is the Triangle, whoſe Altitude 
is CE, and its Baſe the 1 the Poligon X, to 
the Triangle under BE and the ſame Perimeter. - 1.6, 
Alſo, as CE is to BE ſo is the Triangle whoſe Altitude 
is CE and the Perimeter of the Poligon X, to a Triangle, 
under FG and the Perimeter of Z. Th. 6. and 12. 6. 
But, a Triangle, under CE and the Perimeter of X, is 
equal to the Poligon X; and, the Triangle under FG and 
the Perimeter of Z is equal to that Poligon ; alſo, the 
Triangle under BE and the Perimeter of X, is equal to 
the Supcrficies of the Pyramid.* 
| | Wherefore, the Poligon X has the ſame Ratio to the 
Poligon Z, and to the Superficies of the Pyramid; conſ. 
pg Poligon Z=to the nn ofthe Pyramid. Ax. 5.8. 


0 


Thi ao follow PER the 18th of the firſt Book of Elements 


= A 
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After the ſame manner it may be proved, that the Su- 
perficies of any other Pyramid (whoſe Baſe is a regular 


Poligon, ſimilar, to one circumſcribing the Circle, whoſe 


Radius is FG, till by multiplying the Sides, equally, the 
Perimeters, of both, fall into the Circumferences of the 
Circles, and the Superficies of the Pyramid into the Cone) 


is equal to the Poligon Z; conſequently, the Superficies 


of the Cone is equal to the Circle whoſe Radius is FG, a 


mean Proportional between the SideBD& theRadiusCD. 


Cor. 1. The Superficies of a Right Cone is to its Baſe, as 
the Side of the Cone to the Radius of the Baſe. 


| For, they are, reſpectively, equal to Triangles, whulk Baſes 
are equal to the Circumterence of the Baſe of the Cone, and 
Altitudes equal to BD and CD reſpectively ; een 
they are to each other, as BE to CE. - 1. 6. 
Cor. 2. The Superficies of a Right Cone is equal to a 
Triangle, whoſe Baſe is equal to the Circumference of 
the Bate of the Cone, and its Altitude equal to a Side. 


Hence it is manifeſt, that the Surfaces of Right Cones 
have all the ſame Properties as I riangles. 

If their Sides be equal, they are, to each other, as the 
Diameters of their Baſes ; and having equal Baſes, they 
are as their Sides; or as their Axes, 

If they are fimilar, the Ratio between their Surfaces 3 is 
duplicate of their Sides, or Diameters of their Baſes. 

If they are equal, their Sides and Diane are reci- 
procally Proportional. 


Con. 3. The Superficies of a Right Cylinder, is to a Right 


Cone, having equal Baſes and Altitudes, as the Side of 
the Cylinder, ta half the Side of the Cone. 


For, the Superficies of the Cone is to its Baſe, as the side t to 


the Radius; or, as half the Side to half the Kadius. And the 


Superticics of the Cylinder, to its Baſe, is as the Side to half 
the Radius; therefore, the Surface of the Cone is to the Surface 


of the Cylinder, as the Side of the Cy Linder to half the Side of 
the Cone, - 
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Cor. 4. An Equilateral Cone, i. e. whoſe Side is equal to the 
Diameter of its Bafe, has it Superficies double of its Baſe; 
and if the Vertex be right angled, the Ratio is as the E 
Diagonal of a Square to its . 


THEOREM XII. 


Is 2 a Right Cone be cut by a Plane, parallel to its 


| Baſe; a Circle whoſe Radius is a mean Propor- 
tional, between that Part of the Side (betwixt the 


| Bafe and the Section) and the Radius of that Section 


added to the Radius of the Baſe, is equal to the 
conical Su perficies between the Section and the Baſe. 


Let BAF be a Right Cone; and let DJ be a Section, 
parallel to the Baſe, BF. | 
Take GH a mean Proportional, 3 AB, and BC; 
and GI a Mean between AD and DE; on which, 
deſcribe Circles, X and Z. ; 


The Circle X, on GH, is equal to | the whole Superficies ; 
and, that on GI Sto the Surface of the Cone, DA | - 11. 
and, AB: BCS ADK DE, + DB x BC, +DB DE.“ 
Take GK a Mean, between DB and DE+BC; on 
which, deſcribe a Circle; let it be called Y. 
I fay, that Circle (Y) is equal to the conical Super- 
ficies BDJF; between the parallel Circles. 


Dem. Becauſe GH is a Mean, between AB, & BC - byCon, 


the Square of GH=AB x BC; i. e. to the Ret. AB cd. [ 9.6 
For the ſame reaſon, Gl „ e | 


0 
thu 


his is deducible from the fooond Book of 8 having 


3 


en a Conſtruction. 


Let ABcd be a Rectangle, under AB and BC; Ac being 


| drawn, and Df parallel to Bc, cuting itate; and ab (through e) 


allel to AB. 
ate, the whole, Bd (eq ual ABx BC) Da (equal AD KDE) 


Bf __ BDxBC)+e 0 (equal 1 i. e. Be, 17. t.) 
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And, becuaſe GK is a Mean, betwixt BD and DE + BC; 
GKna=BD x BC, +BD x DE; (equal Bf, Be) 
Ii. e. to a Rectangle under BD and DE + BC. 

_ Conſequently, GHO =Gln +GK n. 

(Becauſe, the Rectangle equal to GH Square, is equal | 
to two Rectangles, which are reſpectively equal to the 
two Squares, of GI and GK). 

But, Circles are to each other, as the Squares of their 
Diameters, and conſequently as their Radii = C. 1. 14. 6. 
And the Circle X is equal to the whole conical Surface ; 
alſo, the Circle Z is equal to the Surface DA]. | 

Therefore, the Circle Y (being equal to the Difference 
between the two, X and Z) is equal to the Superficies 
BDF J; between the the Section, DJ, and the Baſe. 


THEOREM XIII. 


Ix a regular Poligon „having an equal number of Sides, 
be inſcribed in a Circle, and if a Diameter (which . 
is alſo a Diagonal of the Poligon) be drawn, an 
another Diagonal, from either extreme of the Dia- 
meter to the adjacent Angle; the Rectangle, under 
the Diameter, and that Chord, is equal to a Rect- 
angle under a Side of the Poligon and all the 


parallel Chords, Joining: © two and two g 
Angles. 


In the Circle AGF, et a regular Oct. ACEGBHF o 
be deſcribed ; draw the Diameter AB, and the Diagonal 
BC; alſo, draw CD, EF, and GH. 

1 fay, the Rectangle, under AB and BC, is equal to a 
Rectangle under AC (or AD) and CD, added to EF, 
added to GH. Join DE and FS. 


Du. Becauſe CE=D F, and E G to F H, the Chords 
CD, EF, and GH, are all parallel « Cor. to 10, 3. 
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And, for the ſame reaſon, AC, DE, FG, & H Bare parallel; 
conf. the Triangles ACI, IDK, K El., &c are ſimilar. 


Wh. Al: IC:: IK: ID,: : KL:LE, :: LM: LF, &c. - 4. 6. 


i. e. as AI: IC:: AB: C DYEFT GH, 2. 5. 
for, the Diameter, AB, AIT IK TKL, &c. | 
and CD+EF +GH=CI+ID+EL, &. - Ax. 1. 1, 
But, as Al: I C:: AC:CB(7.6) for ACBisaR.angle.12.3, 
Conſequently, AC: CB:: AB: CDA EF AGH. Ax. 13.5. 
Therefore, AC x CD+EF+GH=CB x AB. - Th. 9.6, 


Cor. Hence it is manifeſt, that if in any Segment of a Circle, 


as GAH, a Poligon be inſcribed, on GH, whoſe Sides are 
equal, and equal in number ; a Rectangle, under tlie 


Chord CB, and AN (part of a Diameter, perpendicular 
to GH) is equal to a Rectangle under a Side AC, arid the 


| 8 CD+EF+GN, half the Baſe. 


THEOREM XIV. 


' Ira A regular Poligon be inſcribed in a Circle (as in 


the foregoing Theorem)and Chord Lines be drawn 
(as there deſcribed); a Circle, whoſe Radius is a 
mean Proportional between the Diameter (AB) and 
the Chord CB, is equal to all the conical Superficies 
deſcribed by the revolution of the Rande, on the 


Diameter or Axis, AB. 


The ſameConſtruction remaining. as in the former Figure. 
Let X be a mean Proportional between AC and CI; 


alſo V, a Mean, between CE and CI added to EL. 
Dru. Now, AC, CE, EG, and GB are equal, by Con. 


And, AB x BC=AC x CD+EF+ GH (Th. 13.) 1. e. to 
AC x CI,+CE x CITEL, EG x ELFGN,+GB x GN. 
Take Z, a mean Proportional between AB and BC. 
The ſquare of Z is equal to the Squares of X and V, taken 


twice; i. e. to AC x CD, +CE x EF, +EG xGH = 13. 


On X and Y deſcribe Circles; the Circle X is equal to the 
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equal to the conical Surface ECDF; = by the 12th. 
Bur, Circles are in the ſame Ratio as the Squares of 
their Diameters (C. 1. 14. 6.); wherefore, a Circle, de- 
ſcribed on Z, is equal to X and Y, taken twice. 

But, the Cone DAC=GBH; and ECDF =EGHEF; 
for, CD is equal to GH, and CE to EG, &c. 
Therefore, a Circle whoſe Radius is a mean Propor- 


tional between AB and BC, 1s equal to the conical Su- 
perficies, deſcribed by the revolution of ACEGB, on AB. 


Con. After the ſame manner it may be proved, chat a Circle, 


whoſe Radius is a mean Proportional between CB and AN, 


is equal to all the conical Superficies deſcribed by ACEG 
on AN, in the Segment GAH. | 


E 
Tun Surface of a Sphere is quadruple of the greateſt 
Circle, made by a Section through its Center; 

i. e. to a Circle whoſe Radius is equal to the Dia- 

meter of the Sphere. | | : 
Let AD B K be a Circle, the Section of a Sphere 
through its Center. „ ED. 
Let a regular Poligon be inſcribed, having an even number 
of Sides; draw the Diameter, AB, and the Diagonal BC, to 
the adjacent Angle. 3 

Then, imagine the Circle ADBK, with the Poligon, re- 
volved on AB; the Circle will generate a Sphere (N. B. Def. 14.) 
and the Sides of the Poligon AC, CD, &c. will generate Right 
conical Surfaces, inſeribed in the Sphere. : 

AC and EB will deſcribe equal Cones (for they are equal, 
and equally inclined to the Axe AB); CD and DE will alfo de- 
ſcribe equal Surfaces; for they are equal, and CH is equal to ET. 

The whole conical SNN is leſs than the Superficies of 
the Sphere; for the Arks, AFC, CGD, &c. are greater than 
the Chords AC, CD, &c; alſo, a mean Proportional, between 
AB and BC, is leſs than the Diameter, AB. 

Let the Arks, AC, CD, &c. be biſected, at Fand G; and 
draw AF, FC, &c. | 2) „ 
It is manifeſt, that the conical Surfaces, deſeribed by the 
revolution of AFC GD, will be greater than thoſe deſcribed by 

= | 0 | 


- Surface of the Cone DAC (11.); and, the Circle Y is 
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AC, CD; but they are leſs than the Surface of a Hemiſphere, 
deſcribed by the Ark ACD; and, a mean Proportional between 
AB and BF, is greater than a Mean, between AB and BC, 
but it is alſo leſs than the Diameter AB. e 

By the ſame reaſoning, 1. e. by multiplying the Sides of the 
inſcribed Poligon, the Superficies of Cones, inſcribed in the 
Sphere, will, at laſt, end in the Surface of the Sphere; when 
the Sides, of the Poligon end in the Circumference of the Circle. 
For, if AF be biſected, at O, the Chords AO, OF deviate but 
very little from the Arks ey ſubtend ; and a mean Proportional 
between AB and BO, will differ very little from the Diameter 
AB; and conſequently, it will at laſt be the ſame as the Diameter, 


Dem. But, a Circle, whoſe Radius is equal to a Mean, 
between AB and BF, or between AB and BO, is equal 
to all the conical Superficies, deſcribed by the revolution 
of the Poligon, whoſe Sides are equal to AF or AQ; Th.14. 
Conſequently, a Ciicle whoſe Radius is equal to the Dia- 
meter, AB, is equal to the Surface of a Sphere, deſcribed 
by the revolution of the Semicircle ADB. nt 
But, Circles are to each other, or amongſt themſelves, 
as the Squares of their Diameter; Cor. 1. 14.6. 
and the Square of any Right line is equal to four times 
the Squure of half that Line. Cor. to 4. 2. 
Conſ. a Circle whoſe Radius is equal to the Diameter of 
another, is quadruple, i. e. equal to four times that Circle. 
Th. the Superficies of a Sphere is equal to four great 
Circles, equal, in Diameter, to the Diameter of the Sphere. 


Cor. The Superficies of the Segment of a Sphere is equal to 
four Circles, whoſe Diameter is a Right line drawn from 
the middle Point in its ſurface (1. e. the Point where a 

Perpendicular, from the Center of its Baſe, cuts it) to the 
Circumference of its Baſe. 


For, by the preceding Theorem, it is proved, that the co- 
nical Superficies, in every Segment, is equal to a Circle, whole 
Radius is equal to a mean Proportional, between the Chords 
CB. FB, or OB and AI, the Altitude of the Segment EAL. 


Let DAE be a Segment, and AG its Axis. Draw AE. 


Then, becauſe all the conical Surfaces, deſcribed by AF, 
FC, &c. is equal to a Circle, whoſe Radius is a mean Pro- 
portional between AG and BF; conſequently, by multiplying 
the Sides of the Poligon, BF will coincide with AB. | 
ut, AE is a mean Proportional between AB and BG. 
(Cor. 2.7.6.). Conſequently, a Circle, whoſe Radius is AE, 
15equa] to the ſpherical Surface, deſcribed by the revolution 
833 oe ne, ts, | 3 
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Cox 2. The Superficies of a Right Cylinder, whoſe Dia- 
meter and Altitude are equal, each to the Diameter of a 
Sphere, is equal to the Superficies of the Sphere. 
Por, the cylindrical Surface, being equal to a Circle whoſe 
Radius is a mean Proportional between its Side and Diameter, 
which are in this Caſe equal (Theo. 10) is equal to four times 
its Baſe, 1. e. to a great Circle of the Sphere. 4 85 

But, the Surface of the Sphere is alſo equal to four ſuch Cireles. 
Therefore, the cy lindrical Surface is equal to the ſpherical. Ax. 3. 1 


5 THEOREM XxX. : 
Ir a Sphere be inſcribed in a right Cylinder, and be- 


ing both cut by Planes, parallel to the Baſes of 


the Cylinder; each Segment of the ſpherical Sur- 
face will be equal to the portion of the cylindrical, 
intercepted between the ſame parallel Planes. 


| Let the Sphere, AEBF, be circumſcribed by the Cylin- 
der GIKH, and let them be both cut by the Planes CD, 


EF, parallel to the Baſes, GH, IK, of the Cylinder. 


I fay, the ſpherical Surface NAO, or ENAOF, is equal | 


to the cylindrical Surface ICDK, or IEFK; alſo, the ſphe- 
rical Surface NEFO, is equal to the cyl. Surface, CEFD. 

Let AB, be the Axe of the Cylinder, and Sphere; and let 
the Diameters CD, EF, of the Cylinder, be drawn, cuting 
the Axe perpendicularly, at L and M, and the Surface of 
the Sphereat N and O, EandF. Draw AN, NB, and AE, EB, 


Dru. Then becauſe AN is a Right angle (12.3) AN is 
- a mean Proportional between AL and AB; i. e. between 
. Chand CD. ---.- 5 C. 2. 7.6. 
Alſo, becauſe AEB is a Right angle, AE is a mean, be- 
tween AM and AB, i. e. between EI and EF. - ſame. 


But, the Circle, whoſe Radius (AN) is a mean Propor- 


tional, between CI and CD, is equal to the cylindrical 
Superficies, ICDK (10. ); and, it is equal to the Superficies 
of the ſpherical Segment NAO. Therefore, the Superficies 
of the two Segments, ofthe Cylinder and Sphere, are equal. 
Alfter the ſame manner it may be proved, that the Su- 


perficies IE FK, of the Cylinder, is equal to the Surface 


of the Segment, ENAOF. 


Conf. the Surface of the Cylinder, CEFD, between the 


parallel Circles, CDand EF, is equalto the Segment of the 


pherical Surface, NEFO, between the ſame parallel Planes. 
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And, it is alſo manifeſt, that the remaining Superficies, 
EGOHE, of the Cylinder, is equal to EBF of the Sphere, 

From this, and the foregoing moſt excellent Theorems, is de- 
duced a certain Rule for aſcertaining the true Area of the Sur. 


face of any Segment of a Sphere or other Portion, contained 
between parallel Circles. | | 


Cox. The Segments of a ſpherical Surface, intercepted be- 

teen parallel Circles, have the ſame Ratio, between them- 
ſelves, as the Segments of the Axe, or Diameter (AB) 
cut by theſe Planes. . 


For, each Segment, or portion of the ſpherical Surface, NAO, 
NEFO, and EBF, is reſpectively equal to the correſponding 


are, to each other, as IC to CE, to EG, i. e. as AL: LM: MB; 
conſequently, the Surtaces, NAO, NEFO, and EBF, are to 
each other, as AL, LM, and MB. | 


THEOREM. XVI. 
A Sphere is equal, in its ſolid Contents, to a Cone, 
whoſe Baſe is equal to the Surface of the Sphere, 
and its Altitude to the Radius, | | 


Imagine the Sphere ADF circumſcribed by any regular 
Body whatever; and, from every Angle of the circumſcribing 
ſolid, ſuppoſe Right lines, AC, EC, &c. drawn to the Center, 
C; there will be formed as many Pyramids, as the Solid has 
Faces, whoſe common Vertex is at the Center of the Sphere; 
which, together, 1s greater than the Sphere. 

Imagine further, that every Angle, A, B, E, &c. of this 
Solid, be cut off by a Plane, touching the Sphere, and per- 
pendicular to the Right line from the Angle cut off. It is eri- 

dent, that there will be formed another regular ſolid, con- 
taining the Sphere, touching every Face; which Solid is leſs 
than the firſt, but it is greater than the Sphere; and, by drauv- 
ing Lines from every Angle, a and b, a, 5, c, &c. as before, 
there will be formed as many Pyramids as this Solid has Faces. 

By proceeding thus, ad infinitum, it is manifeſt that the ex- 

terior Surfaces of this Solid, which conſtitute all the Baſes of 

the innumerable Pyramids, muſt, at laſt, end in the Surface of 

the Sphere; and conſequently, all the Pyramids, or whole Solid, 

is the fame as the Sphere; or, the difference leſs than any aſ- 

fignable Quantity. | | | 

Then, let BEF be a Circle, and C its Center. If the 

Radius BC be equal to the Diameter of the Sphere, the 
Circle BEF is equal to the Surface of the Sphere. Th. 15. 


portion of the Cylinder, ID, CF, and EH; and thoſe Portions 
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Make AC (perpendicular) equal to its Radius, and ima- 


- gine the Right angled Triangle ABC revolved around; 


the Hypothenuſe, AB, will deſcribe the Surface of a 
Cone, BADE. © 7 | 


1 fay, the Cone is equal to the Sphere. 


DEM. For, becauſe the Baſe of the Cone is equal to the 
Surface of the Sphere, it may be divided into as many 
plane Figures, as the circumſcribing Solid has Faces; 
each equal, reſpectively, to the other. 
Conſequently, if Right lines be drawn from every Angle 
of theſe Figures, to the Vertex (as at G) there will be 
formed as many Pyramids, as the Solid has Faces. 

But, they are, reſpectively, equal to them, by Hypo- 
theſis; and they have, alſo, equal Altitudes; 1, e. the Ra- 
dius of the Sphere. Conf. each Pyramid is equal to its 


correſponding one in the Solid; and, conſ. all the Pyramids 
contained in the one are equal to the other. But, Cones 


and Pyramids, whoſe Baſes are equal to one another, and 
having equal Altitudes, are equal. Therefore, the Cone 


BA DF is equal to the Sphere. Q. E. D. 


Cor. 1 Sectors of Spheres, are equal to Cones, whoſe 
Baſes are equal to the ſpherical Superficies of the Sectors, 
and the Altitude of the Cone to the Radius of the Sphere. 


For, ſince the whole Sphere is equal to a Cone, whoſe Baſe 
is equal to the whole Surface, and Altitude to the Radius; conſ. 
a Cone having the ſame Altitude will be to the other, as the Baſe 
of one to the Baſe of the other; 1. e. as the portion of the ſpherical 


Surface to the whole; and, conf. the Sector is equal toſuch a Cone. 


Cor. 2. A Hemiſphere is double of a Cone, having the 
ſame Baſe and Altitude, | 7 


For, becauſe the Surface of a Sphere 1s equal to four large 
Circles; the Surface of the Hemiſphere is double its Baſe. 

But, a Cone whoſe Baſe is equal to the ſpherical Superficies 

of the Hemiſphere, and equal Altitude, is equal to the Hemi- 


ſphere; conſequently, if the Baſe of the Cone be equal to the 


Baſe of the Hemiſphere, it will be half the Hemiſphere. 


Cor. 3. A Segment of a Sphere is equal to the Difference 


between a Sector, whoſe ſpherical Superficies is the Surface 
of the Segment, and a Right Cone, whoſe Baſe is equal to 
the Baſeofthe Segment, &its Side, tothe Radiusofthe Sphere. 
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ON THE THEORKT 
OF MENSURATION:. 


"ENSURATION is the Art of determining the 
Meaſure of LINEs, of SuRFAcEs, and SoLIDs, 

by ſome fix'd and determined ſtandard ; of which, a Foor, 
or an INcH, may be confidered as the primary. How 
ſuch a ſtandard as a Foot or an Inch is, or may be, aſ- 
certained, I ſhall not enquire; but only conſider it as it is 
and has been made uſe of, for obtaining the Meaſure of 
Length, the Areas of Surfaces, the Contents of Solids, and 
the Capacities of Veſſels, their hollow Contents. 
An Inc is conſidered as the length of three Barley- 
Corns; but that is vague and undeterminate: Being the 


leaſt, it may be conſidered as the firſt, the ſtandard of all 


other. A Foor is the Length of twelve Inches; or, the 
Meaſure of a Foot being firſt determined, an Inch is a 
twelfth part of it. Three Feet, or thirty-fix Inches, is 
called a VAR D; by which three Meaſures, all 2 of 
every Denomination, is determined. 


In reſpe& of Length, ſimply, 'tis but to 3 any af N 
thoſe three Meaſures, which is leſs than the Length to be 


meaſured, as often as one can contain the other: For in- 


ſtance; if the Length to be meaſured be leſs than a Foot, 


it is meaſured by an Inch; if leſs than a Yard, tis mea- 
ſured by a Foot, or an Inch, or both; being one Foot, or 
two Feet, and three, five, eight, or any number of Inches 
leſs than a Foot. If the Length be more than a Yard, 
any Length leſs than a FR (the 8th . of a Mile, 
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220 Yards) it is meaſured by a Yard, or Foot, or both ; 
except ſome kinds of Cloth, which is meaſured by the Ell 

(5-quarters of a Yard); Land is meaſured by Chains and 

Links. A Mile is eight Furlongs, 1960 Yards. Great 

Diſtances are meaſured by Miles, or Leagues (3 Miles); 
| baut, in almoſt every Country, they differ i in their Miles and 
| 5 | Leagues, ſome conſiderably. A German Mile is 43 of ours; 
| 


eleven Iriſh Miles is equal to fourteen of ours; ſo that, 
*tis 2.240 Yards. Two Yards! is a Fathom Up which, Sea- 
men meaſure the Deep. 


1 MENSURATION or, SUPERFICIES. 
THE whole Art of Menſarait of Superficies, con- : 


fiſts in determining a Rectangle, which i 1s Sag to tlie 
given Figure. 8 


— 


| In Theo. 19, Book 1ſt. it f Is 32 PIT that every 
| | Triangle i is equal to half a Parallelogram, ba ing the ſame 
f Baſe and Altitude; and, i in the 18th. is; wenn end de- 
monſtrated, that, all Parallelograms or” Friar ngle: 
the ſame or equal Baſes, and the | ſame Altitud I F 
Conſequently, fince ReQanglegare Parallelograms (Def. 22. 
and 34) and it is, there, fully demonſtrated chat they are 
all equal, having equal Baſes (i. e. having any two Sides 
equal) and the perpendicular diſtance between thoſe Sides 
and the oppoſite alſo equal, it is evident, . 
ſiure of one is alſo the meaſure of the gther. And 
| Triangles on equal Baſes with Parallelograſhs, . being 
of equal height are equal half ſuch P; ara grams, the 
; Area of a Triangle is readily obtait ed, ; "4+ N 
| Hence 1 1s deduced. the general Rule {ell 2 6 nown to all 
Surveyors, . or Artificers, concerned in meafuring Super- 
fſcies) for finding the Area of any triangular Plage Figure; 
which i is, to multiply the Baſe, i 1. e. any one Side, by half 
irs height, from that Side, or half its Baſe by the whole 
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OF MENSURATION. 289 
height; the reaſon for which is, in thoſe Theorems, 
clearly agcounted for; and, in that conſiſts the whole of 
ſuperficial Menſuration. 

On thoſe Principles, a Rectangle may be bs : 
equal to any Parallelogram, and extended to Triangles 
and Trapezia ; to any right-lined Figure whatever. | 

If the conſtruction of thoſe Figures be well underſtood; 
practical Menſuration is eafily attained; which conſiſts 
. . Wholly in finding a Rectangle, 1. e. in knowing how to 
obtain the dimenſions of a Rectangle, equal to any given 
Figure; for, the multiplication of any two Numbers, be- 
ing applied to meaſure, denotes a Rectangle under ſuch 


dimenſions, and produces its Area; which I ſhall, in the 
firſt place, endeavour to make clear and intelligible. 


Mos r People, at the firſt thought of theſe matters, ima- 

gine, that if two Figures (of any ſpecies whatever) have 
equal Circuit, i. e. if the meaſure of all the ſides, of each 
Figure, in one ſum, be the ſame, they have equal Areas; 
man which, nothing is more falſe, as will be made appear. 

A Circle contains the greateſt Area of any plane Figure 
whatever, having an equal Circumference or Perimeter. 
If a Circle be depreſſed, though ever ſo little, it becomes 
elliptical; in which Caſe, it loſes of its dimenſions ; and 
the more it is depreſſed, the leſs is its Area to that of the 
Circle. Conſequently, if a cylindrical Veſſel be bulged, 
or if its Sides are preſſed till it becomes elliptical, it loſes 
ol its meaſure; and the more the Sides are preſſed toge- 
ther, the more it loſes; for it is evident, that, if they 
are preſſed quite flat, it loſes the whole internal Area. 

So likewiſe, of right lined Figures - the more the Sides 
are multiplied, and the nearer it approaches, in figure, 
to a Circle, the greater Area it contains. Conſequently, 
regular Poligons, of a greater number of Sides, contain 
a greater Area, than thoſe of fewer Sides, having equal 


Perimeters. 
| P p 
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Hence it 1s plain, that a Reckangle contains a greater 
Area than any other Qudrilateral whatever; if the mea- 
ſure of their Sides, in one Sum, beequal. But, a Square, 
which is the moſt perfect Rectangle, contains a leſs Area 
than a regular Pentagon ; anda Pentagon contains leſs than 
a Hexagon; a Hexagon leſs than a Heptagon, and ſo on 
to a Circle, whoſe Perimeters are all equal; fo that the 
Square and Circle, whoſe Perimeter and Circumference 
are equal, differ greatly in Area, as ſhall be illuſtrated 


hereafter, to demonſtration. En [ | | 
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Srvok, in Menſuration, a Rectangle is the ſtandard by 
which the Areas of all Plane Figures, as well as of all 
other ſuperficial Contents, are aſcertained; I ſhall, in the 
firſt place, ſhew, and account for the methods of taking 
the dimenſions of various Figures ; which meaſures, being 
multiplied into each other, will give the true Area; each 


* igure being equal to a Rectangle under thoſe Dimenſions, 


— — 
— — 3 —— 
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I, THE Area of a SQUARE is obtained, by multiplying 
ho meaſure of a Side into itſelf. e. g. 


Let the Side of the Square ABCD be five feet; 
meaſure. of a Foot being repreſented by each ſmall So 
ſion on its Side, as 1, 2, 3, 4, 5. Now, if from theſe di- 
viſions, lines are drawn, both ways, parallel to the Sides; 
it will be divided into as many leſs Squares, as the Side mul- 
tiplied by itſelf produces; viz. 5 times 5, equal 25; which, 
is the number of ſmall Squares contained in the large 
Square, ABCD; each ſinall Square a, b, c, &c. being ſup- 
poſed one Foot, on each Side, is, therefore, called a 
ſquare Foot. So that, the Square AE, which has three 
feet on each Side, is a ſquare Yard; its Area is nino | 
ſquare Feet. | 

But, when a Rectangle meaſures more, or is longer on 
one Side. than the other ; mens either Side n by 
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the other (not oppoſite) gives its Area or ſuperficial Mea - 


ſyre. Whereas, in a Square, the Sides are all equal; and 
conſequently, the meaſure of one is alſo the meaſure of 


any other; therefore, the Side is ſaid to be-multiplied into 


itſelf, to produce i its Area. 


2. Ir the Rectangle ABCD e 8 Feet on one 


Side (as AD) and 5 Feet on the other (AB) the op- 


poſite Sides are the ſame (15. I.); and if Lines are drawn . 
through the diviſions (as in the Square) parallel to the 
Sides, it will be divided into 5 times 8, equal 40; the 


| number of {quare Feet, contained in the ReQangle. 


Hence it is evident, that, in Menſuration, any two 


Numbers denoting Meaſure, in Inches, Feet, Yards, &c, 
being multiplied into each other, give the Area of a Rect- 
angle under thoſe Dimenſions, in ſquare Inches, Feet, &c. 


and conſequently, all multiplication, of Meaſure, denotes 


the Figure, under ſuch dimenſions, to be right angled. 


| Wherefore, the multiplication of Lines, in Geometry, 


implies a Rectangle conſtructed on the two Lines. 


3. To any Point, E (in BC) let AE, DE be drawn, 


forming a Triangle, AED, on AD, its Baſe. 
IT is obvious, that the Triangle AED contains ſeveral 
whole and entire Squares, F, F, &c. and ſome Pentagons,, 


zs a, a; ſome Trapezia, as b, b; and ſome Triangles, c, c. 


It would not be eaſy to aſcertain how many entire 
Squares all thoſe irregular Figures are equal to; for there 
are but 12, entire, 4 E 3 Trapezia, and ſeven 


Triangles. 


But, ſince (by Th. 19) we have demonſtration, that the 
Triangle AED is equal to half the Rectangle ABCD; 


and the Rectangle ABCD contains 40 tmall Squares, con- 


ſequently, all thoſe irregular Figures are equal to 8 Squares; 


which, added to the 12 entire ones, make 20, the true 
Area of the Triangle * 
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4. NExT, I will ſhew, that two Parallelograms may 


have the Sum of all their Sides equal, and ditfer panty 
in Area, | 


The Rect. ABCD, and the Parallelogram AEFD, have 
their Sides, AD, BC, and EF, equal; for, AD is com- 
mon to both ; conſequently, BC and EF, being both 
equal to AD (15.1.) are equal to each other. Ax. z. 

Ah is equal to AE, and DC equal DF; and conſequently, 
AB+BC+CD+AD is equal to AE+EF+FD+AD. 

But, the Area of the Par. AEFD 1s not equal to the 
Area of the Rectangle ABCD. For, if AE be multiplied 
into AD, it will produce an Area equal to the Rectangle 
ABCD, becauſe, AE is equal AB. | 

But, the Par, AEFD is equal to the Re&. AGHD oy; 


For, it is demonſtrable, the Triangle AEG=DFH; ». x. 


conſequently, if DHF be taken away, and its equal, 
AGE, be added, the Rectangle AGHD is . to the 


Parallelogram AFD. 


Again; if AE be produced to T, end DF to K (in. BC | 


| produced) then, the Parallelogram AIKD is equal to the 


Rectangle ABCD. For, the Triangle ABI=DCK; 


wherefore, by taking away DCK, and adding an equal, 


ABI, the thing. is manifeſt. 

Now, the Rectangle ABCD, being ſuppoſed a 
or puſhed oblique, to AEF D, has loſt of its dimenſions, 
conſiderably; and if it be depreſſed lower, to ef, it ſtill 


: loſes more - notwithſtanding the Perimeter, Aef D, re- 


mains the ſame, equal ABCD. Conſequently, ABCD 


contains a greater Area than any other Parallelogram, 


having an equal Baſe, and equal Perimeter. | 
Therefore, if ABCD be depreſſed at all, i. e. if the An- 


gles are not Right ones, it will contain a leſs Area; for, 


if Ag; and CD deviate ever ſo little from the Perpendicular, 
BC muſt neceſſarily fall lower. R its Alti-⸗ 
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tude being leſs, and the Baſe remaining the ſame, its 
Area is manifeſtly leſss. Cor. 1. 6. 


5. Ir may ſeem ſtrange, to ſome, that a Square ſnould 


contain a greater Area than any other Rectangle, have 
ing equal Perimeters. 


Suppoſe the Rectangle ABCD to meaſure, on one Side 


5 AD) 8 feet, and on the other Side (AB) 6 feet; its Area is 

8K 6 248; and its Perimeter is twice 8+twice 6, 28. 
Let AE FH be a Square, on AH, equal ſeven feet. 
Then, the meaſure of its Sides, in one ſum, is 7 Xx 4, or 


4 times 7, equal 28, the ſame as the Rectangle. 
Now, the Rectangle ABGH is common, both to the 


Square AEF H, and the Rectangle ABCD. 


But the Rectangle, EG, which is the remaining part 


of the Square, contains 8 ſmall ſquares; whereas, the 


Rectangle GD, the remaining part of the DH" 


ABCD, contains but fix, 

The Area of the Square is 7X7, or 7 times 7, =49:; 
whereas, the Area of the Rectangle is but 8 K 6, 48, 
one 49th part leſs, in its Area, than the Square; which is 
accounted for by the Figure ; and from Theo. 11. Book V. 


HENCE it is plain, that a Square is the moſt perfect of 
RNectangles, or other Parallelograms; as a Circle, of all 


Plane Figures. And, ſince no other Figure, but Rect- 
angles, can anſwer the purpoſes of Menſuration, in pro- 
ducing the true Area; it is certainly moſt conſiſtent, that 
all ſuperficial Meaſure ſhould be reduced to a ſtandard 


| meaſure, by the moſt perfect of all Rectangles, a SQUARE. 


6. In the Parallelogram AEFD, let AE be divided into 
the ſame equal parts as AB or AD; and if, through 
thoſe diviſions, Lines are drawn parallel to the Sides, 
AD and AE, it will be divided into as many leffer 


Parallelograms as the Rectangle, ABCD, contains 
Squares, DW, | 6 
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294 THE THEORY 
But, thoſe leſſer Parallelograms are Rhombuſes (Def. 36) 
each being in the ſame Ratio to a Square, of an equal 
Perimeter, as the whole Parallelogram AEFD to the Red- 
angle ABCD; conſequently they do not aſcertain its Area. 
The Area, therefore, of a Parallelogram (except it be 
a Rectangle) is not obtained by the meaſure of its two 
Sides, AD, AE, or DF, but by the meafure of one Side, 
as AD, only, and its perpendicular Altitude, DH ; which, 
being multiplied together, produce the Area of a Re. 
angle AGHD; to which, the Parallelogram AEF D, is 
equal; as it is evident from the Figure. | 
The Par. AEFD=AGHD, and is deficient of the Red. 


angle ABCD, by the Rectangle GBCH, equal one fixth 
part of ABCD (1. 6.) GB being one fixth part of AB, 
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N. B. Either Side of a Parallelogram may be taken, in 
order to obtain its Area, but not both ; unlefs it be a 
Rectangle. If DF be taken, then, the perpendicular 

_ diſtance, El, between that Side and its . AE, 
will alſo give the true Area. | | 


7. Tux Area of a * Poligon is obtained, as follews. 


. The general Rule for meaſuring Poligons is, to multi- 
ply half the Perimeter, i. e. half the Sum of all the Sides, by 
2 Perpendicular from the Center to any Side; which im- 
plies, that a Rectangle of thoſe Dimenſions is equal to the 
Poligon; the truth of which I ſhall make next to appear. 

Let ABDEF GH be a regular Heptagon, whoſe Cen- 
ter is C. Draw AC, BC, &c. dividing it into ſeven equal, 
Iſoſceles Triangles. 

Draw a Right line, af, indefinite; in PTY take ab, 
b d, &c. each equal to a Side of the Poligon ; and, on the | 
Baſes ab, bd, &c. copſtruct the Triangles, acb, bld, 
. dke, and ehf, equal and fimilar to the Triangle ACB 
in the Poligon. | 
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If a Right line, c h, be drawn through their Vertices, it 
will be parallel to af (C. 18. 1.); and, there will be con- 


ſtructed three more Triangles c bl, &c. equal and ſimilar 


to the other; and conſequently, the Trapezium, a chf, 


is equal to the Heptagon AG EZB; for, it contains wen 


ä Triangles, equal to thoſe in the Poligon. 


Draw ci perpendicular to ab; the Triangle a eb being 
Iſoſceles, the Baſe, a b, and confequently, the Triangle, 


a cb, is biſected, by the Perpendicular ci. = C. 3. 9. 1. 


Produce ch; and, make hg equal ai and draw fg, 


which will be parallel to ci, and alſo equal; - 15. 1. 


wherefore, the Triangle f gh, is equal to the Tri. a c i. 7. 1. 
conſ. the Rectangle ic gf is equal to the Trap. a chf; 
(which was made equal to the Poligon.) - Ax. 6 and 7. 
But, the Side if, equal cg, of the Rectangle icgf, is 


equal to IBDEF, half the Perimeter of the Poligon; and 
ci, equal gf, the other Side of the Rectangle, is equal to 


CI, a Perpendicular from the Center of the Poligon. | 
Conſequently, half the Sum of the Sides, AB, BD, &c. 


(equal if) multiplied by the Perpendicular CI (equal ci. ) 
gives the Area of the Heptagon ABDEFGH. 


This Rule, holds good for all regular Poligons whatever. 


8. From what has been advanced, concerning Poligons, 
we do with certainty infer, that a Triangle whoſe Baſe 


is equal to the Circumference of a Circle, and its Altitude 
equal to the Radius, is equal to that Circle; conſe- 
quently, half the Circumference multiplied by the Ra» 


dus gives the Area of a Circle. 


Every Poligon, circumſcribing a Circle, is equal to 2 


Triangle, whoſe Baſe is the meaſure of all the Sides, in 


one Sum, and its Altitude equal to the Radius of the 
inſcribed Circle. 


Taz Pentagon ABDEF, is leſs, than the circume 


ſcribing Circle ; by the five Segments AGB, BD, &c. 


—— — —— «ð2 —— —— 
” 
q — RE IVE 4 _ — Ts Lathe n 


* 
4 £-5- Sx: == omg Oe - \- v4 = —. 


rn nr 


Biſect the Ark AGB and draw CG, which will be pers 
pendicular to AB; and draw the Chords AG, GB, which 


are the Sides a of Decagon, 1uſcribed in the ſame Circle; 


and, if the Side Au be biſected, and CI drawn, it will be 
perpendicular to AG. 5 Cor. 4. 9. 1. 
The two Sides AG, GB, of the Decagon, are greater 
than the Side AB, of the Pentagon (13. 1.); and, the Per- 
pendicular CK. of the Decagon, is greater than the Per- 
pendicular CH, of the Pentagon; for, CN is longer 
than CH (C. 2. 12. 1.). And CK is longer than CN; 


conſequently, the Area of the Decagon, whoſe peri- 


meter is ten times AG or GB, and its Perpendicular is 
CE, is greater than the Pentagon, whoſe Perimeter is 
five times AB, and its Perpendicular is CH. The diffe- 
rence is five Iſoſceles Triangles, equal ABG; whoſe Baſe 
is AB, the Side of the Pentagon, and the equal Lege 


or Sides, AG, and GB. are che Sides of the Decagon. 


Again; the Area of tlie Decagon | iS s leſs chan the Circle, 


by ten Segments AIG, GB, &c. For, CK, produced, 


biſects the Ark AIG, at I; the Chords AI and IG, being 
drawn, are the Sides of a Poligon of twenty Sides, whoſe 


Perpendicular is CO. 


This Poligon is greater than the Decagon, by ten Iſoſ 85 
celes Triangles, equal AG, in the Segment AG or GB; 
and it is ſtill leſs than the Circle by 20 Segments AI orIG. 


From all which, it is clear, that every Poligon, in- 
ſcribed in a Circle, is leſs than the Circle, by as many 
Segments as the Poligon has Sides; and conſequently, 
every Poligon, circumſcribed, 1s greater than the Circle. 


But, the greater the number of Sides of the Poligon, the 
nearer is its Area to that of the Circle; and conſequently, 


it muſt at laſt end in the Circle; that is, the Perimeter of 


the Poligon, will be equal to the Circumference of the 
Circle, and the Perpendicular equal to the Radius. 


* ® 
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For, if Al be again biſected in L; the Sides AL, LI, 
of a Triangle, in the Segment Al, are greater than the 


Chord AI, which is the Baſe of that Triangle; yet, they _ 


are leſs. than the Arks of the Segments AL, LI; but they 
muſt, at laſt, by multiplying oy end in the Circum- 
ference, as it is evident. 

So likewiſe, | the Perpendicular CH, of the Pentagon, is 


leſs than CK, the Perpendicular of the Decagon, which 


is alſo leſs than CO, of the Vigintagon. And, if AL is 
again biſected, and a Perpendicular drawn to the Chord 


AL, it will be greater than CO; and will, at laſt, be 


equal to the Radius of the Circle. 


Whetefore, the Circle may be conceived to be an ag- 


gregate of an infinite number of Iſoſceles Triangles, 


whoſe common Vertex is the Center, and whoſe taſes 
are in the Circumference, and which are, altogether, equal 
to it. Conſequently, a Rectangle under the Semi · cireum- 
ference and the Radius of the Circle; or, under half the 


| Perimeter of the innumerable fided Poligon (equal to the 


Circumference) and its Perpendicular (equal the Radius) 
is equal to the Circle; and conſequently, a Triangle 
whoſe Baſe is equal to the Circumference, and its Alti= 
tude equal to the Radius, is alſo equal to the Circle ; for 
every Triangle is equal to half a Rectangle of the ſame 
Baſe and Altitude (17.1.). Therefore, the Triangle is 
equal to a Rectangle under half its Baſe, and the Altitude. 


HEN E, the Rule for meaſuring a Circle is, to multi- 


ply half the Circumference by the Radius; and, from 


hence it is clear, that, of all Figures which have an equal 
Perimeter or Circumference; i. e. whoſe Bounds are equal 


to the ſame Right line; a Circle contains the greateſt Area. 


9. I Have already ſhewn, that a Square contains a greater 
Area than any other W having an equal Peri- 
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meter, or the meaſure of all their Sides equal. I wil next 
ſhew, how much it 1s leſs than a Circle, having equal 
circuit. 


Suppoſe the Sides of the Square, ABCD, 1 id equal 

to a fourth part of the Circumference of the Circle, GH; 
then, the four Sides are equal to the whole 1 
The Area of the Circle is greater than that of the Square. 

From what has been ſaid, concerning Poligons and Cir- 
cles, it is evident, that the Circle, GH, 1s equal to a 
Rectangle, two oppoſite Sides of which, are equal to the 
Circumference ; the other are each equal to the Radius EG, 

Let the Rectangle acgd be conſtructed ſo, that ac is 
equal twice AB, and ad equal EG; and draw cf, making 
ac and ef each equal EF. 

The Square is equal to the ReQangle acfc c; two oppoſite 
Sides being equal, each to two ſides of the Square, i. e. 
equal half the Circumference of the Circle, and the other 

two Sides, each equal to the Perpendicular, EF, only; 

which, being conſiderably leſs than the Radius EG; con- 
ſequently, the Rectangle aegd, whoſe Sides ac, dg, ate 
each equal half the Circumference, GH (equal ae, cf, of 
the Rectangle ae fc) and the Side eg (equal ad) is equal 
the Radius, EG (but, the Sides ac, ef, cach equal the 

Perpendicular EF, only) will have a greater Area than 
the Rectangle ae fe; and the difference is the Rectangle cigd, 

The Circumference of a Circle is to its Diameter, nearly, 

| as 22 is to 7; which, is near enough, for meaſuring any 
Circle that can be formed: but if the Diameter be 113, the 
Circumference will be 355. In both, the Circumference 
is too much; the laſt, by little more than a five en 
part of the Diameter. 

Suppoſe then (by the lat) the Diameter, GH, to be 
17, the Circumference will be 53, 4, very near. The Side 
of the Square, ABCD, being a fourth part of the Circum- 
ference, is 13,35, che Perpendicular, EF, half the Side, 


OF MENSURATION. agg 


18 6,675; and FE. Radius of the Circle EG, 18 8,5; the 


Area of each is as follows. 


ABT BC, 26,7 HFalf the Siren 26 5 
x by EF, 6. 675 ö * 7 the Radius, EG, = 8,5 


$335 | 1335 
1869 | >, a 
1002 

1602 Area of the Circle, 226,95 
— 178, 2225 


Area 178, 2225, of the Square 


Difference 48,727 5 


A regular Pentagon, having the ſame Perimeter as the 


Square, is greater than the Square, but it is leſs than 
the Circle; alſo a Hexagon, is ſtill greater than a Pen- 


tagon, of equal Perimeter. A Heptagon, is ſtill greater 
than a Hexagon; and an Octagon, greater than a Hep- 


tagon; ſo that, the more the Sides are multiplied, 
the nearer it approaches to the Circle; for, the Perimeter 


of the Poligon, by multiplying, will end, at laſt, in, or 
coincide with tlie Circumference of the Circle. | 


10. A CizeLE „then, contains a greater Area than any right- 
lined Figure, having equal Perimeters; it alſo contains 
more ſpace than an Ellipſis, or any other curved Figure, 

whatever, whoſe Periphery is equal to the Circle's Circum- 
ference; for, as a Square, or other Rectangle, loſes of its 
Area, belnk depreſſed, or rendered acute angled (Art. 4.); 
ſo, a Circle, being prefſed and rendered elliptical, alſo 
loſes of ats Area; and the more ſo, the Hatter, or more 
excentric it 1s made. . | 
A Circle, whoſe Diameter is a mean Proportional be- 

tween the two Axes of an Ellipſis, contains an equal Area; 
by which, the Area of an Ellipſis is with certainty obtained. 


But ſuch a Circle will have a leſs Periphery than the El- | 
lipſis, which, to demonſtrate i is not ſo 9 98 as right · lined 
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Figures; nor have J ſeen any Method, for aſcertaining | 
the Periphery of an Ellipfis with certainty, I ſhall, there- 


fore, ſuppoſe a Circle, whoſe Diameter is 7 Inches, de- 
| preſſed to an Ellipſis, till the conjugate Axe is but 6 Inches, 


the tranſverſe will be about 7,8; a mean Proportional 
between which is 6,8 or ſomewhat more; which is 


| 2-tenths, nearly, leſs than 7. Again; heals the ſame 


Circle depreſſed more, until the tranverſe Axe is ꝙ inches; 


the conjugate will be nearly 4,5; the mean Proportional 


to which is, nearly, 6,304, which is near ,636 defi- 
cient of 7, the Diameter of the original Circle; from 
which it 1s manifeſt, that the more it is depreſſed, that is, 


: the more excentric the Ellipſis is, having the ſame Peri- 


phery a as the Circle, the leſs is its Area, in 9 8 
that of the Circle. 

In Art. 8, it is determined, that a Checks, is equal to a 
Triangle, whoſe Baſe is equal to its Circumference, and 
its Altitude equal to the Radius. But, an Ellipſis, hav- 
ing an equal Periphery with a Circle, is leſs than the 
Circle, in Area; for it is equal to a Circle, whoſe Dia- 


meter is a mean Proportional between the two Axes of 


an Ellipſis, which Circle has a leſs Periphery than the 


Ellipſis. 


Let the tranſverſe Axe of an Ellipſis be 25 Feet the 
conjugate 16; it will be equal to a Circle whoſe Dia- 
meter is 20 Feet. F or, the Circumference of ſuch a Cir- 
cle will be 62,832, near, half of which 1s 31,416; which 
multiplied by 10 (the Radius) gives 314,16, for the Area 
of the Circle, as by the 8th Article. Or, if the two of 


Axes of the Ellipſis be mul iplied together, it will give 


the Area of the Rectangle ABCD; which Rectangle has 
that Area to the Ellipſis inſcribed, in the proportion of 
1000 to 785. So that 314,000, the Product of 25 x16x 
785, being divided by 1000, gives 314 for the Area of 
the Ellipfis; the other is not 2c parts of a Foot more. 
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From what has been advanced, it is manifeſt then, that 

the Theory of Menſuration, of Superficies, conſiſts in 

obtaining the Sides of a Rectangle, equal to the given F 15 

PEE gure; ſince (as I have ſhewn) the Multiplication of any 

| two meaſures, into each other, denotes a Rectangle of 
| thoſe dimenſions. 


II. HAvIxd ſhewn how the meaſures of Plane Figures, 


; | from a Square to a Circle, are taken, ſo as to produce 
their Areas; I ſhall, in the next place, account for the 
8 multiplication itſelf, by which, the Area 1s aſcertained. 


Suppoſe, then, a Rectangle. ABCD, whoſe Sides, AB 
and CD, meaſure, by ſome Scale of equal Parts, 5 and 9g 
twelfths, each ; and the other . AH nd BC, each 


255 8 and 6 twelfths. | 
Through the Diviſions 1, 25-5 44 xc on the Sides 

: AB and AD, which may repreſent the meaſure of a Foot, 
5 or 12 Inches, each (for, you may ſuppoſe any meaſure 
x whatever, to be repreſented by them) it Right lines be 
4: drawn, parallel to the Sides of the Rectangle, as in the 
= Figure, it will be divided into as many whole and entire 
a] Squares, as the whole numbers produce; viz the Rect- 
1 angle AE, whoſe Sides, A8, As, being multiplied, give 

5 times 8, equal 40. The fractional parts, a, b, c, d, e, f, &. 
ne | | | . 

produce 8 more Integers or Squares, and 7 eighths of 
9 another; for, the 8 {mall Rectangles a, b, c, &c to E, 
5 are each 3 fourths of a Square; being the full meaſure on 
_ one Side, and q twelfths on the other; and w_ altogether, 
of equal to 6 entire Squares. 
. The 5 ſmaller Rectangles d, e, f, &c. to E, being but 
las 6 twelfths (half the Integer) on one Side, are each equal 
of b half a Square; and make, together, two and a hb  - 3 
_ and the ſmall ReQangle EC, being 3 fourths of one of | 
of theſe, or half one of the other, 18 n 3 eighths of | 


A Square, 
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The * e AE, is equal to AE = 40 
40 Squares; to which, if the Rectangles BE = 6 
BE, DE, and EC be added; BE=6, DE = 2-6. 
DE a;, and EC of a Square; toge= CE = O44 


ther they are equal to 8, and 7 eigliths; 


which, added to 40, make 48 and ABCD 48-105 


FJ. eighths; the ſum total of the Area of the Rectangle 


ABCD, in ſauare meaſure, by that Scale. 


12. Ir may not be impertinent, nor ſuperfluous to ſome 
to ſhew how the Product ariſes, by multiplying Feet 
and Inches, together; commonly called Croſs Multi- 
plication. | 


The meaſures of the two Sides of the 8 AB 
and AD, 8-6, and 5 - 9, being placed one under the other 
('tis not material which is firſt, or uppermoſt) as in the 
margin, We begin with the Feet, in the multiplier, and 


ſay, 5 times 6 is 30. | | 
Now, it is evident, from the Figure, that 8-6 


this is Feet, one way, and Inches, the other; 5-9 
and is the Rectangle DE, 5 Feet long, E8, ———— 
by 6 Inches, D. 426 


Feet multiplied by Inches, or Jnches mul⸗ 6 246 
tiplied by Feet, produce Inches; i. e. the | | 
twelfth part of a ſquare Foot; 3o Inches is, 48-10-6 
therefore, equal to 2 Feet and 6 Inches. | Ts 
- *Tis the ſame, if you begin with the 9 inches, firſt. 

Set down 6 Inches, under Inches, and carry the two 
Feet forward, ſaying, 5 times 8 is 40; which being Feet 
both ways, it conſcquently produces ſquare Feet, the 
large Rectangle, AE. The two Feet, ariſing from the 
Rectangle DE, being added, make 42 Feet; which, ſet 
down under the Feet. 

Next, you take the Inches, in the multiplier, and lay, | 
9 times 6 is 54; i. e. N 
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Now, theſe are Inches both ways (the ſmall Rectangle 
EC) and produce only Parts, or. ſquare Inches, i e. the 
144th part of a ſquare Foot. For, if the ReQangle EC 
be divided, on each Side, into Inches (viz. ꝙ and 6) and 
lines be drawn through them, as in the large Rectangle 
AE, it will contain 54 ſquare Inches, which are called 


Parts, twelve of which are called an Inch. For, it muſt 


be obſerved, that what is meant by an Inch, here, is not 
a ſquare Inch, as by a Foot is underſtood a ſquare Foot; 
but 'tis the 12th part of a ſquare Foot, equal 12 ſquare 


Inches, or Parts; ſo that, the ſmall Rectangle EC, which 


contains 54 ſquare Inches, it is evident, is equal to 4 Inches 


and 6 Parts, only; ſince twelve of theſe Parts are but 


one Inch, and 4 times 12 is 48; 6 Parts, half an Inch, 
remaining, ſet down, a place to the right hand af Inches, 
and carry forward the Inches to the next Place. 


Laſtly, fay 9 times 8 is 72, Which is the Reftangle BE, 


8 Feet one way (5 E) by 9 Inches the other (5B) 
and produces Inches; which, adding the 4 Inches from 


the laſt place, make 76 Inches, equal 6 Fee: 4 Inches; ſet 


. them down, as above, Feet under Feet, ard Inches under 
Inches; which, added into one Sum, mikes 48 Feet, 10 

Inches, and 6 Parts (equal half an Inch) the Area of the 
| whole Rectangle ABCD, in ſquare Feet, inches, and Parts. 


Thus, multiplying Feet and Inches together, the Area 


of a ReQangle is obtained, whoſe Side are equal to ſuch 
Dimenſions. *Tis needleſs. to proceed further; as it is 
evident, if Parts were taken, they. would be accounted 
for after the ſame manner. 


I3. MUuLTiPLIC ATION, by Feet and Inches, denotes the 
fraction of a Foot to be in twelfth Parts, which are 
called Inches and theſe being again divided into twelve 
are called Parts, and ſo on to Seconds and Thirds; 
each of which is a twelfth part of the foregoing. Deci- 
mal Fractions implies the Integer, to be divided into 
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tenths, hundredths, and thouſandth Parts, and ſo "a 
by tens, ad infinitum, as the other by twelves ; and are 
therefore called Duodecimals; 


In the following Example, the Area of the 8 


AB Cb is produced, the ſame, by decimal Fractions. 


IK he meaſures of the Sides of the Rectangle, 3 
in Decimals, are as in the margin. In Deci- 8, 
mals, 75 hundredth parts of a Foot, is equal — 
g Inches; and 5 tenths of a Foot, is equal 6 2875 
twelfths, half an Inch. . 4600 

I place the leaſt Side ( AB), firſt, becauſe it — 


has more places of Decimals, and would oc- 48,875 


caſion nother Line, if placed otherwiſe, the ——— 
Produ& would be the ſame. | | 

In the operation, the Figures are multiplied together, 
as in common Arithmetic, without any regard to the 
places of Decimals or Integers; and, when added together, 
as many Plates of Decimals as there are in both the Multi- 
plicand and Multiplier, viz. three, are taken from the 


right hand ofthe Product; the remaining two are Integers, 
or Feet; whch f.oduces 48 Feet, and 875 thouſandth 
parts, equal 7 eighths, of a Foot; i. e. 10 Inches and a 
half. For, 500 is half a Thouſand, therefore equal to 

6 Inches; and the remaining 375 is 3 eighth parts of a 


Thouſand, equa. to 4 Inches and a half, which is 3 _ | 


parts of a Foot. 
The value of a Decimal F ce is obtained, as follows. 


Let the Integer be whatever it may ; multiply the Deci- 
mal by the number of parts of the next inferior denomi- 
nation of the Integer; which, in this Caſe, is Inches, 
the twelfth part of a ſquare Foot, to which I would re- 
duce the Decimal 875 HEE 
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15 Being multiplied by 12, take away from the 7875 
Product as many Places as there were at firſt, 13 
there is left 10 nches; the remaining Decimal(wayp 


(500) is now thouſandth parts of an Inch, equal 10, 
5 tenth ; half an Inch, or 6 Parts, as a ſecond 12 


operation evinces; Parts being the next inferior 
Denomination. ag 6,000 


Ir the original ſtandard meaſure of a Foot was, in- 
ſtead of inches, divided into tenth parts of a Foot; or, 
if a Foot were but ten Inches, inſtead of twelve, and the 


Inches ſubdivided into tenths, inſtead of twelfths or eighth 
parts, Menſuration would be greatly facilitated thereby ; 
the meaſures being taken in decimal parts, it would bs 
much readier, in all Caſes whatever. 


It is rather to be lamented, that all Meaſures, almoft 


whatever, are not divided by tens (as a Pound into 
Ounces, &c.); every Perſon, who has had experience, 
muſt give the preference to Necimais, as being greatly 
preferable to any other manner of dividing. 


14. Hav ING illuſtrated and explained the e of 
Menſuration of plane Superficies, and ſhewn, how the 
Dimenſions of all regular Figures are taken, in order 
to determine Rectangles equal to them, I ſhall giye but 

one ſpecimen of irregular Figures; for this is a brief 
Theory only, ſhewing how it is founded in Geometry, 
not a Treatiſe on Menſuration ; which, being well un- 
derſtood and digeſted, is eaſy to be applied in all Caſes 
whatever, that may occur, in Practice. 


Menſuration of Superficies, applied to various kinds 


of Artificers Work, is ſtill the ſame in Theory, but much 
eaſier, in Practice, than Surveying Land; on account 
of the irregularity of its Figure, and uneveneſs of its Sur- 
face, The former depends, | chiefly, on the mods, or cuſ- 
dom of taking their n, in order to reduce the 
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Work to ſquare meaſure; which is not ſo eaſy to deſcribe, 


but requires very little application under a Proficient, 


For, a Perſon ever ſo well verſed in Theory, being a 


ſtranger to Practice, would differ in his Eſtimate, for no 
other reaſon but taking his dimenſions different; in which 
they are not ſo very exact; inſomuch, that two Mea- 
ſurers, of long practice, taking their dimenſions ſeparately, 


would differ conſiderably in their Sums total. 


ABCDEFG is an irregular Heptagon; having 7 Sides, 


Draw the Diagonals BG, CG, GD and GE, or other- 


wiſe at diſcretion, dividing the given Figure into Friangles, 
as ABG, BCG, &c. in each Triangle, draw a Perpendi- 
cular, as AH, CI, &c. The meaſure of a Perpendicular 


and half the Baſe on which it falls, in Feet and Inches, or 
Decimal. Parts, being multiplicd into one another, give 


the Area ofeach Triangle ſeparately; which, added into one 


Sum, is the Contents of the whole Figure (Ax. 2. 1.) 


Or it may be done ſomewhat readier, by taking any | 


two contiguous Triangles, as ABG, BCG, which, toge- 


ther, make a Trapezium, ABCG; unleſs it ane me 


pen to be a Parallelogram. 4 


The Diagonal (BG) is then a common Baſe to the 


two Triangles, and the Area, of both, is obtained at 
once, by multiplying the Diagonal by half the Sum of the 
two Perpendiculars; or, the whole by half the Diagonal. 


The Area of any other two contiguous Triangles, as 


GDE, GEF, forming a Trapezium, is-got after the ſame 


manner; and if another Triangle remains, as GCD, its 


Area, being obtained, muſt be added to the Areas of the 


two Trapeziums, into one e Sum which is the true Area 


of the Heptagon ACDF. 


In this Proceſs it may be obſerved, that not one Side 


of the Figure is meaſured, but only the Diagonals and 
Perpendiculars, all which fall within the Figure. The 


reaſon is obvious; becauſe the Sides are not at right angles 


doith each other; or if ſome of them were, it would be of 
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no uſe, unleſs they formed a Rectangle, or other Paral- 
lelogram, with the adjacent Diagonal, which is ſeldom 
the caſe. Whereas, the Perpendiculars making right 
Angles with the Diagonals, it is eaſy to account for the 
true Alea being obtained by them; from 19th of the 1ſt. 

N. B. If the Figure to be meaſured be a large Field, 
the meaſures are taken in Chains and Links, &c. 


15. In Surveying Land, it may ſo happen, that, on ac. 
count of Bogs, Water, Trees, &c. it would be very 
difficult, if not impoſſible, to obtain a Perpendicular, 
within the Figure, when its Sides are acceſſible. In 
ſuch Caſe, the Perpendicular may be found arithmeti- 


cally, deduced from the 13th of the 2nd Book; or, the 


Area may be had without it, by the following Rule. 


From half the Sum of all the Sides of the Triangle, ſubtraf 
each Side feverally; multiply the half Sum by the three Di- 
Ferences, continually , out of which Product, extract the 
Square Root; which is the Area of the 7. riangle, e. g. 
Let the Sides of the Triangle ADB, be, AB=9,8; 


AD=8, 5; and BD=6,7. The half Sum of which is 


12, 5; and the Differences, ſubtracting each Side, ſeve- 
nally, are, AB , 7; AD=4; and BD=s, 8. 


See the whole Operation, as follows. 
AB, 9,8 Half the Sides 12,5 783 (27,8 


„8, 5 e 1 —— 
BD, 6,7 — Area. 
FF „ "8 47) 383 
2 | i 329 
12,5 half the Sum 33,7 5 £49) 5400 
=, of the Sides. 45 e 
Dif- | 2,7 ä 88 | 
feren- mY: 13 IA 5 588) 45900 
. 5,0 5,8 —— 44794 
wor: „ 
675 | 


The hal.” £ dum, 783, multiplied into the Differences, 
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In the Triangle ADB, biſect every Angle by Right 


lines, m eting at C; the Center of a Circle inſcribed. 4. 4. 


The Triangle ABD is thus divided into three Trian- 
gles ACB, BCD, and ACD; the Perpendiculars of all 
which, CE, Cl, and CK, are equal; and conſequently, AE, 
is equal to Al; BE equal to BK, and Dl to DK. C. 2. 16.3. 

Hence it is manifeſt, that AE x CE is equal to the Trap. 
Al CE. Alſo, BEX CES BECK, and DI XxCL=DICK, 

Produce AB; and make BF equal to DI, equal DK; 


then will AFxCE be equal to the Triangle ADB; for 
it is equal to the three Triangles, ACB, ACD, and DCB; 


I fay, the {quare Root, of AF * AE x EB x BF, is alſo 


equal to the Triangle ADB. 


DEM Becauſe AE is equal to AT, EB=BK; and BF=DK, 
(Gon.) AF is equal to half the ſum of the Sides, AB, 
BD, and AD. Alſo, AE, EB, and BF are, reſpec- 
tively, the Differences of tho'e Sides, ſubtracted from 
Half of their Sum, as it is evident; for, AE=AF—BD; 
EB=AF—AD; and, BF=AF—AB. 

Produce AC, and draw FG perpendicular to AF, cut 
ing it at G. Make BH equal BF, and draw HG per- 
pendicular to BD; alſo, BG perpendicular to BC; 
which will meet in the point G. 
For, the Angles at H and K are right, and CBG is 
right (Con.); wherefore, BK =KCB (10. 1.); conf. 
the Triangles HGB, BCK are fimilar (C. 2. 4. 6.). 
But, BCK is congruous with BCE, and HGB with 
BGF (7. and 11. 1.); for the Angles at H and F are 
right, and HBG=BGF (CBG being a Right angle, 
CBE+GBF=toone)and BH=BF ; conf. BCE, BGF. 
are fimilarTriangles Alſo, becauſe GF is parallel to EC, 
the Triangles ACE, AGF are ſimilar; wherefore, 
CE:AE::FG: AF; and alſo, CE: EB:: BF: FG. 4. 0. 
and conſ. CE x CE AF x FG SAE N EB BF FG. 
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Now, becauſe FG is on both Sides, let it be rejected-⸗ 
and ſubſtitute AF on both Sides; and conſequently, it 
will be CExCExAFxAF, i. e. CEO AF, is 
equal to AEXEBxBFxAF; i.e. to AF, half the Sum 
of the Sides, multiplied into the three Differences. 

But, AF multiplied by CE is equal to the Area of the 
Triangle; conſ. it is the ſquare Root of CEO xAFn: 

which is equal to AF, multiplied into the three Dif- 
' ferences, AE, EB, and BF, Q. E. D. | 
Or, AD being produced, and DL, DH, being made 
cach equal BK; Lt being drawn perpendicular to AL, 
HG to DB, and DG to DC, all meeting AC produced, at 
G, as before, it may be demonſtrated the ſame. The Tri- 
angles ACI, AGL, alſo, ICD, DG being fimilar. 


MENSURATI ON of CURVED SURFACES. 


16. Tux Areas of the Superficies of regular curved sur- 
faces, are eaſily deduced from the roth, 11th, 12th, the 
15th and 16th Theorems, Book the 8th. 


By the Toth, the curved Superficies of a Cylinder is equal 
to a Circle, whoſe Radius 1s a mean Proportional between 


its Side and Diameter. Or, it is obvious, from the 5th, 


that it is equal to a Rectangle, whoſe Sides are its Cir- 
cumference and Height, 


17. By the 11th it appears, that the conical Superficies of 
a Right Cone, is equal to a Circle, whoſe Radius is a 
mean Proportional between its Side and the Radius of 

its Baſe. Or, it is equal to a Triangle, whoſe Baſe is 


equal to the Circumference of the Baſe of the Cone, 


and its Altitude, to the Side of the Cone. 


By the 12th it is manifeſt, that the conical Superficies, 


of the Fruſtum of any Right Cone, is equal to a Circle, 


16 
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whoſe Radius is a mean Proportional between the Side of 
the Fruſtum, and the Radius of the Baſe, added to the 
Radius of the oppoſite Circle. And every Circle is equal 
to a Triangle, whoſe Baſe is equal to its Circumference, 
and its Altitude to the Radius. Art. 8th, | 
Or, the conical Superficies is equal to a Regangle, 
whoſe Sides are equal to the Side of the Fruſtum, and 


half the Sum of the Circumference of the Baſe, added to 
half the Circumference of the oppoſite Circle. | 


18. Tyr Area of the Surface of a Sphere 1s equal to 2 
Circle, whoſe Radius is equal to the Diameter. 15. 8, 


And the Area of any ſpherical Segment is equal to a 
Rectangle, one Side of which is equal to the Citcum- 
ference of the Sphere, the other to the height of the Seg- 
ment. For, it 1s equal to a cylindrical Surface of thoſe 
Dimenſions. = - = * 16. 8. 

The ſame holds true of anv . of the Surface of a 
Sphere, intercepted between parallel Planes. 

The ſpherical Surface, intercepted between parallel 
Planes, is therefore equal to a Rectangle, whoſe Sides are 
the Circumference of a large Circle of the Sphere, and 

the perpendicular diſtance between the parallel Circles, 


Theſe Rules, reſpe&ing curved Surfaces, being clearly 
underſtood, will be found extremely uſeful to Artificers, 
in meaſuring circular Halls, or Rotundas of any kind; 
alſo Domes, entire; or where a part is deficient by means 
of a Lanthorn, or otherwiſe, the Surface between any 
two parallel Circles being determined by the laſt. 


MENSURATION or SOLIDS. 


AS, in Menſuration of Superficies, the whole Bufineſs 
is to find a Rectangle equal to the Figure propoſed ; and 
to determine how many Squares of a certain Dimenſion, 
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the Figure is equal to; ſo, Menſuration of Solids conſiſts 
in determining how many cubical Feet, &c. are contained 
in the propoſed Solid. SE 
In order to which, it is neceſſary to know the ne 
and proportion between one Solid and another, as con- 
tained in the jth and 8th Books of theſe Elements; and 
particularly Parallelopipeds, to which all other Solids | 
muſt neceſſarily be reduced, in Menſuration ; a right an- 
gled Parallelopiped being of the fame importance, in re- 
ſpe& of Solids, as the Rectangle amongſt Plane Figures. 
Alſo, as a Square is the criterion of ſuperficial meaſure, 
ſo a Cube, being the moſt perfect Parallelopiped, is the 
ſtandard, by which the quantities of Solids are eſtimated. 


1. LET AGE be a Cube, whoſe Sides, AB, &c. are 
each equal to 3 feet; alſo, let acd be a Cube, whoſe 
Sides is one foot, or inch, &c. 


Now, ſuppoſe the Cube acd to be the Unit of mea- 
ſure; it is required to know, how often acd, is contained 
in AGE. (For, the Definition of a Cube, ſee Def. 10.7.) 
It is evident, ſecing the Meaſure of AB, BG, &c. 
are each equal to three times ab, be, &c. that the Face 
ABCD, contains the Square bd, 9 times; every other 
Face, BGFC, or CDE, the ſame ; therefore cach ſmall 
Cube abc, def, Fe g. &c. made by Sections of Planes 
through ag, g J. &c. as in the Figure, are equal to acd. 
| Wherefore, fince each Surface contains 9 Squares, as BF; 
and if Ba, Cg, &c. be one foot in thickneſs, conſequently, 
the Solid a GI, contains the ſmall Cube, acd, 9 times. 
But, AB, is equal to three times ab; wherefore, the 
whole Cube AGE contains the {mall one 27 times. 
For, if it be ſuppoſed to be cut, by paralle! Planes, 
through ag! and H, parallel to the Top and Baſe, the 


Parts aG1, ail, and „De are equal, ſeeing that their 


Surfaces are equal; and being aiſo of equal thickneſs 


<> 


Co, gi, iD; conſequently, .B g F, ail, and þD+ are 
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equal 15. J.). But, Bg FG is equal to g times acb; thero- 


fore, AGE is equal to three times 9, =27. 


2. It is manifeſt, that if the Solid ACE (being a Paral- 
lelopiped) were longer, equal 5 times ab, having equal 


thickneſs, it would contain the ſmall Cube, a cb, 45 
times, i. e. five times 9; and thus it will increaſe, as 
often as the meaſure ab is added in length. 


_ Suppoſe half ab be added; it will contain half 9 Cubes, 
i. e. 4+; ſeeing that the Surface of the End, or Section 
through CE, contains 9 Squares, and the Solid CDE has 
but half 2 Cube, i. e. half ab in thickneſs. T herefore, 
the whole Solid BDF contains the Cube acb 495 times. 

Hence, the meaſure of a right-angled Parallelopiped is 
to multiply the Side AD by AB, which gives the Area of 
one Surface (the upper Face, or Baſe) and, that Product 
being multiplied by its height or thickneſs, AF, i. e. by 


the number of times it contains ab (as, in this caſe, three 


times) the Product of that multiplicatjion is the ſolid 
Contents of the Parallelopiped. 
But, all Parallelopipeds, having equal Baſes and Alti- 


tudes, are equal (17. 7.) Wherefore, whether it be right. 


or acute angled, having obtained the Area of any one Face, 
in ſquare meaſure (Art. 12. )-that Product being multiplied 


by the perpendicular Diſtance, between that Face and its 


oppoſite, gives the ſolid Contents of the Parallelopiped. e.g. 
3. Suppoſe an acute angled Parallelopiped whoſe Balc 


is 7 Feet, 9 Inches, on one Side; the other 7-9 
(being acute angled) is not material, but a Per- 8-4 


| pendicular is 5 Feet, 4 Inches; its Area in 38-9 


ſquare meaſure, 1s 41 Feet, 4 Inches. ks 
The height of the Parallelopiped, being 3 41-4 
Feet, 8 Inches, it is obvious, that the whole 3-8 


Solid contains 3 times 41-4, and 2; i. e. as 124-0 
often as the meaſure of a Foot is contained in 27-6-8 


the height, ſo often the Solid contains cubical "151 6-8 


Feet, as its Baſe contains ſquare Feet. 


Wherefore, multiplying 41-4, the Area of the Baſe, 


by 3-8 (the Altitude) the Product is 151 Feet, 6 Inches, 
and 8 Parts; that is, half a Foot, and two thirds of an 


Inch, for the ſolid Contents of ſuch a Paialle.opiped. 


Aa ud td 4 
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Note. It is immaterial how the Faces of a Parallelo- 
piped are inclined to each other; for, the Area of any Face 
being obtained, that Area multiplied into its height (the 
diſtance between that Face and its * give the ann 
Contents, in cubical Meaſure. 


Note 2. What is here meant by an Inch, in Solid 
meaſure, is the twelfth part of a Cube Foot; viz. a Foot 
ſquare, and one Inch in thickneſs; or, that Quantity in 
any other Figure. And the Part, in Solid meaſure, is 12 
cubical Inches; twelve Inches in length, and one Inch in 
breadth and thickneſs, or {ix by two, &c. a cubical Inch 

is, conſequently, a Second of a cubical Foot, 
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Hence it is 10681 that all Parallelopipeds, or Priſms 
whatever, (for Parallelopipeds are Priſms) having equal 
height, have that Proportion to each other, which is be- 
tween their Baſes. And, having equal Baſes, they are 
conſequently, as their Altitudes. | 

The Rule, therefore, for meaſuring any Priſm whatever, 
is to multiply the ſuperficial Area of its Baſe, by its per- 
pendicular height. And conſequently, the ſame Rule is 
39 for Cylinders. „ 
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4. Every Pyr is equal to the third part of a Prim 
having equal Baſes and equal Altitudes. Th. 4. 8. 


Alſo, every Cone is equal to the third part of a Cy- 
linder (5. 8.). And conſequently, Pyramids and Cones, 
having equal Baſes and Altitudes, are equal. 

Hence the Contents of Pyramids and Cones are obtained; 
viz. by multiplying the Areas of their Baſes by one third 
of their height, Or, if multiplied by the whole height, it 
will give the Contents of a Priſm or Cylinder, of equal 
height; conſequently, a Pyramid, or Cone, is equal ane 
third part of ſuch a Priſm, or Cylinder. 


S 8 
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55 To find che ſolid Contents of a Sphere, 


Having obtained i its b God the Area of à Circle 
of that Diameter (Art. 8.); which being multiplied, by the 

Diameter, gives the Contents of a Cylinder, whoſe height 
and Diameter are equal. ' 

The Sphere is equal to two thirds of ſuch a Cylinder. 9.8. 

Or, having obtained the Area of a large Circle, of the 


Diameter .of the Sphere; multiply the Product * two 
thirds of the Diameter. 


Otherwiſe. Every Sphere is 3 to a Cone, whoſe 
Baſe is equal to the Surface of the Sphere, and its Altitude 
to:the Radius. 5 17. 8. 

Therefore, having obtained the Area of its Surface, 
multiply that Area by one ſixth part of the Diameter. 

See an Example, in each, in the Margin. 


Let ti. Diameter of a Sphere be 15; the Circumference 
of a Circle, of that Diameter, 1s 47,14, nearly; by the 
Ratio of 7 to 22. 


Then, by Art. 8. the Semi- circumference (23, 57) being 
multiplied by the Radius (7,5, half 15) gives 1 


the Area of a great Circle of that Sphere, equal 775 
176,775; which multiplied by 10 (two thirds — 
of the Diameter) gives 1767,75, or three fourths 1178; 
of the Integer. : 16499 


Multiplying by IO, is only to give one place ⁊æw 
more of Integers; ſeeing that, a Cypher, being | 176,775 
added, makes no difference in the Decimal. 
750 thouſandth parts, being equal to 75 hun- 176,75 
dredth parts; i. e. equal to 3 fourths. 5 


Secondly. 15 being the Diameter of the Sphere, find 
the Area of its Surface (Art. 21.) which is equal to a Cir- 
cle whoſe Radius is equal the Diameter of the Sphere, 
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| The Circumference of every Circle has the ſame Ratio 
to its Diameter (Cor. 1. 14. 6. El.); conſequently, the Cir- 


cumference of a Circle, whoſe Area is equal to the Sur- 
face of the Sphere, is double the Circumference of the 


Sphere ; ; half of which, is equal to the whole or the other, 


equal 47,14. 
Multiply 47,14 by 15, the Diameter of the 47,14 


Sphere, the Product is the Arca of the Surface 16 
of the Sphere. 5 — — 
Now, ſince the S of the Sphere 18 707,1 
equal to a Cone, the Area of whoſe Baſe is 70%, 1; 2;8 


and its Altitude equal to the Radius, viz. 7,5 
and a Cone is equal to one third of a Cylinder 35355 
of the ſame Baſe and Altitude, therefore, 707,1, 14142 

multiplied by 2,5, one third of 7,5, will pro- 
duce the ſame Contents, as before; viz. - 1767,75 


6. The ſolid Contents of a Segment of a Sphere is ob- 
tained from the 17th of the 8th, Cor. zd. 


The Contents of the Sphere being equal to a Cone, 
whoſe Baſe is equal to the Surface of the Sphere, and its 
Altitude to the Radius, as above; and conſequently, the 
Contents of any Sector of a Sphere, being equal to a Cone 


whoſe Baſe is equal to the ſpherical Surface, and its Alti- 


tude to the Radius (Cor. 1.) ; it 1s manifeſt, that a Seg- 
ment of the Sphere having the ſame portion of the Sphere's 
Surface, as a Sector, is equal to the Difference between 
the Sector and a Right Cone on the Baſe of the Segment, 
and, its Side equal to the Radius of the Sphere. 

Thus, having ſhewn how the ſolid Contents of regular 
geometrical Solids-are obtained, the application of it, in 
complex ones, will not be difficult; being well verſed in 
the Theory, and having a ſolid foundation, for the whole, 


in Geometry. 
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316 THE THEORY, 
7. In reſpect of Gauging ; all large Veſſels are either Cy- 
linders or Fruſtrums of Cones, and are meaſured on 


that Principle ; allowing ſo many Gallons, Quarts, &c. 
to a cubical Foot, as it is known to contain. 


Barrels, of all kinds, are meaſured as two Fruſtrums, 

whoſe common Baſe is the Diameter at the Bung; but 
5M wholly curved, from one Head to the other, it will 
be truer to conſider it as four, or fix Fruſtrums, two and 
e, of which, arc equal; or the middle as a Cylinder. 


8. Fur true Cons of irregular Solids cannot be ob- 
tained, otherwiſe than by covering them with Water, 
or other Fluid, in a regular Veſſel; when taken out, 
the Difference, in quantity of Water, is its Contents. 


In meaſuring the Trunks of Trees, &c. which are, ge- 
nerally conical, it 1s uſual to take the Girt in the middle, 
in order to reduce them to right angled Parallelopipeds ; 
which, if the intention be to produce the real ſolid Con— 
tents, is very erroneous. It is well known, that a Circle 
contains the greateſt Area of any plane Figure, having an 
equal Perimeter; (See Art. 10). Conſequently, a Cy- 
linder is to a right-angled Parallelopiped, of equal length, 
having its Ends, Squares, whoſe Sides are, cach, a fourth 
part of the Circumference of the Baſes of the 1 e a8 
the Circle is to the Square. | | 

If the Girt be taken in the middle, in order to reduce 
it to a Cylinder, it is alſo erroneous ; for, it is obvious, 
that the Fruſtrum of a Cone is more than ſuch a Cy- 
linder; the exceſs of the greater End being more than the 
4 deficiency of the other. But, as I do not intend to treat 
at large on thoſe matters, and having gone beyond my 
firſt defign, I ſhall only obſerve, that, in this Caſe, the 
Fruſtrum of a Cone is equal to the Difference, between the | 
whole Cone and the leſſer Cone, ſuppoſed to be cut off. 


5 
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Some valuable Properties of ELLIPSES de- 
| monſtrated. 


1. The Rectangle, under any two Abſeiſſas, has the 
ſame Proportion to the Square of the Ordinate which 
divides them, as the Rectangle under any other two Ab- 
ciſſas, has to the Square of the Ordinate dividing them. 


In a Circle, the Rectangle, under the two Segments of a Dia- 
meter is equal to the Square of an Ordinate, at the point of 
ſection; conſequently they have all the fame Ratio (Er. 14.3. El.) 


Let ACBD be an Ellipſis; and let there be deſcribed 
two Circles, the one circumſcribing it, the other, FCD 
inſcribed. | 

From any Point (E) in the outer Circle's Periphery, 
draw the Right line EF, parallel to the Conjugate Axe 
(CD) cuting the Periphery of the Ellipfis, in the Point G; 
from which Point, draw GH, parallel to the Tranſverſe, 
Ag; alſo draw the Radius EI, which will cut the in- 
ſcribed Circle in the ſame Point, K. 

For, becauſe KG is par. to IF, FE:FG::TE:IK, 2. 6. 
i.e. as IB:IC. And, EF par. to CD will be cut, in G, by 

the Periphery of the Ellipſis, as IB to IC. - 19. Em. C. Sec. 
Now, GH 1s parallel to IB, and EF to E ͤͤͥͤ 


wherefore, the Angle HKI=EIF, and HIK=IEF 4. 1. El. 
conſequently, the Triangles, IHK and IEF, are ſimilar; 


wherefore, as IE:EF:: IK: III. 4. 6. 
But, n 1C= IK; and FGzz IH; = x54 
wh. AI:EF::IC:FG; conf. AI: IC: EF: FG, alternately; 
and conſequently, Alo: IC :: EFU: F - i. > 15. 6. 
But, AI Xx IB is the ſame as AI n; for AI IB; 

and, AF x FB is equal to EFQ, - - — = 155 3. 


Therefore, as Al xIB: ICO: AF x FB: FGo. 

The ſame holds true, of any Abſeiſſas, whatever, and their 
Ordinate. For, Af xf E: fg :: Al xIB: IC 
conſ. Af xf B: fg 4 : AFX FB: FG. 


2. The Latus Rectum (FG) is a third Proportional to the 
Tranſverſe and Conjugate Axes; AB and CD, 
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The common method of proving it, is to make FG to AB, ag 
CEA to AED; i. e. as CD to ABN; which is, in reality, 
making FG a third Proportional to AB and CD; and then, 
proving it to be what it is by Conſtruction. | 


The diſtance of the Focus from the Center is 0 the Square 
Root of the difference between AE (eq. CH) and CE. 20. 1. 


Now, IF FH = AB == EB, i. e. IF=2EB—FH; Pr. 1. 

wherefore, - IF c =4EB ©+FHa--q4EBxFH. - El. II. 
„ Iain eee 20. 1. EL 
wherefore, - 4EBga+FHoO—4JEBxFH=E=IHo+frFHo; 
conſequently, 4EB © —4EB x FH=IH o =4EH on, Ax. 7. 
and, conf. - 4EBo =4EB x FH+4EH O; | 


that is, 4EBoG=4EBxFH+4CHo —4cCEn; 
wherefore, - 4EBO+4CE o=4EB xFH+,CHo. _ 
But, CHz2EB; wherefore, 4aCE ©=4EB x FH; 
that is, qgCEn=2EBx2FH; i.e. CD SAB xFG; 


conf. FG is a third Proportional to AB and CD. 9. 6. El. 


3. If from the Center (E) of an Ellipfis, EL (on the 
conjugate Axe) be made equal to the Semi-tranſverſe, AE, 

the Tangents, LF and LG, drawn from that Point, will 
paſs through the Extremes of the Latus Rectum. 


4. If from the Point of Contact (K) of any Tangent 
(KN) to an Ellipfis, an Ordinate (as KI) be drawn to any 
Diameter, cuting it in I; half that Diameter (AE) is a mean 
Proportional between the Segment EI, made by the Or- 
dinate, and the Diſtance of the Point N, from the Center, 
Where the Tangent cuts the Diameter, AB, produced; 
. . ELLEACEAEN, - | 


F. If a Tangent (MN) be drawn through the Extreme 
of any Diameter (as KL) cuting any other two conjugate 
Diameters, AB and CD, in M and N; the Rectangle under 
KM and KN, the Segments of that Tangent, will be 
equal to the ſquare of EF, half the Diameter FG, conju- 
gate to the Diameter KL. | 


6. If from the Extremes, F and K, of any two conju- 
gate Diameters (FG and KL) Ordinates are drawn to the 
tranſverſe Axe, cutingitin H and I; then is the Ordinate 


( 


OF THE ELLIFSE 


FH to the ſemi-conjugate Axe, as the Segment ET, made 
by the other Ordinate, to the ſemi-tranſverſe Axe, 1. e. 


FH: CE:: EI: EA; and IK: CE:: EH: EB. 


7. Every Parallelogram formed by Tangents at the Ex- 


tremes of any two conjugate Diameters, is equal to a Rect- 
angle, under the tranſverſe and conjugate Axes. 


— 


As this is a curious and extraordinary Property, 1 ſhall give a 
brief Demonſtration of it, as follows. 


Let, NOPO be a n made by the Tangents, 


NO, Of, &c. at the extremes of che Diameter GF and 
its Conjugate KL. 


Draw the Ordinates, FH and KI, to the tranſverſe Axe, 
cuting it in H and I; and draw EM perpendicular to 
NO; and conſequently, the e EFH, EN M are 
ſimilar. 


For, the Ane NME, k EHF are Right; and MNE=FEH. 4. 1. 
Wherefore, - EF: FH:: EN: EM. by 4. 6. 


Now, - - FH:CE:: EI. EA (6.) and EI: EA:: EA-EN 4. 
wherefore, FH: CE:: EA: EN; by equality of Ratios. 
Then, fince, EF: FH:: EN: EM; and, FH: CE:: EA: EN; 
conſequently, EF:CE::EA; EM; by inordinate equality; 
wherefore, - EFxEM= CEXEA - - - +-. by q. 6. El. 
„ CE x EA of the Rectangle under AB and CD. 
And; - EF x EM of the Parallelogram NOPQ. 18. 1. 
| Therefore, the Par. NOPQ is equal to the Rect. RS TU. . Ax. 5. 
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1 WAS i in hopes that, from the Attention and Aﬀtduity given 
to this Work, in the reviſal of it, in which I could have no 
Afaſtance, ſo many Errors could not have eſcaped; but, Hu- 
manum oft errare; which will ever verify that well known 


Couplet, by the celebrated Critic, Mr. Pope, in theſe words; 


They who expect a perfect Work to ſee, 
Expect what neither is, nor was, nor eber will be. 


The following Errors being corrected, 1 flatter myſelf, that 
few more (literary Errors excepted) which are likely to miſ- 
lead, wil be met with in this Work. | 


Page: Thi: 334 
54 — 10 and 17, for EGD, read EGH. 
64—12, for DG, read BG. | 
70— 5 and q, after half Line, and half the . read, and 
part added. | 
„Du for ns, read o. Dele 8. 5 
75—1 = for DE read DE. | by = 
80—'74, for . read =CB Hl 
-05=14z. ee, read aK — 
119— 5, Dem. for 11. 3. ! Cor. 8. 10. 1- 
122 — 3, N. B. for 17, read 19. I. 
163— 1, Dim. 2nd; for 34, read 24. 
Bottom Line; for Qualities, read Quantities 
188— 7, Bott. for DC, read BG. | . 
243 — 5, Bott. for BI, read DI. on 
25H—lzit, for ac or ac, read ab or ab. 
257— C, for CABC, read CABD. 
 263— 2, Bott. for ABE, read ABF. 
26912, Bott. for akd, read akb. 
276 3, Dru. for AD+DE, read ADR PE. 
297 — 9, Bott. for 17, read 19, 1. 
304— 10, for half an Inch, read half a Foot. 
308— 6, Bott. for BGF, 1 GOT. 
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PRACTICAL GEOMETRY. 


Containing all the Problems of Euclid's Elements, with ET 


ſelect ones, from various Authors; which are, here, digeſted 


in more regular Order, than in any other Tract, extant. 


-- BY THOMAS MALTON, Six. 


To which 1s ſabjoined an Append on the Genie of 
Ellipſes, Proportional Scales, and the Line of Chords; with 


other intereſting Matters. 


Alſo, as an Addenda, Strictures on a late extraordinary Tag 
lication, on Perſpective. 
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"NN the firſt Edition of this Work, the whole is com- 

prized in one Volume, in two Parts, practical and 
theoretic; with nearly the ſame Appendix as in the firſt 
Part, of this, on the Theory of Menſuration. The 


Practice, conſiſting of 52 Problems only (excluſive of the 


Conſtruction, with ſome Properties of Ellipſes, demon- 


| trated) being firſt treated on; ſomewhat out of proper 


Order, I muſt allow, it being uſual, and more regular, 


in works of Science, to treat the Theory firit, and then 


% 


proceed to Practice, on the moſt ſolid Baſis poſſible. 

| Euclid has intermixed Practice with Theory, making 
each dependant on the other, alternately; as is, doubtleſs, 
the real caſe, in Geometry more than other Sciences. 
So that, thoſe who only want the practical Part are fre- 


quently at a loſs, to find the Problems; which is not 


only troubleſome, being diſperſed in various parts of the 
Work, but is alſo attended with loſs of Time, in ſele&+ 
ing them, when interſperſed among theoretic Propoſitions 
that are not wanted; which renders it perplexing and 
diſcouraging to a young Student, who is anxious for, and 
eager in his purſuit of, the practical part, only. 

This has induced ſome modern Geometrieians to treat 


them ſeparately; ſome giving both in one Volume, ſome 


in two; others have treated on the practical part only, 
being, as they imagine, the only, and real uſeful part; 
not conſidering, that the Baſis of numerous other, exten- 
hive Sciences, is founded on the Elements of Geometry, | 
in which they have their Exiſtence, There are not, in 
Euclid, Problems ſufficient for a Volume of a tolerable 
ſize; but there is latitude enough, to make more of it; 
by treating n more familiarly, and An their 
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utility, in various mechanic Arts, and in delineating, in 
general; in ſhewing various methods, or ways of per- 


forming the ſame Problem, and, in deducing uſeful Lef- 
ſons from them, occaſionally. | 


| SixcE the publication of the former Tract, I have ſe. 
lected from other Works, and collected otherwiſe, many 
valuable Problems, and have digeſted the whole into 
better order; for, in general, I found them very injudi- 

_ciouſly diſpoſed. I have divided them into Sections, 
_ claffing each under ſome general Head; fo that, any Pro- 
blem may be readily found, among others of the ſame 
kind; thereby rendering the Work more compleat, and 
the Subject more intereſting, as well as entertaining to 
the Student; the whole being diſpoſed in ſuch Order as 
1 conceive to be the moſt ſimple and regular: Method 
being, in my opinion, as neceſſary, to render the acqui- 
ſition of Science pleaſant and facile, as Matter, to make 

it uſeful and ts. 
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ALrTnovan I think it neceſſary to ſay thus much, by 
way of Preface to the ſecond Part, it would be ſuper- | 

| fluqus if not impertinent to add more, in a ſtudied Pre- 

amble; having given a copious Preface to the firſt, ſeting 
forth the yalue and utility of Geometry, as a neceſſary 
branch of Education, in almoſt every ſphere, and depart- 
ment in Life; and I do not apprehend that they will 
often be ſeparated, though they may fometimes; as there 
arc many who have real occaſion for practical Geometry, 
in their ſeveral Proſeſſions, vet bave not the leaſt incli- 
nation, or leiſure, perhaps, to ftudy the Elements of it; 
and would i rely diſpenſe with the Demonſtrations here 
given. For which reaſon, as they may and doubtleſs 
will ſometimes be paried; as this may fall accidentally 

into the hands of thoſe who have not the firſt Part, it 
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would be imperfe& and almoſt uſeleſs, to ſome, without 


Definitions of the Terms made uſe of in it. I have, 


therefore, deſined all that J conceive neceſſary to the 


Practitioner, merely as ſuch; which, with the Theory 


of plane Angles, make a proper, and neceflary Introduc- 
tion. I have alſo explained all ſuch Abbreviations and Re- 
ferences as are uſed in the operations of the Problems; 


but, for the demonſtrative part, ſeeing it cannot be un- 
derſtood without being, acquainted with Theory (the 


firſt Part) where every thing neceſſary is fully explained, 
it would therefore be ſuperfluous to explain them here. 


Tux whole is diſpoſed in the following Order, in nine 
Sections, excluſive of the Introduction, which I have 


not conſidered as one; for, although it may be, to ſome, 


and really is a neceſſary part of the Work, 'tis merely 
- IntroduCtory ; and, as it is in no wiſe problematical, 
might be diſpenſed with, by many. TY 


The firſt Section contains the elementary Principles 
of the whole Practice; it treats of Lines and Angles; - 


ſhewing how to' meaſure, and diſpoſe Lines into the va- 
rious Poſitions they may have to one another, forming 
Angles or otberwiſe, in parallel and perpendicular Poſi- 
tions. To divide Lines into two or three equal Parts ; 
alſo to biſect Angles, and to triſect a Kight angle; to- 
gether with the formation of Triangles, the firſt {pecies 


of right lined Figures; which are ſo ſimple in themſelves. 


as not to require the aid of any foregoing Problem, ſave 


the firſt (which is the leading Principle of the whole) but 
are neceſſary and elementary in the conſtruction of almoſt 


all other right lmed Figures, Parallelograms, only, ex- 
cepted ; alſo, of the conſtruction of Rectangles, in general. 


The ſecond Section comprehends the conſtruction of 


regular Poligons ; of all ſuch ordinate, right lined, Fi- 
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gures as have more than tour. Sides; by particular, and 
by general Rules. N | 

The third reſpects and relates t to tiles; only. 

The fourth Section ſhews how to inſcribe and circum. 
ſcribe regular Figures, in general; and Triangles of any 
kind, in and by Circles; alſo various ordinate Fi igures, 
in, or about one another. 

The fifth is on * and dividing . lines 
| proportionally. 

The fixth ſhews how right lined "REY of all kinds, 
may be transformed into other Figures; particularly into 
 ReQtangles, having the ſame Area as the original Fi ure; 

by which the Area is aſcertained, 

The ſeventh Section treats of the diviſion of F he 
ſhewing how any right lined Figure may be divided into 
equal Parts, or in a given Ratio, * RY lines, in va- 
rious caſes, © 

The eighth teaches how to nie or enlarge right 
lined Figures, at diſcretion, | | 

The ninth, and laſt Section, is on the conſtruction of 
the five regular Solids, or Platonic Bodies; a very intereſt- 
ing Subject, and properly connected with the reſt, in 


this Work. 
An APPENDIX is added, on the conſtruction of El- 
lipſes, of Scales, the Line of Chords, &c. with other 
Matters; which could not, conſiſtently, be. otherwiſe in- 
troduced. Alſo an ADDENDA, which is no otherwiſe 
| connected with the Work, than, that it is founded on 
Geometry; it contains Strictures on a very extraordinary 
Performance, lately publiſhed, on Perſpective; which 
ought to be noticed, by all who have true reliſh for, and 
| deſire to make a proficiency in, or to have juſt notions 
of, that moſt entertaining and very intereſting Science, 


and Art. 


TO THE READER, 


T O make an excuſe for the imperfe&ions of any per- 
formance, literary or otherwife, may ſeem, to ſome, 
merely ar apology for negligence, which ought not to 
be admitted; *tis inexcuſable, in Works of this kind, 
particularly, I can only aſſert, in my own vindication, 
that 1 have been moſt aſſiduous, in the production of this 
Tract; nevertheleſs, T find, to my great grief, that it 
abounds with more errors than I could have imagined, 
owing to the new modeling of it; and having none to re- 
viſe or correct it, but myſelf, as I could not obtain any 
aſſiſtance therein. In conſequence, the errors are more 
numerous than I could have imagined; yet there are but 
few of em that would miſlead, but would occaſion loſs 
of time to the Student, who is wholly unacquainted 
with the Subject. I have therefore noticed every one, 
that I have, on a ſtrict ſcrutiny, been able to diſcover; 


and preſume that few, if n have eſcaped my obſer- 
vation. 


The Reader would do well to correct them, before 
he proceeds in the Range” 


For diſpoſing the Plates, let the Binder obſerve that each 
Plate is numbered, and myſt face the Page anſwering thereto, 
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Page. Line. 


25— 9, for DB, read DC. 


31— 2, 42 and 43. 6; 58. 10, P. 86. Pr. 2. 1 Pr. 8, * 10. 


- I1, read Th. 10; omit 1. | 
32= 8. and 40. , for 11, read 12. 
45— 8, Bott. for 10, read 9. 1.— 50. 9, for; put, 
52— 6, Dzm. for BD, read AC, {the laſt, only} 
53—17, read Cor. 1. 14. 8.64. 1, read Cor. 2. 9. 3. 
g— 2, for BC, read HC. 
2— $5, after Gl, add, cuting BE and BF. 


' 64— 6, for 8. 5. readg. 5,—65.10,Pr.21, te, add, and LAM, 


68— 4, for AEB, read ADB. 

79 d, Prob. 10, for AF, read GF. 

80 — 7, for BG, read BH. L. 3, Bott. change A3 AE. 
86 — 4, Pr. 2. for 1. g read 3. 1. 

93— 1, for and F, read at F. L. 5, for x put +. 
| aud , (Fig. 3) omicF; in FEGB and FEDB. 
95—14, for 6. f. read 4. 7 

99— 4, for AFC, read AEC. L. 8, for ADC, read AEC. 
193— 9, for BE, read BF. 
105=— 4, Dem, for BK, BF, read DK, DF. 
108— 8, Dem. for BCD, read BGD. 


112— 13, dele equal ABC. —113. 5, Dem. for AH, read AB. 


114— 9, for BEP, read BFP. L. 10. ior ACP, read AB. 


118— 7, changeBIF&KI1IL.--119.3.caretat B(Fig. ) and drawBB 


119—11, Bott. for EBG, read FBG.—L. . Bott. dele a. 

122— 13, for C, read P. 1. 13. Bott. for foregoing, read Prob. 16, 

123— 8, Prob. 1. for ABC, read ACB.. 

128— 7, Bott. for at E, read at F. 

135 — 3, DEM. for ADa, read AEG. 

139 — 7, Bott. for AB, read BE. 

147 — 6, Bott. for abf, read abe; and ABC, for ABF, 

149— 7, Bott. for CD, read BD. 

' 160— 6, Bott. for DE, read C E.—16r. © far; read andDI, each. 
'. laſt, for a M, MC, read a L, LC. 

163 — 8, Bott. for AG, read BG, 

192—17, for AD read, 1 4, Bott. for 3. 6. read 2. 6. 

193z— 1, for CA, CB, CD, read CE, CF, and CG, 

195— 1 and 5, for AB, read FB, L. 7. for AG, read AD. 
13, for ab D, read Ced. 

196— 5 for CP, read CB —197. laſt, for OT, read PT. 

211— 7, Par. 2. after QZ, put a, for; 

Laſt. 95 for KI, read FH. 8 11, for FH, read both. 
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as, from any Angle, to make an equal Triangle 93 
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INTRODUCTION. 


DEFINITIONS. 


| 0 Wan a PoiNT, ſatisfaQtorily, is a matter of 
difficulty, ſeeing. it is imagined to be without Di- 
menſions; and yet, it ſeems to be ſo well underſtood, in 
general, as to render a Definition of it unneceſſary- As 
the Subject of this Tract is not merely ſpeculative, but 
practical or operative, J inform the Student, that no- 
thing more is meant. by a Point, here, than a Mark on the 
Paper, or Board, made by a fine Pen, or ſharp pointed 
Utenſil of any kind; as the Point of a pait̃ of Dividers, & c. 


N. . The interſeRtion (E) of two Lines (AB and CD, 
ſtreight or crooked) is conſidered as a Point, the Lines 
being conſidered as having no breadth ; allo, the junc- 
tion of two Lines which tend towards ck other, in the 

fame Plane, meeting at B, as AB and CB; which termina- 
tion or junction, being the common extreme of both 
Lines, is to be conſidered as a Point, 6mply, and 1 in- 
conteſtibly. 


DEF. A. A ns is a | Magniiuih of one Dimenſion, 
only, viz. Length, without breadth or thickneſs ; for, 
it is the boundary of a Surface, only, but no part of it. 


DEF. B. A Right line, or freight Line, is the ſhorteſt 
that can be drawn between two fix'd Points ; A and B, 


If a Line be not ſtreight, it is neceſſarily crooked, that 
is curved; all ſuch uy in general, called Curve lines. | 


"DEF. © 'A Sur face 18 the boundary of whatever has ſub- 
ſtance, or body of any kind, ſolid or fluid; wherefore, 
it has Length and Breadth, only; for it is no part of 


the Body, and therefore it has no thickneſs. a 


TTC 
DEF. D. A PLAN is a perfectly even or flat Surface; 
uniformly ſtreight, throughout, in every direction. 


Such Surfaces as are externally round, or protuberant, 
are called Convex; an internally round Surface, hollow, 
or diſhed inwardly, is faid to be Concave. | 


DEF. E. Lines, or Surfaces, which are equidiſtant in 
every part, as well as at their Extremes, ſo that, being 
extended, they would neither approach nearer together, 
nor ſeparate farther aſunder, are ſaid to be Parallel. 


DEF. F. An ANGLE is formed by the junction, or meet- 
ing of two Lines i in a Point; which is called the Verteæ 


of the Angle. 


When both! Lins are in the ſame Plane, it is called a 
Plane angle, ſimply; and they are either right lined, curyed, : 
or mix'd Angles. As A, B, and C. | 


N. B. The length of the 45 or Lines which form and 

cConſtitute an Angle, is not conſidered in comparing 
Angles, in reſpect of their magnitude; for, being pro- 

duced, or extended infinitely, the Angle remains tlie 

| ſame. Magnitude regards only their Inclination; for, 
the more they are inclined to each other; that is, the 
nearer they approach to e the lels1 is the Angle ; ; 
an 1 the contrary, 


If one Line meet another; at any diſtance 3 its Ex- 
. tremes, it conſtitutes two Angles, as A and B; and, if two 
Lines interſect, four Angles are formed, having a common 
Vertex, in the Point of their mutual interſection, C. 


N. B. 2. Angles are equal, when their Sides (the Lines 
which form them) are 9 * inclined, in bord Mages. 


DEF. G. One Right line (as AB) wing or cuting 
| another, between its Extremes, which does not incline 


DEFINITIONS. 


to 1 other on either Side, but makes equal Angles 
with it (ABC, ABD) is ſaid to be perpendicular ; and the 
Line AB, ſo ſituated, is called a PERPENDICULAR. 


DEF. H. The Angles ABC, ABD, which-are made, 
when one Line is perpendicular to another, are called 
RIGHT ANGLES. 

But, it the Line incline on either Side, as BE, making 
unequal Angles, that which 1s leſs: than a Right angle, 
as EBC, is called Acute; the other (EBD) being greater 
than a Right angle is an eb:uſe Angle. 


DEF. I. APLANE FiGURE is a Space bounded, wholly, 
by one or more Lines, which are all in the ſame Plane. 


If the boundary Lines be all Right lines, it is called, 
ſimply, a Right Jined Figure; but if both right and gur ved, 


mixed Figures. 


| DEF. K. A CircLE is the Gr and fimpleſt of Plane 


Figures; being bounded by only one, uniformly curved, 


Line, which has neither begining nor end; for, in its 
formation, the circumſcribing Line falls into itſelf, 
without forming an Angle ; which boundary Line is 
called the Circumference, and any portion of it an Ark, or 
Arch ; the Point on which it is deſcribed is its Center. 


DEF. L. Every Right line (as AB) paſting through the 
Center of a Circle diyiding it into two equal Parts, and 
bounded by the Circumference, is a Diameter ; half of 
which (from the Center to the Circumference) is its 

| Radius, or Semi-diameter, by which the Circle is ge- 
nerated, or deſcribed, on its Center, C. 


N. B. Every Diameter cuts the Circle into two equal 
Parts (X and Z); and each Part (being ſo divided) 18 


called a Scmicircle, 
B 2 
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DEF. M. - Any portion of a Circle, cut off by a Right 
line, is called a Segment of a Circle; and the cuting Line, 


which is the Baſe of the Segment, is called a Chord Line, 
or Subtenſe. 


If a Segment be preater than a Semicircle ; 1. It 
includes more Space thar half the Circle, it is called a2 
greater, and if leſs, 'tis called, ſimply, a leſſer Segment. 


DEF. N. All Plane Figures, bounded bas three Lines, 
have the general Appellation of TRIANGLES, which are 

' © the firſt of right lined Figures; as not leſs than three 

Right lines can include a Space, and form a Figure. 


When all = three Sides of a Triangle are equal, each 
t> the other, it is called an Equilateral Triangle (as A); 
when only two are equal, it is [/o/celes (B); and, when 
they are all unequal, it is called a Scalene Triangle. 


If a Triangle has a Right angle, it is called, ſimply a 
right angled Triangle (as D) and the Side, EF, oppoſite | 
the Right angle is called the Hypothenuſe. And, if an 
Angle be obtuſe, 'tis an obtuſe angled 4 riangle; yet 1385 
may be either Iſoſ cele3 « or Scalene, 


PRE. O. A PARALLELOGRAM i is a eur ſided Figure, 
whoſe oppoſite Sides are parallel, and they are alſo 
equal; by Theo. 15.1. | | 


DEF. P. When all the Angles of q Parallelogram are 
right, it is called a RECTANGLE ; and, when all the 
Sides are 4110 equal, a : SQUARE, | 


DEF. Q. Every Quadrilateral, or four fided Figure, 
Which is not a Parallelo ram, is a Trapezium ; which 
may have two of its Sides paralle!, but not the other, alſo. 

| e y Ee 4 


\ 


DEFINITIONS : 
DEF. RAU Figures having more than four Sides are 


called PoLicons; which haye particular Names from 
the number of their Sides. 


The firſt is a Pentagon, having five Sides; A Hexagon 
is one that has fix Sides; a, Heptagon has ſeven; an Ofa= _ 
gon has eight, a Nonagon nine, and a Decagon ten Sides. k 
Ordinate or regular Poligons are equal ſided and equiangled. 
The Sum, or meaſure of all the Sides of a Poligon, is 
its Peri meter. 


DEF. S. A Right line drawn between two Angles I. E. 
from one Angle to another, within a Fi igure, is called 


a Diagonal. 


* 


A Diagonal cannot be drawn in a Triangle. 


DEF. T. BAs of a Figure is the Side on which it is 
ſuppoſed to ſtand ; the Ißlane of the Figure being ver- 
tical, upright. | 1 | 


The height- of the uppermoſt Side or Angle, by a Line 
perpendicular to its Baſe, 1s the Altitude of the Figure. 


DEF. U. Equal Figures are ſuch asxontain equal Spaces, 
included within the boundary Lines; the meaſure of 
which i is called the Area of the Far or its Capacity. 


DEF. W. Similar Figures are ſuch as have all their An- 
gles reſpectively equal; and, the Sides. which lie be- 
tween equal Angles, in each Figure, reſpectively, are 
proportional, each to each. | | | 

Figures which are ſimilar and alſo equal, are cant, ucu⁰s. | 


* 


DEF. X. ProvoRTIONALS are ſuch Lines, or Quan- * 
tities of any kind, between two and two of which, there 
is the ſame Ratio or Proportion *; and, when the 
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* Ratio and Proportion are ſynonimous Terms. 


3 DEFINITIONS. 
fame Proportion is continued between three or more 


| Quantities, they are then in continued Proportion, or 
geometrical Progreſſion. 


E. g. An Inch has the ſame e to a Foot, as 
3 Inches has to a Yard (3 Feet); conſequently, 1, 3, 12, 
and 36 are proportional Numbers; and, taken thus, or al- 


| ternately, by changing the 'two middle Terms (as 1 to 12, 


ſo is 3 to 36) tis ſtill the ſame; for, being Proportionals, 


the Product of the Extremes (the firſt and laſt) is always 


equal to that of the two middle Terms, change them as 


you pleaſe; as 12 to 1 ſo is 36 to 3; or, 12 to 36 as 1to 3. 


But 3 has not the ſame Ratio to 12, as 1 to 3, where- 
fore, the Proportion is not continued; for, as 1 to 3, ſo 
is 3 to , andg to 27, &c. and, as 1 to 4, ſo is 4 to 16, 


and 16 to 64, &c. in geometrical Progreſſion, . 


DEF. Y. When a Line, or other Quantity, is ſo divided, 
that the leſſer portion is to the greater as the greater is 
to the whole Line, or Quantity, it is ſaid to be divided 
in Extreme and Mean proportion; conſequently, the two 

parts, and the whole, are in geometrical Progreſſion. 


The whole Quantity and the leſſer Part are the Extremes; 
and the greater Part, being the middle Term, is called a 
Mean proportional; and, either of the Extremes is a Third 
proportional, in reſpect of the other Extreme and the Mean. 


DEF. Z. When four Quantities are Proportionals, whe- 


ther they are progreſſively proportional, or diſcretely, 
- only (as in the firſt Caſe); any one of them is a Fozrth 
proportional, in reſpect of the other three, taken in a 
certain order, which may be various. 


E. g. „ and 12 be given, or 1, 12, 3, which are 
not propoꝛ donal in themſelves, any how taken; but, a 


fourth Term being added (36) which has the ſame Ratio 
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to 12 or 3, 28 3 or 12 has to 1, they are :hen Proportionals; 


either Extreme, (1, or 36) being a fourth Proportional, 

in reſpe& of the other three, in that Order. But, taken 
otherwiſe, 3, I, 12, or 3, 12, 1, then the fourth Term 
will be but 4; which has the ſame Ratio to 12 or ”—__ 
or 12 has to 3; ſo that a fourth Proportional is various, 
according to the arrangment of any three Terms given. 


To biſect is to cut a Line, or any other Quantity, into 
two equal parts. To triſect is to divide any Quantity, 
into three equal Parts. To produce a Line is to extend or 


lengthen it, at pleaſure. To deſcribe or conſtruct a Figure 


is to draw the Figure required. To inſcribe is to draw 
one Figure within another, the largeſt poſſible of the kind; 
and, to circumſcribe is to draw a Circle, or other Figure, 
ſo as to paſs through every Angle of the given F igure. | 


Theſe are all the Terms, which 1. conceive neceſſary to 
be defined, for the Practitioner. 


\ 
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PLANK ANGLES 


EFORE we proceed further, I think it proper, firſt, 
to explain the Theory of PLane AN LES, as being 


a neceſſary Introduction to practical Geometry; inſomuch 


that, without it, a practical Treatiſe is imperfect; all that 
I have ſeen are deficient in this reſpect. 

In order to have a clear Idea of Plane Angles, and to 
determine their Quantity by a certain ſtandard or meaſure, 
imagine the Circumference of a Circle divided into a cer- 
tain number of equal parts, called Degrees; ſuppoſe 360 
(the number of Degrees on the Equator)*; it is evident that 
thoſe diviſions will be leſs in a ſmall Circle than in a larger. 


1. If from any two Points in the Circumference of a 
Circle, as E and F, Lines are drawn to the Center, as 
EC and FC, there is made an Angle at the Center, C; 
which is. gleater or leſs, according to the number of 
Degrees on the Ark EDF, but 'twill be the ſame in a 
{mall Circle as in a large one, i. 6. the lines will have | 
the ſame inclination to each other. e. g. 


.: ADB is a Semicircle, whoſe Cer ter is C; the Koo 
APG contains 180 degrees, half 30 2, the whole Cir- 


— 


* his DiviGon has long been eſtabliſhed, and applied to aſtro- 
nomical Purpoſcs; but any other Diviſion (not 1n too large 
Parts) as 320, or we! would do cqually as well, for meaſuring 
9 | 
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cumference. Conſequently, if from the middle point, 
D, of the Arch ADB, which is go degrees each way, 
from A and B, CD be drawn, it will be perpendicular 
to AB; for ACD and DCB, are Right angles, at the 
Center (Def. 11.) the Arks AD, DB, being each a 
fourth part of the whole Circumference, or half the 
Semi-circumference. 

Hence, a Right angle 1 is ſaid to be of 90 Degreekd 


3. K the Ark AD be biſected in E, and EC be drawn, 
the Angles ACE, ECD, will be cach of 45 deg. half 
ACD a Right angle, or go Degrees. And, if the Ark 
DB be triſected, at F and G, and FC be drawn, the 
Ark DF containing 30, FG bo degs. the Angle DCF is 
ſaid to be an Angle of 20, and FCB an Angle of 60degs. 


4. On the ſame Center, C, with any other Radius, as Ca, 
let the Arch aetb be drawn, which is alſo a Semicircle. 


It is very obvious, that it 1s alfo divided into the ſame 
number of parts, and in the fame proportion, as the Arch 
AEFB; for it is biſeQed in d, and ad is again biſected 
in e, and db is alſo triſected at f and g; wherefore, AD, 
ad are each a fourth; ED, ed an eighth; BF, bf, a ſixth; 
and DF, df, a twelfth part of their reſpective Circum- 
ferences and. the Angles ACD, 20d; ECD, Cd, 
are the ſame in both. 

From which, it is clear, that, Angles may be formed, 
or meaſured by an Ark or Circle of any Radius. And alſo, 
that equal Arks of the ſame, or of equal Circles, or an 
equal number of degrees in a Circle of any Radius, will 
form equal Angles at the Cen- er. 


C 


— 
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.* If you would have an Angle of 80 degrees at the point, 

C, of the line AB. 

With any Radius, at pleaſure, on C, 3 the Ark 
BD, cuting the Line CB in B; with the ſame Radius, on 
the Center B, cut the Ark BD at F, and draw CF. 

It is very clear, that the Angle BCF would be the ſame, 
if a leſs Radius had been taken, as Sb. 

For, draw the Chord lines, FB and fb, each will be 
equal to the Radius of its reſpective Circle ; and, the Tri- 
angles CFB, Cfb are 8 ateral; whoſe Angles are of 


60 degrees each (Cor. 1. 9. .); for the Arks BF and bf 


are, each, a ſixth part . he whole Circumference of their 
reſpective Circles, of which, C is the common Center 
{fee Prop. 11..4.); and contequently, each contains 60 
degrees on the circumference of that Circle, of which it is 
4 Part; whoſe Radius is CB or Cb. 

A deſcription of the Inſtrument called a PROTRACTOR, 
with the application of it, in meaſuring and making Angles, 
of any known quantity or mcaſure, may not be improper 
in this place; which is of elpecial- wie in Surveying, and 
im drawing Plans of Ground for building on, &c. 


The PRO TARAcTORIS 2 Semicircle, divided on its Limb 
or Semi- circumference, ADB, into 180 equal parts; hay- 
ing a ſmall Notch at C, the Center. See the Figure. | 

Some Protractors have a Scale, added to the Semicircle, 
which are the beſt and readieſt in uſe. 

In meaſuring an Angle, apply the Diameter, i. e. the 
Edge or Right line AB, to either Side of the Angle ACE, 
with the Vertex, C, of the Angle, at the Center of the 
Protractor ; and, wherever the Side CE, cuts the Limb 
er circular edge of the Inftrument, obſerve how many De- 
grees there are from A to E, the Ark intercepted between 


the Sides AC and CE, of the Angle ACE. 


PLANE Tü “ö 11 


If it contains 45 or 50, or whatever number of Degrees 
it happens to be, as (45 by the Figure) the Angle ACE is 
of ſo many Degrees. _If it had cut the Arch atD, as ACD, 
it is a Right angle; and if beyond D, as ACF, it is ob- 
tuſe; the Ark FB, ſubtracted from the Arch of the Semi- 
circle, ADB, 180 degrees, gives the quantity of the Angle 
ACF: Or, DF, zo, added to AED, go, make 120. 


2. If it be required to lay down or make an Angle of ſome 
known Quantity (as 45 deg.) at the Point C,of the Line AB, 

Apply the edge of the ProtraQor, as above, with tlie 
Center, C, at the Point given; make a Mark or Point at 
E; take away the Inſtrument, and draw EC. 

Thus, may any Angle whatever be laid down on Paper, 


N. B. No Angle can be 189 Degrees, conſequently not 
more; for, ACB is a Right line, making no Angle at 
C; ſo that, on whic 1 ever fide of B a Line is drawn, 
from C {as CG) however near to B, *tis evident, that 
the Angle made with AC /as N muſt be leſs tl aan 
180 Degrees. 


A Scale of equal Parts is nothing more than a Right line 
divided into any number of equal Parts, at pleaſure, 
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n 
YOUNG STUDENTS. 


I Apviss the young Practitioner to ” 29S every Figure as 
he proceeds, c carefully TE! na rking what things, as Points, Lines, 
Angles, &c. are given; which are, in general, ſtronger marked 
than the operative Lines, they being either donned or finer Lines; 
the given Lines, &c. are, by that means, diſtinguiſhable Lea 
the othe 15 

In Geometry, as in Ar ithmetic, there 1 is always ſome Data, or 
thing premiſed; from whi ich, in Theory, certain Properties are 


deduced, as a neceſſary confequenes. In Practice, ſomewhat 1s 


requti! ed to be done, or pertormed, irom what 1s given. 


Let the Practitioner {clect the given things, and mark them 
down, url, in the poſ.tion given in the Premifes; but, with as 
muck variation as it * 11} admit Ok; = Gs he need not Put them 


exactly as in the Figure, oniy obſerve that they are as required. 
| x 


E. g. In Prob. 4. an Angle is required to be ds at the ex- 
tremit, of a given Line | 1 the poktion of that Line is not 
determined; alſo, mne Angle may be made at either extreme, 
and eicher on one BY > or the other OY. Siren Line. 

In the bth Problem, the Perpendicular may be drawn, and 
the Point, in the 7 eth, given on either Side ot the Line; for, let 
it be Oobferved and carefully remembered, that, by the Term be - 
pendicular, nothing more is meant than tac Poiltion one Line 


has to another; bich Poſition, 1 is When they makea Right angle 


cr R Light angles with each every - no regard being had to the Po- 
ſition, Or fituat ion, of either, r 

Theſe things being premited, and the given Lancs, we. de. 
ſcribed on Paper; carefully 8 ſerve tae Directions given in the 
operation, and proceed accordingly, ſtep by ſtep, drawing e every 
Line, 8 85 Ark, EC, as the Problem Bradt, 

A pa - of Can 2paſſes or Dividers, a Drawing Pen, and a ſtreight 
Ruler, are all the Lie: nls requiiite, in Plane Geometry. 

Note. The Poard gr Paper. on which we draw any Figure, is 
ſuppoſed to be a lO trical Plane, | : 

N. B. That Der *. means Demonſtration; and Cx. Corollar; Ye 
RpPl.- Application or Vie. $501, Remark, eon. 
Th Pl. AR G. refers tothe Ta heory of PI: ins Avglcs. 

Any ſingle Number, as 3, E, &c. refers to the Problem of that 


N uraber, th 26 3rd, or Pa of hal Section, But when there ore two 


Numbers; as 2, or 5. 1; it refers to the 2nd or the'<th Pro- 
blem, of the frit Ng Or, 12. 5, or 6; tothe 12th of the 
5th or 6th. Q. E. F. Signiſies, which was to be done, 
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On Lines and Anglcs ; of the Conferuction of Triangles, 


and Rectangles. 


- r — 


PR OHL - 


To deſcribe a Circle of any given Radius, and on 
a given Center. 


AB is the Radius given, and C the given Center. 


"1X one Point of a pair of Compaſſes in either extreme 
of the given Line, AB, and extend the other Point 


to the other extreme; i. e. open the Compaſſes equal to the 


viven line. | 

Then, {ix one Point of the Compaſſes in C, the Center 
given, in ſome Plane ; and revolve the other Point around, 
on the Plane; which, by its revolution, will deſcribe the 


Circumference DEF. — - - Poſt, 4. 


D EF contains the Circle required (Def. K.) 


For, if a Right line be drawn from the Center to the 
Circumference, as CD, it is equal to the given Line AB, 
by Conſtruction ; no other Demonſtration is neceſſary; 
tle diſtance between the Points of the Compaſſes, during ; 
tlie revolution, being equal to AB. | 
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14 PRACTICAL GEOMETRY. 
PROBLEM II. 2nd. I. Euclid, 


To draw a Right line from a Point given, as C, which 
ſhall be equal to a given Line ; AB. 


Extend or open the Compaſſes equal to the Line given; 
fix one of their Points in C, the given Point, and, with 
the other, deſcribe a Circle, or portion of a Circle only, 
at D. - 8 — . 

Apply a ſtreight Ruler cloſe to the Point C, and croſting 
the Ark at D, (in whatever poſition you require the Line 
to be) and, with the point of a Pencil or a Drawing Pen 


- (applied firic to the Point C, and drawn, along the edge of 


the Ruler, to the Ark at D) deſcribe the Right line 
CD (Poſt. 2.); which is equal to the given Line AB, by 
Confiruction, ; and by N. B. Def. 20. El. 


* 


Thus, is geneſis of a Right line (Def. B.) is conceived 
to be by the Sree motion of a Point. 


N. B. In the practice of Geometry, it is often required to draw 
or to make a Line equal to another Line given; which is 
done by drawing an Ark of a Circle, as AB, from the given 
Line, AC, till it cuts the Other; if the two Lines 5, AC 
and CB, mect at the Point g1V en, C, which is made the 
Center. 

But, if they do not meet, or cut, the Line given is taken 
for Recius ” in the Problem) and an Ark drawn where it It 
is required; for equal Circles have cqual Rady, as well a 
all Rac of the ſame Circle et which needs no other T 
Demonſtratio n than the gene 8 of a Circle, in N B. Def. 20. El. 


So that, he! reaft er, w hen two Lines are obſerved to be Radii 
of the Cans Cir Cle 05 it is ſuſlicient Demonſtration that the Lines 
are equal; and allo, when they are made Radii of equal Circles. 


APPL. The Application of this Prob! em, in deſigning, 1s to 
delineate or draw, on Paper, &c. a Right line equal to ſome 
known ee, as AB, by a Scale of equal Parts, | 
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PROBLEM III. 3. I. Euclid, 


A Right line being given, indefinite,“ to cut off a 
a portion, or ſegment, equal to another. given 
Line, or known mucalurc, | 


AB is the firſt given "Lis and CD the meaſure a tho 
Segment required to be cut off, 


Extend the Compaſſes from C to D, 1, e. with the Ra- 
dins CD, ſeting one Point of the Compaſſes in either ex- 
treme of AB, (from which the given Segment is required 
to be cut off) as A, with the other Point, cut or mark the 
Line AB, t E. EB: | 


2. After the ſame manner, any portion of an Ark of a 
Circle may be cut off. As Ae, from Ae. 


APPL. In delineating, the given Line AB may he ſuppoſed to 

be an indefinite Line alre: idy drawn; or, it may repreſent a cer- 
tain meaſure, by ſome Scale, f uppole 5 Feet, being made equal 
to 5 Diviſions on the Scale; and it is required to.cut off 3. 
Feet from the extreme Point A, of the Line AB, or two Feet 
trom the other extreme, B. 


By which means, a Right line may be divided, merh 
cally, 11 any Proportion req zuired. * 


PROBLEM Iv. 23. I. Euclid, 


0 make an Angle, equal to any right-lined Plane 
Angle given. 


1 


ABC is the given Angle, and DE a Line given. 
It is required to make, at the point E, an Angle, with 
the Line DE, equal ABC. 


122 


—— mp — 


* By indefinite Line is meant an unlimited, or undetermined 
ng, in reſpect of 1 meaſure. IS Y 
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16 PRACTICAL GEOMETRY. 
With any Radius, at diſcretion, on the Vertex of the 
given Angle, B, deſcribe an Ark, ab, cuting the two Sides 
AB and BC in the Points a and b. 
With the ſame Radius, on the Point E, draw the Ark 


DF; take the W of the Ark ab in your Compaſſes ; 
make DF equal a — — * = 2. Pr. 3. 


| Draw EF i the. Fenn F; and it is ; done ; EF. 


The Angle DEF 1s caval to the given Angle ABC 
i. e. FE inclines the ſame to ED, as AB to BC. 


This is evident, fromthe Theory of Plane Angles, Art. 3. 
ab and DF being equal portions of equal Circles. 

Or, by drawing the Chord lincs ab, and DF, the Tri- 
angles Bab, EDF, are congruouis „Con. 
And the Angle DEF is equal AC. „„ 
API. From this Problem we learn to delineate, i. E. 7% lay 

down or draw. on Paper, any right-lned Angle, of a piece 


of Ground or Building, &c, whic h we have meatured, to form 
a Plan 07 it. 


The Angle may be taken in the manner following 


Tf it be an internal Angle, as CBD; ſet off equal meaſure, 
from B, to C and D, and dra, or mcature only, the Diago- 
nal, or Chord CD. 


Suppoſe you have made BC and BD cach equal 5 feet, and 
the Chord CD me: {ares 6 feet C inches, or as it happens; then, 
by a Scale of equal Þ arts, having drawn ED, at diſcretion, take 

diviiions off the Scale; which may be either inches, halt 
inches, or any other meature, 1 ded they are equal. 

With that R zdius, on E 3 draw the Ark CD, cuting Bb in D. 

Take Cg of the {ame diviſions in 2 Compaſles ; and, ſeting 
one Point in D, cut the Ark DC at C, with the other; draw BC. 

So ſhall CBD be an Angle laid down, Oy to the Angle 
which was meaſured. 

For (by N. B. Def. F.) the length of the Lines or Sides 8 
no diference i in the Angle; whereforc, if the. Lines BC and BD 
were produccd, equal to he Originals; 1. c. cqual 5 feet cach; 


\ 
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then would CD meaſure 6 feet 6 inches, and the Angle CBD 
would remain the ſame; which 1s obvious, if Be and Bd be 
taken a half ora third part, or any other portion of BC or BD; 
for then, cd will be the ſame portion of CD; viz. a half or 
third, &c. : | 


But, if ABC be the external Angle of a Building, ſo that, 
by reaſon of the obſtruction of the Walls, &c. we cannot obtain 
the meaſure of the Chord line, AC, it muſt then be got by its 

Complement of two Right angles; i. e. by producing one Side; 
applying a long, ſtreight Ruler to AB (the Wall) extended be- 
yond the Corner, towards D; mark the Line BD, which is a 
continuation of AB, being produced or continued. Or, having 
fixed a ſmall Cord cloſe to the Wall, at a proper diſtance from 
the Corner (as at A) ſtretch it ſo (at D) as to touch the Corner, 
B; mark the Line BD,. on the Ground, as the Cord directs, 

and proceed as above. | | | 


Then, having aſſumed the Point B in a Right line, AD, and 


made the Angle CBD equal to the external meaſured Angle; 
the remaining Angle, ABC, is the inacceſfible Angle required. 


PROBLEM v. 31. I. Euclid. 


To draw a Line through a given Point, which ſhall 
be parallel to a Right line given. | 


Ah is the given Line, and C is the Point given. 


- 


Through C draw, at pleaſure, a Right line, as CB, 

cuting the given Line AB, in B. | | 
Make the Angle BCD equal ABC = — = 4. 
With any Radius, on B, deſcribe the Ark Aa; and, on 

C, the Ark bD, with the ſame Radius. | 

| Make bD equal to Aa, - - - - = Pr. 3 

{ and through the Points C and D, draw a Right line; 

which will be parallel to the given Line AB. Q. E. F. 


For, the Alternate angles, ABC, BCD, are equal. Con, 
Therefore, CD is parallel to AB, = P:. 4. 1. El. 
| — 
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Otherwiſe, thus, 


With any Radius, at diſcretion, ſeting one Point of the 
Compaſſes in the given Point, C, fix the other, at plea- 
ſure, in E, either in the Line AB or out of it; on which 
Center deſcribe a Circle, paſſing through C, and cuting AB, 

in A and B; or draw the Arks AC and BD only. 

Make BD equal AC, and draw CD ; 


Then is CD parallel to the given Line AB. QE. F. 


For, CB being drawn, the Angle ABC=BCD. Cor. 10.3. 
Therefore AB is parallel to -.---F.46-E 


Or, when the Lines are very long, the following 
method is the moſt eligible. 

Take the diſtance of the given Line AB, from the given 
Point C, in the Compaſſes; as CA; and, aſſuming any 
Point, B, towards the other end of the Line, deſcribe an 
Ark, at D, with that Radius. 

Apply a Ruler to the Point C and the Ark at D, and 


draw CD; which will be parallel to KAB. - Def. E. 


For, the Perpendiculars, AC and BD, 5 drawn, are 
qual, by Conſtruction, . - 


a” OB L EM VI. 11. I. Euclid. 


To draw a Perpeniioilar, from any Point, in a given 
Right line. 


Ag is the given Line, and, let C be the Point given. 


With any Radius, on the given Point C, deſcribe a 
Semicircle, cuting the given Line in two 8 A and B; 
3. e. make CB equal AC. 

Then, with any Radius, greater than AC, on A ad B, 
deſcribe two Arks interſeQing at D, and draw CD. 


srer. I. PRACTICAL GEOMETRY. 1g. 


The Line CD will be perpendicular to AB. Q. E. F. 
For, draw DA and DB, | 


DE. Then, the Triangles ADC, CDB, are congruous. 
Wherefore, the Anglesa are reſpectively equal, and ACD 

is equal DCB. - - — — — 
Therefore, CD is perpendicular to AB, - Def. G. 


After the ſame manner, a Perpendicular may be erected 
on the Ark of a Circle, AEB, at the point E. 


Pd 


* 


PROBLEM VII. | 
To make a Right angle; or, to draw a Perpendi- 
cular at the extreme Point of a Right line, AB. 


It is required to make a Right angle, at the extreme, B. 


Set one point of the Compaſſes in the point B; and, with 
any Radius, at diſcretion, fix the other Point, at pleaſure, 
in C (on that fide, you require the Perpendicular) and 
draw the Semi-circumference ABD, through the Point B, 
and interſecting the Line AB in A. 


Draw a Right line through the Interſeckion 4 and the 


Center, C, cuting the Ark on the oppoſite Side, at D. 
Draw BD, which will be perpendicular to AB. Q. E. F. 


Dal For the Angle ABD, being in a Semicircle, is a 


Reight angle. 5 „ . 12. 3. 


Oz, it is frequently, and not inelegantly, performed thus. 


It is required to draw a Perpendicular, to > AB, at the EX. 


Y treme Point A. 


Fix one point of the Compaſſes at A, and with any 


Radius, deſcribe the Ark BCE, cuting AB in B. 


D 2 
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On B, deſcribe the Ark AC, cuting the former in C; 
on which Center deſcribe a Circle, or an Ark AED 
only; and on E, where it cuts the Ark BCE, draw 
ACD; or cut the other Ark, only, at D. 


Draw AD, which will be perpendicular to AB. Q. E. F. 


Or thus, without the Point E. 


Deſcribe the Arks BC and AC, interſecting at C. 
Through B and C draw the Right line BCD, indefinite. 


Make CD equal CB, and draw AD; and it is done. 


By produsing BA to F (making AF equal AB) and 
F D being drawn, it is demonſtrated as the 6th. 


The uſe of Right angles, perpendicular and Nene Right 
lines, are ſo well known, that it would be impertinent to point 
them out; particularly to thoſe concerned in Building, and va- 


rious other mechanic Arts. They give beauty, ſtrength, and 


* 


conveniengy to a Building and its ſeveral Appurtenances; alſo the | 
nn. of the ſeveral parts thereof, e.epends on them wholly. 


PROBLEM VIII. 12. I. Euclid. 


To draw a Perpendicular to a Right line, from a 
given Point which is out of the Line. 


Let C be the given Point, from which it is required to 


draw a Perpendicular to AB, 


On C, the Point given, with any Radius greater than 
CE, deſcribe an Ark, cuting AB, in Aand B. 

With the ſame or any other Radius, on A and B, de- 
ſcribe two Arks, interſecting at D. Apply a Ruler to the 
Points C and D, and draw CE. Then will CE be perpen- 
dicular to AB. QE. E. , 


For, draw AC and AD, BC and BD. 
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Dem. The Triangles ACD, PCB are congruous. Con. 
Wherefore, the Angle ACE is equal to ECB. P. 3. . 1 
Conſ. the Triangles ACE, ECB are alſo equal. - 8. 1. | 
and the Angles AEC, CEB, being equal, are con- { 
ſequently Right angles. a.m 
Therefore, CE is perpendicular to AB, - Def. H. 


"a 


— 


In the ſame manner, a Perpendicular may be drawn to 
the Ark of a Circle, AFB, 


.- Þ 
FE RC I uy CA ITT AS 


P ROB LE M IX. 11 & 12. XI. Euclid. 


From any given Point, to draw a Right line per- 
pendicular to a Plane, in which that Point is no: 
ſituated. Alſo, from a Point in the Plane. 

Let A be the given Point. 


In the Plane BEC, draw, at pleaſure, the Right line BC, 
and, from A, draw the Right line AD, perpendicular to BC. 8. 1 


If AD be perpendicular to the Plane BEC, the thing is 
already done; but, if it be not, proceed as follows. 


From the Point D, draw DE, in the Plane BEC in- 

definite, alſo perpendicular to BS -= Prob. 6. 

and, from A, draw AE perpendicular to DE. 8. 
T ſay, that AE is perpendicular to the Plane BEC. 


Through the Point E, draw FG, parallel to BC; Pr. 5% 
conſequently, it is in the ſame Plane with BC; - Ax. 2. 7. 
becauſe the Point E is in the Plane, 


—— — 


* Profeſſor Simſon ſays, from à Point given above the Plane. 


I am rather ſuprized at the expreſſion, from one of his extra- 
ordinary Sagacity; becauſe, the ſame thing holds true however 


the Plane be fituated, or the Point in reſpect of the Plane, pro- 
vided it be not in the Plane. | 5 
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Dr. Becauſe AD and DE are both perpendicular to BC, 


BC is perp. to a Plane paſſing thro' AD and DE. 2. 7. El. 
But, FG is parallel to BC; by Conſtruction; 
wherefore, FG is alſo perpendicular to the Plane ADE. 
Now, ſince AE is perpendicular to FG, and, alſo to DE, 
it is perp. to the Plane in which thoſe Lines are ſituated. 2. 
Therefore, AE is perpendicular to the Plane BEC. QE. F. 


Secondly. Leet A be the given Point, in the Plane AC. 


Aſſume any Point, B, out of the Plane; and, from that 
Point, draw BC perpendicular to the Plane; by the 


_ foregoing. 


Then, from the Point A, draw AD, parallel to BC. 
Ab is perpendicular to the Plane AC. | 


DEM. Beaauſe BC is perpendicular to the Plane, _ the 
foregoing ; and AD is parallel to BC, by Conſtruction; 
AD is perpendicular to the Plane Ac. P. 3.7. 


I believe, that the manual operation, of this Problem, 
would be eaſier F by two Right angles; thus. 


Let A be the given Point, at which a a Perpendicular is | 
equired, to the Plane ACD. 


Apply a Right angle, BAC, to the Point A, at 3 


on AC; and, in any Angle, apply another R. angle, BAD. 


3. e. raiſe up the two right angled Triangles BAC, BAD, 


on AC and AD, till the Points, B, coincide. 


Then, AB is perpendicular to the Plane CAD. = P. 2.7, 


Cor. Hence it 1s manifeſt, that there cannot be drawn two 
Lines, from the ſame Point, perpendicular to a Plane, 
and on the ſame Side, : 


/ 
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PROBLEM X. 10. I. Euclid. 


To biſect a given Right line; AB. 


With any n more than half the given Line, on 
each extreme, A and B, deſcribe two Arks, cuting each 
other, at C and D. | 

Draw the Right line CD; which will biſe, or divide 
into two equal Parts, the given Line AB, in the Point of 
ſection, E. QE. „ 

Draw AC and AD, BC and BD. 


DEM. Now, ACBD is a Parallelogram; by Con. 15.1. 


And, the two Diameters AB and CD biſect each other, 


; in its Center, E. a M on boys 9 16. I. 


This Problem is deducible from the foregoing. 3 


After the ſame manner an Ark of a 1 be bi- 


ſected; as AFB in the Point F. 


* 


N. B. It is not neceſſary to draw the whole Arks from C to D, 


but only the Interſections at C and D; nor to draw CD; only, 
applying a Ruler to. C and D, cut or mark AB, at E. 


PROBLEM XI. 
To triſect a given Right Tine, AB. 


With any Radius, at diſcretion, on A and B, deſcribe 


two Arks, at C and D; as in the foregoing. 


Join AC and BC, which biſect, in E and F „ : 10. 


Draw DE, and DF, cuting AB in e and f, which will | 


be triſected 1 in thoſe Points, 


Dx. Having joined BD, the Triangles, Ae E, e DB, 


are ſimilar (2. 6.); for, AE i is parallel to BD (15. 1.) 


and equal half BD, equal AC. Conſequently, Ae is 


equal half eB; i. e. a third of AB. | | 
Therefore, AB is triſected, in e and f. Q. E. 2 


on 9 — — — 


| 
' 
} 
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ue,” PROBLEM XII. 9. I. Euclid, 


Jo biſect a right-lined Plane angle, ABC. 


On the Vertex, B, of the given Angle, deſcribe an 
Ark, ab, at diſcretion, cuting both Sides, in a and b; 
and, on the interſection a, with the ſame Radius, draw 
the Ark CD. Make CD equal ab (Pr. 3.) and draw BD. 

Then will BD biſe& the given Angle ABC. 


Compleat the Semicirele CDbB, and draw aD. 


Dem. Then DaC is an Angle: at be Center. and DBC 
is at the Circumference of that Circle. | | 
Th. DaC, (eq. ABC, Con.) is equal twice DBC. P. g. 3. 

And conſequently, ABC is double of DBC. Q. E. D. 
Zo 6 VO an Angle may be readily biſected in this manner. 


On the Vertex B deſcribe an Ark (AC) as before. 


On the two Interſe&ions, A and C, with the ſame, o or 


any other Radius, defcribe two Arks, cuting each other, atD, 
Draw BD; which biſeQs the Angle ABC, 


Draw DA and DC. ” 
Dem. Then, the? Triangles ADB and DBC. are con- 


Fgruous, by Conſtruction. 


Therefore, the Angle ABD is equal DBC. P. 7. 1. 
Angles may be thus divided into four, eight, or een equal 
Parts, by biſecting again and again; but there is no eometrical 
method, by which, Angles, or curved Lines, may be divided into 
any equal Parts, at pleaſure, as a Right line may be divided; 


otherwiſe than by dividing the Ark with Compaſſes. 


APPL. By this Problem, Carpenters and Joiners, &c. find, har 
they call, the Mitre of any Angle (whether it be Right, Acute 
or Obtuſe) with caſe and expedition. 

In returning, or breaking Mouldings at an Angle, whether 
external or internal, the Angle biſected is the Mitre; in which 
the Mouldings will adi fit each other. 


\ ; 
/ 4 
* 


| 


1 
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PROBLEM XIII. 
To triſect a Right angle, ABC. 


With any Radius, at diſcretion, on the Vertex B, 
deſcribe the Arch, or Quadrant, ADEC., With the ſame 


Radius, on A and C, deſeribe the Arks BD, and BE, 
cuting the Quadrant at D and E. Draw BD and BE, 
which will triſe& the Right angle, ABC. QE. F. 


Dem. The Arch ADEC, being aQuadrant (the Angle ABC 
being right. Hyp.) it contains go degs. Art. 2. Th. Pl. Ax . 
But, AE, or DB (equal the Radius AB) is a Chord of 
bo degrees. Conſequently, AD, DE, and EC, are 


each 30 degrees; and, the Angles ABD, DBE, and 
Ez C are all equal; therefore ABL is triſected. 


PROBLEM XIV. k. I. Euelid. 


Io form an Equilateral Triangle, ona Line given, AB. 


With the Radius AB, the given Line, and on the ex- 
tremes A and B, deſcribe two Arks, AC and BC, inter- 
ſecting at C. 


Draw AC and BC; and it is done. O. E. F. 
This needs no Demonſtration; for it is din that the three 
Sides are all equal, ſeeing, they are all Radu of equal Circles. 
PROBLEM XV. 22.1. Euclid. 
To form a Triangle, of three unequal Lines given ; 


any two of which muſt be greater than the other; 
or, congruous with any given Triangle, 


F, G, and H, are the three given Lines, 
E 


it 
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Let them be placed at the ends of each other in one 
Right line, in what order you pleaſe, i. e. having drawn 
the Right line AD, indefinite, make the Segments, B, 
BC, and CD, pee equal to the given Lines, F, 
G, and H. — - - - Pr. 3. 


With the Radius AB, on B, deſcribe a Circle, or the 
Ark AE only; and on C, deſcribe the Ark DE, with 
the Radius CD, cuting the other Ark in E; draw BE and 
EC, and it is done. QE. F. 


This Problem and the laſt need no ian! every thing 
being as required, by Conſtruction. | 


N. B. The Triangle BEC would be the fame, if either of the 
other two Lines, F or H had been made the Baſe, by placing it 
in the middle; only the poſicion of the Triangle would be varied. 
This follows from Prop. 7. 1. of Elements. | 


2. There 1s no neceſſity for pl. acing them, at all, in this manner; 
only, with the different Radu of two of the Lines, draw Arks, 
on the extremes of the other Line, cuting each other; taking 
any one for the Baſe, and applying the other at either extreme, 


Two Lines only, being given, an Iſoſceles Triangle may 
| be n conſtructed. 


AB and CD a are two given Lines; of which, let AB be 
the Baſe. | 


Take the meaſure of CD in your 6 and with 
that Radius, on the extremes of the other Line, A and 
B, deſcribe two Arks, interſecting at E; draw AE and 
EB, and it is done. Q. E. F. | 


If the other Line (CD) had been required for the Baſe, 
the operation would be the fame; taking AB for Radius, 
and drawing the Arks, interſecting at F; draw CF and FD. 

AEB and CFD are Iſoſceles Triangles (ſee Def. N.) for 
AE and EB, alſo CF and FD are equal, by Conſtruction. 
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PROBLEM XVI. 46. I. Euclid. 

To conſtruct a Square on a given Line. AB. 
On either extreme of AB, make a Right Angle; as 
ABC (7.). Make BC equal AB (Pr.2.). Then, with 
the Radius AB, on A and C, deſcribe two Arks, inter- 


ſecting at D, and draw AD and DC. 
The Quadrilateral ABCD is a Square. 


Dem. For it is equilateral, by Conſtruction; 
conſequently it is a Parallelogram. „ Oo 

Wh. the Angle D is equal B; conf. D is a Right angle. 
But, the Angles A and C are alſo equal; conf, Right. 
Therefore, ABCD 1 is a Square. — - Def.. 


PRO BL E M XVII. 
To conſtruct a Rectangle, two Lines being given. | 


On AB make a Right angle; ABC (Pr. .). Make BC 
equal to the other given Line, E; Draw AD parallel to BC, 
and CDto AB (5.). ABCD is the ReQangle required, 
For, ABCD is a Parallelogram, - — Con. 
| and the Angles are all Right; - P. 4. 1. 
therefore it is a Retangle; - - Def P. 


After the ſame manner, a Parallelogram, under any two given 


Lines, and any Angle may be conſtructed; making ABC, or BAD, 
equal to the given Angle. 


A right angled Triangle having two Lines given for the 
Sides, containing the Right angle, is thus conſtructed; 
making ABC or ADC a Right angle. and AB, BC, or AD, 
equal, reſpeQively, to the given Lines, and drawing the 


Hypothenuſe AC. 


The Square, Rectangle, and right angled Triangle, are 1 great 
uſe in mechanic Arts; as moſt regular "Fi igures are right.angled. 
In Menſuration, the Area of every Figure is reduced to a 
ſtandard meaſure ; ; by the s or other Rectangle. 
2 


PRACTICAL 
6 E 0 M E T R V. 


8 EC T ION n. 
On the Confirudion of POLIGONS, in general. 


IGURES having more than four Sides are, in ge- 
neral, called Poligons, fignifying many Sides (ſec 
Def. R); the ſubje& of this Book is confined to fuch as 
are regular, only, having equal Sides and Angles. Being 
irregular, every Side and Angle muſt be given, in proper 
order; in which caſe, 'tis to make one Figure ſimilar to 
another, equal, greater, or leſs, as required; for which, 
the firſt Problem, Sect. 8. is adapted to any right lined 
Figure whatever. The equilateral Triangle (Prob. 14.) 
and the Square (16. Sect. 1.) are ordinate, regular Figures, 
of three and four Sides; but a Pentagon i 13 the firſt which 
comes under the denomination or a Poligon. 


r. 
On a given Line (AB) to conſtruct a Pentagon. 
On A and B, with the Radius AB, deſcribe two Cir- 


cles, cuting each other in C and D, and draw CD. 


On D, with the ſame Radius, deſcribe the Ark EABG, 


cuting the two Circles and the Right line CD, in E, F, 
and G. Draw the Right lines EF and GF, and produce 
them till they cut the Circumferences, in H and I. 


Then, on H and I, with the Radius AB, deſcribe two 


Arks, interſecting at K, and join the Points AI, IK, KH, 


and BH, which compleats the Pentagon, AIK HB. Q. E. F. 


Of this conſtruction of a Pentagon, no Demonſtration is given - 
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Any regular Poligon, from a Pentagon to a Duodecngamy 


may be conſtructed by the following Rule. 


The number of Sides of the Poligon being wa 
the proportion an Angle has to a Right angle, and the 


difference between them is given, as follows. 


A Right angle is to the Angle of a 
Ratio Diff. 'Ratio Diff, 
Pentagon as 5 to 6 - 11 g Nonagon as q to 14 5 
Hexagon as 3 to 4 — 1 Decagon as 5 to 8 3 
_ 49 7 to 10 — 0 [oo as 11 to 18 - : 
Octagon as 2 to 3 — 1 Duodecagon as 3 to 5 = 2 


Note; the Hexagon, Octagon, &c. having an equal number 
of Sides, the Ratios are reduced to the loweſt Denomination ; - 


otherwiſe, the Right angle is always ſuppoſed to be divided into 
the ſame number of Parts as the Poligon has Sides; which will 
then be, for a Hexagon, 6 to 8, difference 2; in an Octagon, as 
8 to 12, difference 4; and {o of the others. 


To conſtruct a Pentagon, on tbe Line AB. 
Make a Right angle (ABF) at the extreme Point, B. 


With the Radius AB (or any other) on B deſeribe? an 
Ark from A to C. 


Divide the Ark AGF (of the Right angle) into five equal 


Parts, as in the Figure; each being 18 degrees, the Angle 
of the Pentagon is fix of thoſe Parts (as 6 to 5); add the 


difference, 1, from F to C, and draw BC. | 
The Angle ABC is the Angle of a Pentagon, containing 


fix fifths of a Right angle, on the Ark AGO. 
On A, with theſame Radius, AB, draw the Ark BGE, 
cuting the other at G; make GE equal GC, and draw AE. 
With the ſame Radius, on E and C, deſcribe two Arks, 
interſecting at D, and join CD and DE ; which compleats 


the Pentagon, ADB, on the given Line AB. 


DR. The Sides AB, BC, &c. are equal, by ConfſtruQion. 


And the Angles are alſo equal, being ſubtended by equal 


Arks, AGC, BGE, &c, of equal Cireles. C. 2. 9. 3. 
Therefore, ABCDE is a regular TER 


———— — —  — — —  —  —_ 
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Tux moſt elegant and geometrical, and perhaps the moſt 


- correct, method is the following. 


Divide AB in extreme and mean Proportion, in the 


Point C. * — „er 3. . 


Produce AB; and make BD equal to BC, the greater Seg- 


ment; then, AD is to AB, as AB to BC, and as BC to AC.* | 


On A, with the Radius AD, deſcribe the Ark DEF; 


| and, on B, deſcribe the Ark GF, interſecting at F. 


On F, with the Radius AB, deſcribe tlie Ark EG; i. e. 
make FE and FG each equal AB, and join the Points A 
and G, B and E; alſo EF and FG, which een the 
Pentagon. Q. E. F. 


The Demonſtration of this Conſtr lo of a Pentagon may be 
obtained, from the 8th and gth Prop. of the 4th of Elements. 

For, AED is an Iſoſceles Triangle, having its Angles. at the 
Baſe, ED, each double the Angle EAD, at the Vertex; 
AFB is the ſame, which may be eee as inſcribed. 

And, by 34 of the 6th, the Diagonal of a Pentagon, AF or AE 
(equal AD) has that Ratio to the Side, AB, BE, &c. as the 


greater Segment to the leſs, of a Line div ided in extreme and 
mean Proportion. 


Or it may be conſtructed thus. | 
Having found the Point D, as above, and drawn the 
Ark DEF, on the Center A. 

On B, with the Radius AB, deſcribe the Ark AE, cut- 
ing the other at E, and draw AE and DE. | | 
Draw BF parallel, to DE; and alſo AG, indefinite. 
Draw FG parallel to AE, cuting AG in G, and join FE 


| nu BE, which e the Figure. 


N O n 1 E M H. 
To conſtruct a Heptagon, on a given Line, AB. 
Make a Right angle ABD; and divide the Ark of 1 it into 


ſeven equal Parts, as many as the Figure has Sides. The 
Angie of a Heptagon is ten of thoſe Parts, difference three. 


— 


2 


* See N. B. 2. Prop. 3 5. th of Elements. 
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Set off three Parts from the Perpend. BD to E, & draw BE. 


Make BE equal AB; biſect the two Sides AB& BE, Pr. 8. 


and draw the Perpendiculars, FC and GC, interſecting at C. 


On C, the Center, and Radius GA; or CR: deſcribe a 


Circle; which will contain the given Line, AB, ſeven 


times in its Circumference, at A,B K, , 
which Points, joined by Right lines, will compleat the 
Heptagon required. Q E. F. ; | 


Dex Iltis equilateral by Conſtruction; ad it is alſo equi- 


angular, becauſe inſcribed in a Circle; for, equal Seg- 
ments contain equal Angles. - = - Th.1. 10.3. 


N. B It is plain that the Angle ABE, which is an Angle of 
the Heptagon, is equal to the Right angle ABD added to the 
Angle DBE; the Right angle containing ſeven parts, the Acute 


angle, DBE, three; ang conſequent! y, the Angle ABE contains 
ten ; therefore, the Ratio 1s as 10 to 7. 


After the ſame manner a Circle may be. found, which ſhall 
contain a given Line any number of times, to twelve, applied to 
the Circumference, by the above Rule; it 1s therefore unne- 


ceſſary to give more Examples of this method, of conſtructing 
Poligons. 


PROBLEM 
To deſcribe a Hexagon, on a given Line, AB. 


In the conſtruction of a Hexagon, you need not regard 


the Rule, nor proceed after that method; ſeeing that, the 
Side of a Hexagon is always equal to the Radius of a cir- 


_ Cumſcribing Circle. Th. 11. 4. EL 


Therefore, with the Radius AB, deſcribe two Arks, on 
A and B, interſecting at C, and compleat the equilateral 
Triangle ACB. On the Center C, with the ſame Radius, 
deſcribe a Circle. Produce AC to E, and BC to F; 


and, through the Center, C, draw GD parallel to AB, and | 
| Join the Points A and G, G and F, F and E, &e, 


SY 
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Os, having found C, the Center, and deſcribed a Circle, 
apply the given Side, AB (equal to the Radius, AC) fix 
times round the Circumference, from B to E, F., G, 
and join the Points as before. | 


AGFEDB is a regular Hexagon. Q. E. F. 


The circumference of a Circle contains the Radius in- 
ſcribed, as a Chord line, fix times, Th. Pl. ANG. Art 5, 


eonſ. it is equal to the Side of a Hexagon inſcribed. 11.4.E1, 


This needs no other Demonſtration; for, the Sides are all 
equal by Conſtruction; and the Triangles ACB, BCD, DCC, &c. 
are equilateral, whoſe Angles are alſo equal (C. I. 2 10, And, 
each Angle of the Hexagon, contains two Angles of a Triangle, 
(ABD, equal ABC added to CBD, &c. which are therefore equal) 
and, conſequently, have that proportion to a Right angle as 4 to 3; 
as the Perpendicular BH (biſecting the Angle CBD) indicates. 


PROBLEM iv. 
To deſcribe an Octagon, on 4 given Line, AB. 


On the extremes of the given Line, AB, draw the Per- 
pendiculars AG and BH, indefinite, 


Produce AB, both ways, and biſect 5 external Angles, 


IAG and HBK, by the lines AC and BD; which make 
equal, cach to AB, and draw CD; make LN equal LM; 
and, thro' N, draw EF paral. to CD. Draw CE and DF, 


| parallel to AG and BH. Make NH equal NF, and draw 
GH parallel to EF; join EG and FH, which 3 


the Octagon. Q E. F 


N. B. It is obvious, f in this Figure, chat! its Angles, as AB), 
have the proportion to a Right angle, ABL, 15 to 2; for, the 
Angle LBD is half the Right angle LBK; LBD added to 


BR equal ABD, is the Angle of the Cages. . 
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The Octagon i is, perhaps, the moſt uſeful of all Pei par- | 
ticularly in Building, the Hall, or Saloon, is often, and the 


Veſtibules frequently, octagonal; and, as well as Rooms, are 
moſtly regular Octagons. Of which, a Side being determined 
(as AB, above) I believe no readier method of conſtructing i it 
has been oy If the Diameter, or width, CD, be given, or 
determine a Side is found by the following Problem. 


That AEHD is a „ Octagon is evident; from its 


Conſtruction, and obvious from inſpection of the Figure; 


for the Angle ABD, &c. are each equal to a Right angle 


and half, by Conſtruction; and, as AC; BD, were each 


made equal to AB, it is manifeſt, that CD is parallel to AB; 
wherefore MON is a Square, on AB, or its equal LM, 
and conſequently, GH 1s equal AB; alſo on and DF, 
for LN was made equal to LM. 
Moreover, NH was made equal NF (equal LD) and 
conſequently, the Triangles HNF, DLB, &c. are equal, 
right angled, Iſoſceles; wherefore, FH and EG are each 


equal to BD, that is, to AB, and therefore, the Sides are 
all equal; and, becauſe the Angles BLD, &c. are right, 


LDB, NFH, &c. are half right, which added to the 
Right angles LDF, DFN, &c. form the Angles of the 
Octagon; conſequently wy are all cqual ogy them- 
ſelves. 


Ax OcTacon may be conſtructed on a given Line, by 


; determining the Center of a circumſcribing Circle; that, 
is, whoſe Circumference ſhall contain the given Line, 
applied eight times, thus. 


AB is the Line 3 which biſect, at C, and draw the 
Perpendicular CE, indefinite. Deſcribe a Semicirele on 
AB, cuting CE at D; on which, delcribe the Circle AEB, 


with the Radius AD, equal DB; and, on E, where it cut. 


the Perpendicular CE, with the Radius AE or EB, de- 


heres — * N 
— 5 
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ſcribe the Circle AFB, which will contain AB eight times, 
applied to its Circumference, as in the Figure; conſe 
_ quently, Al, &c. to B, is a regular Octagon. 


Dem. The Angle ADB is a right one — 12 3. El. 
conſequenty, AEB is half — 9. . 
But, a Right angle is 90 Degrees, and conſequently, 
its half is 45; = — — 2. Th. Pl. Ax. 
which is the Angle at the Center of an Octagon, or a 
circumſcribing Circle, ſubtended by a Side. 
It is evident, that the Circle AEB will circumſcribe 
a Square, on AB; for ADB is a Right angle, at its 
Center; wherefore, ADB contains a n of which, 
| AB i is the —_— 


r * n . 
To determine the Side of an Oftagon, from a given 
Diameter or width, AB. 


| Deſcribe a Square on AB. ( 16. 1. * the two 

Diagonals AC and BD, which givethe Center, E. 16. 1. El. 
With the Radius of half the Diagonal, AE, on every 
Angle of the Square, deſcribe an Ark or Quadrant, b Eg, 
2 E d, &c. i. e. make Ab, Ag, Ba, Bd, &c. each equal half 
the Diagonal; and, joining the Points ah, be, &c. you will 
have a regular Octagon abedefgh. Q. E. F. 


The Side of the Octagon, it is obvious, is equal twice 
the Difference between half the Side of the Square and 
half the Diagonal; conſequently, it is equal to the Diffe- 
rence between the width given, and the Diagonal of a 


_ Square whoſe Side is equal to the width. So that, mul- 


tiplying the given width into itſelf, the Square Root of 


f 


* 2 — 


— 
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double that Sum i is the Diagonal; from which ſubtract the 
given width, the remainder is a Side of the Poligon, 


APPL. The uſes of theſe Problems, to various Mechanics, are 
very obvious. By the 4th we learn how to form an octagonal 
Building; as a lemple, Library, &c. an Alcove, or Bow 
Window, &c. (which are frequently half a regular Octagon or 
Hexagon) of a given meaſure, tor a Side of the Building, &c. 
By this Problem, we find the meaſure of a Side, when the 
width, or Diameter, is firſt determined, 
Theſe are the mot neceſſary Poligons for mechanical uſes, 
By the Rules already given, any Poligon, to twelve Sides, 
may be readily conſtructed. ä 


To enumerate all the uſes of 1 would be i impertinent 
and foreign to the purpoſe; my deſign being to ſhew how to con- 
ſtruct them, in the eaſieſt and readieſt manner, the application of 

them will readily occur, as occafions require, | 


Axx regular Poligon may be conſtructed, on a Line 
given, by the following general Rule; dividing 360 by the 
number of Sides of the Poligon required, and ſubtracting 
the Quotient from 180, the remainder is the Ang of 
the Poligon. | 


PROBLEM VI. 
To conſtruct a Nonagon, on a given Line, AB. 


360 divided by 9 gives 40, the meaſure of the Angle, 
in Degrees, which the Side of a Nonagon ſubtends at the 
Center of a circumſcribing Cirele, equal to its external 
Angles, See Theo. 2. 10. 1. El. . 


Ag being produced both ways, towards D and E, at 
the extremes, A and B, make the Angles DAF, EBG, 
each equal 40 Degrees; make AF and BG each equal AB, 
which biſect in H and I; draw HC and 10 r to 
AF and BG, interſecting! in C. 
5 e 
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A Circle deſcribed on C, with the Radius AC or BC, 
will contain AB nine times applied to its Circumference. 


IT is evident, that the external Angle DAF n EBG) i 18 
equal to the Angle ACB at the Center. 

For, ACB, BCG, and ACF, are congruous Iſoſceles Triangles; 
| Whoſe Angles at the Baſe, AB and BG, are 70 Degrees each; | 
two, of which, form an internal Angle of the Nonagon ; 
as ABC+CBG=ABG; and, the external Angle, EBG, is 
the Compliment of two Right angles; conſequently, it is equal 
to the remaining Angle ACB, of the Triangle ACB, or BCG. | 


So that, an Iſoſceles Triangle, ABC, being conſtructed 
on the given Line AB, whoſe Angles, at the Baſe, A and 
B, are each of 70 Degrees; the Angle at the Vertex (C) 
will be 40. C is the Center of a Circle which will cir— 
cumſcribe a Nonagon, the meaſure of whoſe Sides is AB. 

The Angle ACB, of 40 Degrees, being repeated 9g 
times, as in the-Figure; will include all the ſpace of the 
Circle, equal four Right angles; and, each Angle will be 
ſubtended by a Side of the Poligon ; which is evident 


from the Figure. 


The three Angles of every Triangle are, . equal to 
two Right angles, 1. e. equal to 180 Degrees (10. 1. El.). And, 
ſince the Angle C (at the Center) of the Triangle ACB, is 
equal ta 40 Degrees, conſequently, the two remaining Angles, 
CAB, CBA, at the Baſe, being equal (9. 1.) they are, each, 
equal to half the difference between the Angle ACB, and two 
Right angles; 1. e. of 50 Degrees, each, as by Conſtruction. 

Hence it is evident, that, in any Right line, as DE, cuting 
2 Circle, if from either Point, A or B, of the part AB, within 
the Circle, another Chord, AF or BG, be drawn, equal AB; 
the external Angle, DAF or EBG, made by that Chord and 
the Line DE, is equal to the Angle at the Center of the Circle 
ſubtended by the Chord, AF or BG, equal AB. 


Tux external Angle of every regular Polygon 3 is equal 
to an Angle at the Center, ſubtended by a Side. For, all 
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the external Angles of every Right-lined Figure are equal 


to four Right angles (Th. 2. 10, 1.); and fo are all the 
Angles about the Center of a Circle. - - C 2.2.1, 


Wherefore, an ordinate or regular Polygon, having all 
its internal Angles equal, has likewiſe, all its external 
Angles equal; and, being equal in number to the Angles 


at the Center, ſubtended by the Sides, each external Angle 


is, conſequently, equal to an Angle at the Center, ſubs 
tended by a Side, g. | 

If the Poligon has eight. Sides (an Octagon) the external 
Angle is the 8th part of 360, 1. e. 45 Degrees; if a No- 
nagon, it is 40 Degrees; if a Decagon 36; each being 
equal to the —_ at the Center, ſubtended by a Side. 


From hence is deduced the Rule (Pr. 2.) for conſtruct- | 


ing Poligons; by dividing the Ark of a Quadrant, or 


Right angle, into as many equal parts as the Poligon | 


has Sides. 


For, the Ark of a Rieht angle being by ided into five equal 


parts, each will be 18 Degrees, wherefore, the Angle of a Pen- 
tagon being ſix of thoſe parts, or one added to a Right angle, 


i. e. 18 T9 = 108; which being ſubtracted from two Right 


Angles, or 180 Degrees, the Difference is 72, equal four 


times 18; which is the Compliment of two Right angles; 


conſequently, the external Angle of a Pentagon is equal to an 
Angle at the Center, ſubtended by a Side. 


For a Nonagon, the Ark of a Right angle i is divided into 9 


equal Parts, each equal 10 Degrees. 

Now, the external Angle being 40 Degrans equal to the 
Angle at the Center, the Angle of the Nonagon is 50 +90 or 
five ninth parts added to a Right angle; for, the internal and ex- 
ternal Angle are, together, equal to two Right angles - 1. 1. El. 

Therefore a Right angle 1s to the Angle of a Nonagon as 
9 to 14, difference 5, as in che Table. 


% 


Tur reaſon of his 18 ſo very obvious, *tis N to fay 


more about it; ſceing it is manifeſt, that all the external Angles 
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of any right-lined F igure, whatever, are, together, equal to 
all the Angles about a Point, ſubtended by the Sides. i. e. 


equal to four Right angles. And, all the internal Angles of any 
right-lined Figure are equal to twice as many Right angles as 


the Figure has Sides, wanting four, (Th. 1. 10. 1. El.) .conſe- 


quently, the external Angles being equal to thoſe four (Th. 2. 


of the ſame) are equal to all the Angles at the Center; and, be- 
ing equal, in number, they are alſo equal in quantity, 


Haven, the Angle of _ regular Poligon, whaterer, may 
be readily obtained. wel 


For, in a Pentagon, all the internal Angles, together, are 
equal to {ix Right angles; conſequently, each Angle is 6 fifths 
of a Right angle, i. e. it exceeds a Right angle one fifth part ; 


ſeeing, there are five Angles in the Figure, and they are, als 
1 together, equal to fix Right angles, 


The Angles of a Hexagon are, altogether, equal. to eight Right 


angles; conſequently, each Angle is equal to eight ſixths of 
2 Right angle, or four thirds; 4. e. equal to one Right _—_ 


and one third part of a Right angle. 
A Heptagon has all its Angles, together, equal to ten Right 
angles; wherefore, each Angle is equal to ten ſevenths of a 


Right angle, i. e. equal to a Right angle and three ſeventh 


parts of a Right angle. 
' All the Angles of an Octagon being equal. to twelve Right 


angles, it is evident that each Angle is equal to one Right 


angle and a half; 1. e. to 12 eights, fix fourths, or three ſeconds, 
1, e. one and a half, | \ 
| To particularize more would be unneceſſary ; it ls eaſy, from 


what I have ſaid, to calculate the quantity of the Angles of any 


Poligon whatever, by the Proportion it bears to a Right angle, 
or to two Right angles; which muſt ever be more than the Angle 
of any Poligon whatever. 


For Poligons which have an even number of Sides, let it bs 


obſerved, that the diviſion of a Right angle, may be reduced to 


a lower Denomination ; as for a Duodecagon, for inſtance ; all 


* 


ll 
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its Angles, together, being equal to 20 twel.fths, i. e. 10 ſixths, 
or 5 third parts, i. e. to one Right angle and two thirds; the 


| Right angle need be divided into three equal Parts, only, in- 
| Read of twelve. 


Whereas, thoſe which have an odd number of Sides cannot 
be reduced lower; but, in forming them, a R ight angle muſt 
neceſſarily be divided into as many parts as the F igure has Sides. 


PROBLEM VII. 


To determine the Radius of a Circle, which ſhall 
contain a given Line, any number of times ap- 


plied to its Circumference, for the conſtruction 
of Poligons, from fix to twelve Sides. 


Biſect the given Line AB, and, from the middle, draw 
a Perpendicular (6, 1.); and, with the Radius AB, on B, 
deſcribe the Ark AC, which divide into fix equal Parts. 

On C, with the Radius AC, deſcribe a Circle; which 
will contain the Line AB (equal AC) fix times; 


applied to its Circumference. - Cor. to 124. El. 


With the Radius CI, C2, &c. deſcribe the Ar ks 1D, 
2E, &c. cuting the Perpendicular, at D, E, F, &tc. on 
which Centers, and with the ſeveral Radii AD, AE, &c. 
deſeribe Circles, as in the Fi igure. | 


The outer Circle, deſcribed 'on I, with the _—_ ATI, 
will contain the given Line, twelve times; that on D ſeven 


Umes, on E eight, and ſo of the reſt, in regular order. 


Ir you would continue it to 24, the Ark AC muſt be 


divided into 12 equal Parts ; each of which, being tranaſ-. 


ferred to the Perpendicular, as before, and thoſe traiaſ- 
ferred again, twelve more Centers will be obtained, on the 
Perpendicular, on which the Circles muſt be deſcribed 3 


the Circles, already deſcribed, give ſix. 


* 
* 
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1 PROBLEM vI. 


To divide the Circumference of a Circle, in any 
proportion required ; or to mm mine the Side of 
any Ln, to be inſcribed. 


Draw a Diameter, AB, on which conſtruct an equila- 
teral Triangle ACB; or draw the two Arks only, inter- 
ſecting at C. | | 

(Thijs preparation is the ſame for any poligon whatever.) | 

Then, divide the Diameter into as many equal Parts 
as the Poligon, required, has Sides (Pr. 11. 5.); and, 
through the. ſecond diviſion, from either extreme, draw a 
Right line, from C to the oppoſite Side, of the concave 
Circumfetence. e. g. ä 


For a Pentagon, the Diameter muſt be divided into 
five equal Parts; through the ſecond Diviſion, from A, or 
B, draw CD; then, AD is the ſide of a Pentagon; i e. 
a fifth part of the whole Circumference, or two fifths ot 
the Semicircumference AFB. | 


The Side of a Hexagon is equal to the Radius; and the 
Side of an equilateral Triangle is the Diagonal of two fides 
of a Hexagon; yet the ſame Rule holds equally true in all. 

If a Right line, be drawn, from C, through the Center, 
E, to F, it divides the Circle equally into four, and, 
evident, that AF, or FB, is the Side of a Square. 

For, the Diameter being divided into four equal Parts, 
the Center being equally diſtant from each extreme of the 
Diameter, AE is, conſequently, two of thoſe Parts. 
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One of thoſe Parts, GB, equal half the Radius EB, is 
two eighths of the Diameter; wherefore, if CG be drawn 


and produced, it will cut the concave Circumference in the 
Point H; and BH, or FH, being joined, is the Side of 
an Oftagon; fot it will biſe& the Ark, FHB, of the Side of 


aSquare. And, Ar, being a fifth part of the Diameter, is 
equal to two tenths; wherefore, if Ci be drawn, to I, it 
will biſe& the Ark AID; and AI or ID, being joined, is 
the ſide of a Decagon, inſcribed; for, it is equal to two 
tenths of the concave Circumference AFB. | 


Tavs may the Side of any Pohgon whatever, 3 in 2 
Circle, be obtained; by obſerving the Rules given above. And 


it is truly worthy of notice; that, any Right line, drawn from C 5 


cuting the Diameter and the concave Circumference, will cut 
them both in the ſame Proportion; or, in whatever Ratio one of 


them is divided, a Right line being drawn, from C, through the 
point of divifion, will cut the other in the ſame Ratio. 


Of this equal diviſion of the Diameter and the cb 


no Demonſtration has been given. On the contrary, Mr. Clarke, | 


of Mancheſter, has demonttrated it negatively ; ſo that tis an 
approximation only, and not ftriftly true, 


For the inſeription and circumſeription of Poligons, generally, | 


les the 4th Section. a 


— — . 
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On the Circle and its Attributes. 
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PROBLEM I. . III. Euclid. 


| | | To find the Center of a given Circle; and through 
1 118 a given Point, to deſcribe a Circle parallel to the 
given one, and concentric with it. 


AEB is the Circle given; and G the given Point. 


| RAW a Chord Line, AB, at pleaſure, Biſect 
_=Y | AB (Pr. 8.) and through D, the point of biſeQion, 

| draw EF perpendicular to AB (b.) cuting the Circum- 
ference in E and F. Biſect EF, in C, which is the Cen- 
ter of the Circle AEB. Q. E. F. . | 


— 22 
— 


For EF is a Diameter, and conſequently paſſes through 
the Center of the Circle. — - F. 1.3. EL 


| = Þ 2nd. Having (as above) found the Center (C) of the given 
4 Circle; join CG. With the Radius CG, and on the 
— 1 Center C, defcribe a Circle GH, and you have done. Q. E. F. 


_ SCHOL. All parallel Circles, in the ſame Plane, have the ſame 
Center, and are called concentric; but, if they are in paralle! 
Planes, as on a Cylinder, Cone or Sphere; a Right line perpendi- 
cular to thoſe Planes, if it paſſes through the Center of one Circle, 
it will paſs through the Centers of them all; which Line is the Axis 
of the Cylinder, Cone, or Sphare. | 


- 
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Pp ROB L. E M IL 2; Prop. III. Euclid. 
From a given Ark or Segment of a Circle, to perfect 


or complete the Circle, 


ABD is the Ark given. 


Draw, at pleaſure, two Chord Lines; AB and BD. 
Biſect the two Chords, at E and F; from which, draw the 


Perpendiculars EC and FC, interſecting at C. Pr. 8. and 6. 


-  Cisthe Center of a Circle; on which, with the Radius 
CA, CB, or CD, the Circle ABDG may be completed. 


As, in the foregoing, the Line EF, biſecting the Chord | 
AB, paſſed through the Center; conſequently, the biſe&- 
| ing Lines, EC and FC, of both, determines the Center. 


N. B. By this method, may be found the Center of a perfect 
Circle, as readily as in the foregoing ; nor is1t neceſſary to draw 


the Chords; only, aſſuming, at pleaſure, three points, A, B, and D. 


WIXX any Radius, at diſcretion, on B, as a Center, deſeribe 


the Ark HIKL; and, with the ſame Radius, on A and D, deſcribe 


two Arks, HI and KL, cuting the former in H, I, K and L; 


_ through which Points, draw Right lines, HI and LK, interſect- 
ing at C, the Center ſought. | 


HtNncEe, through three 1 Dick (not lying in a 


Right line) as A, B, and D, the Cireumference of a Circle 
may be deſcribed; whoſe Center (found, as above) is C. 


= he Center of the Circle may be found arithmeti- | 


cally, by the meaſure of the Chord, or Subtenſe 
of the Segment, and the height of the Ark it 
ſubtends. - | e 
| ADB is the Segment given. 


Divide the Square of half the Baſe by the perpendicular 


height, and add the 2 to the Dirie See Caſe 2. * 3. 
2 
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e. g. Let the Baſe AB be 14 and the Perpendicular CD, 4. 


The Square of AC or CB, 7 multiplied by 7 is equal 40; 
which, divided by 4, gives the Quotient 12,25, equal CE; to 


which add the diviſor, 4, the height of the Ark, CD, it gives 
26, 25, for the Diameter, ; 


For a an . ws and 2 18 equal to the OR 
of AC.» | 0 „„ 


Suppoſng the Integers Foer, the ar, DE, is 16 Feet 3 In. 


PROBLEM III. 


To draw a Line touching a Cirele, through a given 
Point in the Circumference. And, to determine 
the Point in which a Tangent touches the Circle. 


"Firſt; B is the Point given; through which a Right 


line, a Tangent, is required to be drawn. 


Having found A, the center of the Circle (by the forego- 
ing) join the point B, and the center of the Circle by a 
Right line, AB. At the Point B, make a Right angle, 
ABC, and produce CB, towards D. 

Fhe Right line CD will eh the Circle, in the 
Point B. 130 2 2 * P. 8. 3. El. 


2nd, CD is a Line 8 a Circle; it is required to 
determine the Point of Contact. | 


Draw. a Perpendicular, (AB) to. the Line, from the 
Center of the Circle; cuting CD in 33 Pr. 7. 


R is the Point of Contact, in which the Line CD 


tauches the Circle. = +» Cor. 3 8. 3. El. 
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PROBLEM Iv. 17. III. Euclid. 


To draw a Tangent to a given Circle, from a Point 
given without the Circle; i. e. to determine the 


Point, in which a Right line drawn from the 
| given Point ſhall touch the Circle. 


From the given Point, A, draw AC; to the Center of 
the Circle. Biſect AC; and, with the Radius AB, de- 
ſcribe a Semicircle ; cuting the Curcutnference of the 
uw: Circle in D, the Point ſought. | 


Dzm. Having drawn AD and CD, the Right line AD 
will touch the Circle at D. For, the Angle ADC is a 


Right one (12.3.). Wherefore, ADtouches the Circle in 


D; as 1s manifeſt, from P. 8. 3, Cor, 2, 


OTHERWISE. ; 

Join the Point A, and the Center C, as before, cuting 
the Circumference in B. 

With the Radius CA deſcribe the Ark AD. Draw the 
Perpendicular BD, cuting AD at D. Laſtly, draw CD, 
cuting the given Circle at E, the Point ſought. Draw AE. 

The Right line, AE will touch the Circle, at E. 


DRu. The Triangles AEC, BDC are congruous. 
For, the Sides AC, CE are equal to DC and CB, reſpec- 


tively; and the Angle C is common to both; therefore, 


AE is equal to BD; the Angle at Al is equal D, and the 
Angle AEC equal DBC. - - Pe. 8. 1. El. 


But CBD is a Right angle (Con. ) wh. AEC i is a R. angle. 


Therefore, AE touches the Circle at E. C. 2. 8. 3. 


| 
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PROBLEM v. 34. Ul. Euclid, 


Io cut off a Segment of a Circle; which ſhall con- 


tain an Angle equal to a given one. 


DEC is the Circle given, and X the given Angle. 
Draw AB touching the Cirele (Pr. g.). At the Point of 


Contact, C, make the Angle ACD equal to X, the Angle 
given; and DEF C is the Segment required. Q. E. F. 


Dem. For, if from any Point in the Circumference, as F, 


or F, Lines are drawn to the extremes of the Chord 
CD; the Angle DEC, or DFC, is equal to ACD, (equal 
. by Sen P. 13. 3. El. 


PROBLEM VI. 33. III. Euclid. 
On a given Line, to deſcribe a Segment of a Circle, 
which ſhall contain an Angle equal to a given one. 
Ap is the given Line, and X the given Angle. 
Make an Angle, BAD, equal to the given Angle, T. 4.1. 


Draw AC perpendicular to AD (10.) and, on the other 
Extreme, B, make the Angle ABC equal BAC. | 


Or, having biſected AB, draw EC perpendicular to AB, 


cuting AC in C; on which, with the Radius CA or CB, 
deſcribe the Ark AFB, the Segment required. 


Dex. From any Point, in the Circumference, as s F, draw 
FA and FB. The Angle AFB BAD, equal to the 
given Angle X. - 13.3. 


— — 


4 
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OR, without drawing AD, on the given Line AB, make 


an Iſoſceles Triangle, whoſe Angles at the Baſe, BAC, 
ABC, are each equal to the Complement of the n 


Angle, to a Right angle. 


The Vertex C will be the Center, and CA, or CB, the 
Radius of the Circle required. 


PROBLEM VII. 


A Circle being given, to cut off a Segment, and, 
on a given Line, to conſtruct a Segment, nn 
to a given one. | 


Firſt. It is mi to cut off, from the given Circle 
FHI, a Segment fimilar to X. 


Find the Center, C, of the given Segment, X, Fre 2. 
and compleat the Semicircle ABD. 


Through the Center, E, draw FG, and make the Angle 


FH equal DAB; — -_ „ 


The Segment, V, cut off by FO Chord FH, wo: be 
ſimilar to the given Segment. | 


Drs. For, the Angle GFH=BAD (Conc); Aud. 


ing joined BD and HG) the Angle FHG=ABD, Ax. 9. 


For they are Right angles 132. 3. El. 
conſequently, FGH=ADB; - Ci. 5. 10. 1. 


wh. the Triangles ABD, F H G are ſimilar. C. 2. 4. 6. 


Therefore, as FG: AD:: FH: ABZ. 46. El. 


And, by taking away the Triangles ABD, FHG, from 
the Semicircles, there is left the Segment YL ſi milar to X. 


N. B. If the Segment given had been greater than a Semi- 


circle, the operation is the ſame ; the Triangle GFH heing added 
| tothe Semicircle FIG, inſtead of taking it away from FRG, 
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N. B. 2. The Angles, A and F, &e, of fimilar Segments are 
- equal; and they, alſo, contain equal Angles, at K; viz. AKB 

equal EKH; by which, finular Segments of Circles may be 
, conftruded, but not with that preciſion, as by the method 


0 


ſewn; here. | 


PROBLEM VIII. 


The Angles being given, under which, each two con- 
tiguous Objects, of three, fituate in a Right line, 


VINE are ſeen, and their Diftances from each other 
'Y' Th known; to. determine the Station from which 
| 1 they are ſeen. | 
Lil 4, B, and Care the ſtations of the three Objects. Draw 
i | Ty CD and AD, making the Angles ACD, CAD, alter- 
1198 nately. equal to the given Angles, i. e. make ACD equal to 
| ; | --: BO Angle under which A and B are ſeen, and CAD 
141 ac Equal to the other; let them interſect at D. Deſcribe a 
Wills Circle through the two extreme Objects, A and C, and 

| the Angle D (Pr. 2.); Draw DB, and produce it, till it 
| N cuts the oppoſite Circumference, at E, the Point ſought, 
| 8 Dzm. For (baving drawn AE and CE) the Angle 
! AEB=ACD, and the Angle CEB=CAD. + P. 10. 3. 
| | | x ra elegance of this Problem, and the conciſe Demonſtration 
wi - of it, more than its real utility, induced me to give it a place, 
1 in this Work; nor could I elaſs it, with the reſt, in any other 


Section, with more propriety than in this; which will, I pre- 
ſume, be ſome Apology, with thofe who may be of a contrary 
QPIN10N, | £ 7 | 8 - | 
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On Inſcription and Circumſeription of Figures, | 
in general. 
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Jo inſeribe a Triangle in a given Circle, equiangular | 


to a given Triangle. 


Let ABC be the given Triangle, 3 
R AW, at pleaſure, the Right line GH, touching the 


Circle in any Point of its Circumference; as D. 3:3. 


Make the Angle GDF equal to A; 1. e. to any Angle 


of the Triangle; and HDE equal to another, B, and 


join EF. The Triangle DEF is equiangular with ABC. 
Dru. The Angle GDF =DEF, and HDE DFP E. 13.3. 
Wherefore, the Angle DEF, being eq. A, and DFE eq. B, 
the remaining Angle, EDF, muſt neceſſarily be equal to C. 
Th. the Triangle DEF 1 is equiangular to ABC. 10.1. El, 


N. B. B taking the Angles in this order, the Triangle i in- 


ſeribed will be poſited as the given one; but, any two 1 
taken, the Triangle, inſcribed, will be the ſame, | 


OR, draw, at pleaſure, ad, cuting che Ciivaniferencs in | 
a and d. Make the Angle, ad e, equal to B, and join at.” 


Make, cab, equal to the Angle A, and j join be. The 
Triangle a be is equiangular to ABC. 


For; the Angle abe a de (10. 3.) equal B; and, che | 
Angle cab was made. 1 to A; conf. acb is equal to 
the remaining Angle C. „„ 20-5 
Therefore, the Triangle, abe, c, 1s equiangular to um 
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1 * EM i 


To circumſcribe, that is, to deſcribe or draw, a 
Triangle, about a given Circle (rouching it on 
every Side) equiangular to a given one. 


Let ABC be the given Triangle, and DF G the Cir- 
cle given. | 

Produce any Side of the Trizogle, as . both ways; 

and draw a Radius, DE. 

Make the Angle DEF, equal to the external Angle A; 

and FEG equal C. Through the Points D, F, and G; 

draw Tangents to the Circle, cuting each other in H, 

J and K. Then is HIK the Triangle required. 


Dru. Becauſe HI, &c. touches the Circle, and DE, EF 
and GE are drawn to the 8 EDT, IFE, &c. are 
Right angles. = - - - „„ EL. 

And, becauſe the Angles af every Quadrilateral, are 
equal to four Right angles (11. 3) I+DEF=to two 
Rightones. But, DEF A (Con. ) conſ. DIF g BAC. Ax.7 
The Angle K may be proved eq to AC B; and H, to ABC. 
Therefore, the Triangle HIK is equiangular to ABC. 


p R O B L E M III. 
To inſcribe a Circle in a given Triangle (ABC) 
touching every Side of the Triangle. 


Biſedt any two Angles of the Triangle, ABC, and 
CAB, by the Right lines BD, and AD, cuting each 
other in D; from which Point, draw a Perpendicular 
oe to any Side * of the TN. 
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With the Radius DE, on the Center D, deſeribe the 
Circle EFG, which will touch "ay Side of the Tri- 
angle, ABC. | 


| Draw DF and DG, perpend. to the Sides, AC ol BC. 


DEM. AF = AE (C. 2.16.3.) and, the Angle EADS DAF; 
wherefore DE is equal to DF. - - P. 


By the ſame, DG 1s equal to DE, and alſo to DF; and 
conſequently, the Circle, EFG, will touch every Side 


of the Triangle ABC. 


P ROBD EM WW. 


To circumſcribe a given Triangle with a Circle; 


or, todeſcribe a, Circle about a given e 


ABC i is the Triangle given. 


Biſe& any two Sides of the Triangle, as AB and BC, 


in E and F. Draw ED and FD, perpendicular to AB 


- and BC, reſpectively, cuting each other in D, the Center 


of the circumſcribing Circle. 

If the Triangle has a Right angle, (Fig. 2.) the Hypo- 
thenuſe biſected gives the Center. 

If an Angle be obtuſe, the Center of a cunt 


Circle falls without the Triangle; the Operations the ſame, 


Join the Points AD, BD, and CD. 


Dem. Becauſe AB is biſected in E, and DE 3 is perpen- 
dicular to AB, the Sides AE, ED, of the Triangle AED, 
are equal, reſpeQively, to BE, ED, of the Triangle 

BED; and the Angle AED=BED; - - Def. G. 
wherefore, AD ZBD. 9. 1.) In the ſame manner, CD 
may be proved equal AD, or BD; conſequently D, is 
the Center of the Circle, _ 
T 
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PROBLE M V. 
To inſcribe and circumſeribe Squares, if in and 0. = 
Circles, 


Draw: two Diameters, AC and BD, at Riche angles. 


Join the Extremes, A, B, C, D, and a n will be 
inſcribed. : 


2nd. Draw Tangents through the extreme Points of the 
Diameters, meeting in E, F, G, and H; or draw Lines, 
touching the Circle, parallel to each Side of the in- 
ſcribed Square, and EF GH 1 is a Square, circumſcribing 
the Circle. 


Dem. Becauſe AT, IC, IB, and ID, are eequal; and con- 
tainequal Angles, AB, BC, CD and AD, are equal. P. 8. 1. 
And, the Angles ABC, BCD, &c. being in a Semicircle, 
are Right angles. Therefore ABCD is a Square. 


2ndly. Becauſe EF and HG are perpendicular to the Dia- 


meter BD; and EH, FG to BD (8.3.) they are parallel; 
and for the ſame reaſon, EH is parallel to FG; 

But, AC is perpendicular to BD; wherefore, EH is 
perpendicular to HG, and EF to FG and EH; | 
ButEF, FG, EH, and HG, are each equal to the Diameter. 
Th. EFG is equilateral; conf. it is a Square - Def.P. 


8 N. B. The 8 uare, EFGH, circumſeribing a Circle, is double the 


Square, ABCD, inſeribed in the fame Circle. 

For the Triangle ABC is equal half the Rect. AEFC, - 19.1. 
And ADC is e Sat to half the Rectangle AG; 
conſequently, the Square. EFGH is double ABCD. 


Pp R O B L n 


To inſcribe and circumſcribe Circles, in and about 


Squares, 
Let ABCD be the given Square. 
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Draw the Diagonals AC and BD cuting each other in E. 
From the Center E, draw.EF perp.to AB. With the 
Radius EF, on the Center E, deſcribe a Circle, which 
will touch every Side of the Square ABCD. 


2nd. With the Radius EA or. EB, on E, deſcribe the 
Circle ABCD ; which will paſs through every Angle of 
the Square. ; 


| Dem. TheDiags. AC and BD biſeR each other, in E; 16.1. 

and ſo do the Diameters GI and HF. - Cor, to 16. 
Conſequently the Circle FGHI touches every Side; 

and ABCD paſſes through every Angle of the Square. 


; N. B. A Circle Ns a Square, is double of: a Circle 
inſcribed. 


For, the Square at AC=ABa +BC 9; conſequently, 
AC is double BC, equal FH, bc: 


But Circles are, to each other, as the Squares of their 
Diameters; th. the Circle ABCD is double FGHI. C. 1. 14.4. 


PRO LE 
To inſcribe a regular Pentagon in a Cirele. 
4 is the given Circle. 
| Inſcribe an Iſoſceles Triangle, ABC, whoſe Angles, 
BAC, AC, are, each, double the Angle ABC. Pr. 10.4. El. 
Biſect each of the Angles BAC, ACB, by the Right lines 
AD and CE, cuting the Circumference in D and E. 


Join the Points, A and E, &c. by the Right lines AE, 
EB, BD, and DC. AEBDC is a regular Pentagon. 


Dx. For, becauſe each Angle, BAC, ACB, is double 
the Angle ABC (Con.) and thoſe Angles are biſected, 
the Angles, ABC, ACE, ECB, BAD, and DAC, are 


all equal; conſequently, the Pentagon is equiangular. 


* 
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But, equal Angles ſtand on equal Arks, - C.29. 3. 
and, equal Arks have equal Chords or Subtenſes, 2.3.3. 


. wherefore, AC, AE, EB, BD, and DC are all equal; 
and conſequerly, the Pentagon, AEBDC, is equilateral. 


| Cor. The Diagonals of a Pentagon! are parallel to their 


oppoſite Sides. 
For, the Triangles AEC, ADC are equal; P:8. 1: El. 
Therefore, ED is parallel to AC. - - Cor. 18. 1, 


It is evident, that to inſcribe a Poligon of any kind, in 
Aa Circle, i is but to find the Chord of the Ark, ſubtended 
by a Side of the Poligon, of whatever denomination ; 

which, for a Pentagon, is thus determinable. 


Draw two Diameters, AB and CD, interſcQing at right 


angles. Biſect the Semi-diameter CE, at F; on which, 
as a Center, and with the Radius AF, deſcribe the Ark 
AG ; and, on A, the Ark GH. 
AH, being drawn, is a Side of a Pentagon, inſerted. 
The Ark AH, being biſected, gives the Side of a Decagon. 


PROBLEM vil. 


To deſcribe a regular Pentagon about a Circle. 


Let ABCDE be the angular Points of 2 Pentagon, in- 


ſcribed in a Circle, through which draw the Tangents FG, 
GH, HI, &c. cuting each other, in F, G, H, I, and R. 


i. e. having, made the Arks AB, BC, &c. equal, (viz. each 
equal 72 Degrees) through the Points A, B, C, &c. draw 


the Tangents, as before. 


The Pentagon FGHIK is equilateral and equiangular 
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Dem. For (L being the Center of the Circle) AL, BL, &c 
are equal (Ax. 1. 3.) AG=GB, and BH=BC (16.3.); 
and, Angle ALB=BLC ( Con.); wherefore, the Tri- 
angles AGL, GLB, &c. are congruous ; and AF, AG, 
GB, &c. are all equal (7. 1.); (for AL, LB, LC, are 
perpendicular to FG, GH, and HI, reſpectively; 8. 3.) 
and conſequently, FG is equal to GH, equal HI, . &c. 
Alſo, the Angles AGL, LGB, LHB, LHC are equal; 
therefore, the Angle FGH is equal GH, Ke. Ax, 1. 


Note. If the Circumference of a Circle be divided in five equal 
Parts, and the Points joined by Right linesz then, if Tangents 
to the Circle be drawn, parallel to every Chord, a regular 
Pentagon will be eircumſeribed. 


See this gemonſtimted at large, in R 10. 4. Ek 


PROBLEM IX. 


To inſcribe a Circle i in a regis Pentagon ; and, 
to deſcribe a Circle about a Pentagon. 


Biſe& any two Sides, AB, and BC, of the Pentagon 
ABCD, by the Perpendiculars EF and FG, interſecting 
in F; on which, with the Radius EF, or FG, deſcribe 
2 Circle; which will touch every Side of the Pentagon. 


2nd. With the Radius AF or FB (the Point F being found 
as before, or by biſecting two Angles, ABC and BCD) 
deſcribe a Circle, Which will ha —_—_ every Angle 
oe the Pentagon. 


See this demonſtrated i in the 11th Prop. 8 4. 


But 'tis obvious from inſpection of the Figure nals; | 
F, being the Center of the Pentagon, is equally diſtant 
from every Side, and alſo frpm every Angle; conſe- 
23 a Circle inſcribed will touch every Side, and alſo 
paſs through every Angle, being circumſcribed. 


—— GR > Dona = nts es; 
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PROBLEM . 


To inſcribe a regular Hexagon in a given Circle. 


In the given Circle, AGF, draw a Diameter, AB. 


With the Radius of the Circle, AC, on the Centers A 
and B, deſcribe two Arks, DCE, FCG, cuting the Cir- 
cumference in the Points D and E, F and G. 


Or, having drawn the Ark DCE, only, cuting the Cir- 
cle in D and E, draw DC and EC, and produce them 


to F and G. 


Join the Points A and D, AE, EF, &c. by Right lines, 


which compleats the Hexagon, ADGBFE. Q.E.F. 


I fay, it is both equilateral and equiangular. 


The Side of a Hexagon inſcribed in a Circle is equal 


to the Radius, being the Chord of 60 Degrees. 


For which, ſee the Demonſtration of Prop. 12. 4. 


Cor. A Duodecagon may be fegbed in Gele by 


biſecting eacli Ark on the Side of a Hexagon inſcribed. 
Le. The Radius being applied fk times in the Cireum- 


| ference, each Ark biſected gives the Sides of a Decagon. 


PROBLEM > 


To determine the Side of a Heptagon, in a given 
(ele. 


3 2 Radius, at diſcretion, as AC; which, biſe& 


at D, and draw EF perpendicular to AC; 1. e. with the 
| Radius AC, on one cut the Citcurntercnes- at E and F, 


and draw EF. 
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Make AB equal to DE ; or, transfer the meaſure of 
DE to the Circumference; EG, or AB, is very nearly 
a ſeventh part of the Circumference of the given Circle. 


A Heptagon, or any other Poligon, may be inſcribed 
in a Circle, by dividing the Arch of a Semicircle, da- 
ſcribed on a Tangent to the given Circle, into as many 
equal parts as the Poligon has Sides; as follows. 


Divide the Ark of the Semicircle- AKB, into ſeven 
equal Parts, through every Diviſion, Ci, Ca, &c. Lines 
being drawn, cuting the given Circle in D, E, F, &c. 
will divide the Circumference into as many equal Parts, 


in tlioſe Points; which being joined, by Rightlines, come 


pleats the Heptagon CDEFGHT. 
See an Example for a Pentagon, 1 the ſame Rule. 


A Semicircle, AHB, being conſtructed on AB (as a Tan- 
gent to the Circle at C) of any Radius, at pleaſure, and 
divided into five equal parts (as before into ſeven) draw C1, 
C2, &c. and produce them till they cut the other's Cir- 


cumference, at D, E, &c. which, joined by Right lines, 


OE the Pentagon. 


The Demonſtration of this Method is as follows a 
ing the Arch of the Semicircle to. be truly divided) : - 


Dx. Becauſe the Angs. DCE, ECF, and FCG are equal, 
the Arks, and conſ. the Chords DE, EF, & FG, are equal, 
Alſo, the Angle ACD (eq. DCE by Con.) EC. 13.3, 
wh. the Triangle CDE is Iſoſceles; and CD=DE. . x. 


After the ſame manner CG may be proved equal to FG; 


conſequently, DC, DE, EF, FG, and GC are all equal. 


Therefore, the Pentagon, DEFGC, is equilateral; and, 


being inſcribed in a Circle, it is neceſſarily equiangular, 


each Angle, CDE, DEF, &c. ſtanding on equal Parts 


of the Circumference, CGFE r 
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It may be obſerved, that, becauſe the equal Angles ACD, 
DCE, ECF, &c. are at the Center of the Circle AKB, or AHB, 
and at the Circumieroms of the other, and, becauſe the Angle 
at the Center of a Circle, is double of that at the Circumference, N 
on the ſame or equal Arks (C. 1. 9. 3.); therefore, the Semi- 
circumference, of one, and the whole C cumference, of the 
other, are divided into the ſame number of equal Parts, by the 
Right lines, CD, CE, &c. 


If AC be taken equal to the Radius of the given Circle, 
it may appear more manifeſt. 


o 
4 

— —Ä—— — . 
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*. 


Euclid's method (for a Pentagon) of inſeribing a Triangle 
i fimilar to another, (which mult firſt be formed) whoſe Angle: 
4 at the Baſe are double of the Vertex, is very ingenious and per- 

; fectly geometrical ; but it is liable to great error in the Con- 
ſtruction ; infomuch, that it is extremely difficult to do it, with 
accuracy, and tedious in the Operation; whereas, this is both. / 
more expeditious and more to be depended on. 


Fox inſcribing an 9 in a Cirele, nothing more is 
required than to draw two Diameters at right angles, and to 


biſe& the Arks of the Quadrants made by the Diameters. 


PROBES MM XI. 
To inſeribe s Nonagon in a given Circle. 


C being the Center of the given Circle, draw the Radius 
AC; and, on A, deſcribe the Ark DCE, and draw DE, 
fanen biſects AC, in 3. - Pr. 3. . 

Produce DE, making BF equal to the Radius, AC; 
on which, deſcribe an equilateral Triangle; = bt 
or, draw the two Arks, BG and FG, only. NE 

Draw CG, cuting the Circumference at H; EH be- 
ing drawn, is the Side of a Nonagon, as required. 


As, in Prob. 6th of che 2nd Section, any Poligon may 
be conſtructed, by a general Rule, on a given Line, for 
the Side, ſo (by the ſame Rule) any Poligon may be in- 
{ſcribed in a given Circle; by making an Angle at the Cen- 


I; PRACTICAL GEOMETRY. 59 


ter, o of the number of Degrees, which is the Product, 

ariſing from the Diviſion of 360 by the Denomination of 
the Poligon, e.g. 360 divided by 5 (for a Pentagon) 
gives 72; for a Hexagon, 60; for an Octagon, 45; for 
a Nonagon, 40; for a Decagon, 36. A Heptagon does 
not divide the Number of Degrees exactly; but! it is nearly, 
512, or more n 57,43 


Wherefore, having (by means of a Protractor, or Line 
of Chords) made an Angle, ACB, at the Center of a 

Circle, equal 40 Degrees, the Chord AB, of the Ark it 
ſtands on, is the Side of a Nonagon inſcribed in the Circle; 
i. e. AB is one ninth Part of the whole Circumference. | 


For, let the Angle ACB be conſtructed or meaſured on 
any Ark, as ab, either of a greater or leſs Radius, the 
portion AB, of the Circle AKB, will be the ſame ; for AB 
and ab are each one ninth part of their reſpective Circum- 
ferences, See the Figure of Prob. 6, Se&. 11. 


„% P R OH 
To inſcribe an Undeeagon in a given Circle. 


Draw a Radius, AC, which bie. at B. 


On A 3 B deſcribe the Arks BE, and AD, with 
the Radius AB; and on E (with the Radius DE) the 
Ark DF, and draw BF; alſo, on F, the Ark BG. 
BF, or FG is the Side of an Undecagon, to be inſcribed; 
for, the Chord of BF, being applied eleven times to the 
Czxcumference, meaſures it very nearly. 

i 2 


6 PRACTICAL GEOMETRY. 


RV. 


In a = Circle, to inſcribe whatever Poligon 
you pleaſe. 


Deſcribe a Circle, AGB, which will contain the Dia- 
meter (AB) of the given Circle, as oſten as the Poligon 
required has Sides; ſuppoſe nine; - by Pr. 7. S. 2. 

Draw the Diameter CD, parallel to AB; and, through 
the extremes, C and A, or D and B, draw CE or F, 
cuting the Circumference of the given Circle, in E or F. 
EF, being drawn parallel to AB, will be the Side of a 
Nonagon, to be inſcribed. 

Or, by drawing CB, and AF parallel to CB, 100 
EF to AB, the ſame is effected. Q. E. F. 


DEM. Peers, AB is parallel to CD, and CB to AF, the 
Angle BCD = BAF; = — — 8. 1. El. 
and, becauſe DF cuts AB and CD, the Angle 

CDB = ABF (2. 1.); conf. the Triangles DCB and BAY, 
are ſimilar; wherefore, CD: AB:: CB: AF = 4. 6. El. 
And in the fimilar Tris. ACB, EAF, CB: AF:: AB: EF; 
and therefore, CD: AB:: AB: EF, i. e. the Diameter of 
one is to the Diameter of the other Circle, as the Chord 
of one to the Chord of the other. 13. 6. El. 


N Xv. 


'To inſcribe a Square in a given Triangle, ACB; 
and to circumſcribe a Square by A Trangie fimi- 
lar to another, 


On either extreme of the Baſe, AB, draw a Perpendi- 1 
cular, which make equal to the Baſe; AD equal AB. 7. 1. | 


EN 


— 
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Draw the Perpendicular CE; alſo draw DE, cuting the 
Side AC at F, and draw FG, * to AB; alſo, GH, 
and FI, parallel to AD. 

FGHLis a Square, inſcribed in the Triangle ACB. 

The ſame would be effected if BK were made perpen- 
dicular and equal to AB, and KE drawn, cuting BC, 
the other Side, at G. 

From both, the Demonſtration 1s evident, as follows. 


Dx. AD and Bk are, each equal to AB, and, FI and 
GH are parallel to AD, or BK, - by Conſtruction. 
Wherefore, by the ſimilar Triangles ADE, IFE, 
AD: FI ;:AE:IE; alſo, EGH is fimilar to EKB; 
conſequently, BK:GH::EB:EH, - P. 4. 6. El. 

But, BK = AD; conſequently, GH=FI. 

And, AE T EB = ARB (eq. AD); alſo, IE+EH=IH; 
wherefore, AB (eq. AD): IH: : AD: FI; conf. HY 
| therefore, FGHI is a Square. 


2nd. To circumſeribe a Square by a Triangle, ſimilar to 
2 given one. 
Conſtruct a Triangle, on any Side, Ac, ſimilar to X, 


the given one, as ABC, by making the Angles, at A 


and C, equal, reſpectively, to any two, of the Triangle 
X, and producing its Sides, BA and BC, until they cut 
the Baſe of the Square produced, at D and E. 

Then will BDE circumſcribe the Square given, and be 
ſimilar to ABC; 1. e. to the given Triangle X. 

For, ABC is ſimilar to X, by Conſtruction; and, be- 
cauſe DE is parallel to AC, BDE is ſimilar to ABC, 
and conſequently o N.... 9» 5 El. 


PROBLEM XVL 
To circumſcribe an equilateral Triangle, by a 
Square. 


ABC is the Triangle given, to be circumſcribed. 


"a PRACTICAL GROMETRY. 
: Produce AC, both ways, and draw the Perpendicular 
BD. Make DE and DF cach equal to BD; and, on D, 
with the Radius AD, deſcribe a Semicircle, cuting the 
Perpendicular, produced, at G ; . _ thro? A and 
C, draw GH and GI. 


BIGH is the 5 Sane required, circumſeribing the Tri- 
angle ABC. | 


"Dee. Becauſe DE and DF were made SE to BD, and 
Bb perpendicular to EF, the Angle EBF is right; 
= EBD, and DBF, being half right, 

l! And, for the ſame reaſon, the Angle AGC is a 1 one, 
and BG biſects them both; conſequently, the Angles 
GAC, ACG are half right, equal EAH, equal ICF; 

| wherefore AHE, CIF, and conſ. BHG, BIG are Right 
IB angles; and AH AI; therefore BIGH is a 8 8 5 | 


1 PROBLEM XVII. 


To inſcribe an equilateral Triangle i in a Square. 


Draw the two Diagonals ; and, on the Center, deſcribe 
. . a Circle, circumſcribing the Square, ABCD. | 
With the Radius of the Circle, on the Angle C, de- 
ſcribe the Ark FEG, cuting the Circumference; and draw 
AF and AG, cuting the Side of the Square at H and I, 
Draw HI, which compleats the Triangle, AHI, as required, 


Dem. CF and CG were made equal, each to the Radius 
of the Circle; wherefore, FG 1s the Side of an _ 
lateral Triangle, inſcribed, . 

For, the Angles FAC, CAG, at the Circumference, 
on the Arks CF, and CG of 60 Degrees each, are each 
30 Degrees ; conſequently, FAG is 60 Degrees, which 

is the Angle of an equilateral Triangle. 9. 3. El, 

But, HI is parallel to FG, therefore, the Triangle 
AHI is ſimilar to AFG; 1, e. equilateral,  « 2. 6. El. 
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PROBLEM XVII. 
To inſcribe an equilateral Triangle in a Pentagon. 


Circumſcribe a Circle about the Pentagon ABCDE; 9.4. 
and, on A, with the Radius of the Circle, deſcribe the 
Ark FG, cuting the Perpendicular at F. 

Bife& FG, and, through H, draw AI. 

With the Radius Al, draw the Ark IK; join IK. 

AIK is an equilateral Triangle, as required. 

For, AG and FG being drawn, FAG is an equilateral 
Triangle; the Angle of which is biſected by the Line AI; 
and the Ark IK is biſeted by a Perpendicular, from the 
Angle A; wherefore, the Angle KAL is equal LAI, and 
conſequently, the Angle KAI 1s bo Degrees; and there- 
fore Kl is equal to AK, equal Al. | 


This Problem may be performed as the former, by de- 
ſcribing an Ark, on O, with the Radius of the circum- 
ſeribing Circle, and perhaps ſomewhat readier. In which 
caſe, the Demonſtration would be the ſame as the fore- 


going. 


PROBLEM MM 
To inſcribe a Square in a given Pentagon. i 
Draw the Diagonal BE, of the Pentagon ABCDE ; 
_ alſo the Perpendicular AF. Draw BG perpendicular to 
BE (Pr. 7.1.) ; make it equal, alſo, and draw AG. From 
the Section H, where AG cuts the Side BC, of the Penta- 


2 draw HI parallel to CD. At the Extremes H and I, 
raw HL and IK, cuting AB and AE, and draw KL. 


 HIKL is a Square, inſcribed in the Pentagon, as required. 
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Dx. Produce the Perpendicular AF, and draw GM pa- 


rallel to CD; alſo, draw Al. Then, becauſe HI is pa- 
rallel to GM, and IK to BG, the Triangles AGM, AHF; 


alſa, ABG, AIK are ſimilar. = = P. 2. 6.“ EI. 


7 Wh. BG: KI:: AG: AI; and AG: AI:: GM: HF, 
conſ. BG: KI: : GM: He; by Ratio of Equality. 8.5. El. 
But, BG is equal to the Diagonal BE, and GM to half 


BE; conſequently, FH is equal half KI; wherefore, 


_ _ HI=IK; and therefore HIKL is a Square, inſcribed; 
for it is equilateral, and the Angles are all right o ones. 


— 


PROBLEM XX. 


About a given Square, to circumſcribe a Pentagon. 


ABCD is the Square given, to be circumſcribed. 


Biſect AB, and draw EF, perpendicular to AB. 6. 1. 
Produce CB, indefinite; and, with the Radius EB, 
deſcribe the Arch of a Quadrant EG, which divide into 
five equal Parts. With the ſame Radius, on C and D, 


deſcribe the Arks HI, HJ. Make HI, HJ, each equal a 


_ fifth part of the Quadrant EG; and, through C and D, 
I and J, draw KL and MN, indefinite; alſo, through B, 
and the 2nd Diviſion of the Ark EG, draw. FL, cuting 
KL, at L. Make KL equal FL, and draw KM pa- 
- rallel to CD; and through A, draw J N; FLKMN is the 
Pentagon required, | 


Dem. In the Iſoſceles Triangle ark the 8 at A 
and B, are each two fifths of a Right angle; by Con. 


And, in the Scalene, BLC, the Angle CBL+FBE are | 


7 equal to a Right angle; for ABC is a right one. 1. 1. El. 


But, CB is 3 fifths of a Right angle, and BCL 1 fifth; 


conſequently, the Angle L is 6 fitths, equal F. 
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5 By the fame reaſoning, the Angle N is equal L, equal F. 
And, becauſe KM is parallel to CD, it is evident, 
that che Angles at K and M are each equal to 6 fifths of 

a Right angle; ADN, BCL being, each equal one fifth. 
Therefore, the Pentagon, FLK MN, is equiangular ; 


| and, it is alſo equilateral, ſeeing it may be diam 
by a _—_ conf. FN=FL, , KM and MN. 


PR 0 8 L E M XXI. 
To inſcribe a Pentagon, in an equilateral Triangle. 


Draw the Perpendicular CD.(7. 1.); which, make equal 
to AC, by deſcribing the Ark ADE. 

Divide the Quadrant AD into hve equal parts, and make 
DE equal one of the Parts. Draw CE, and biſect it, in F; 
make CG equal CF; i. e. biſect AC. Through G, draw 
FH, and make CI equal AH; alſo, draw GI, and BE, 
interſecting at K. 5 

Make GL equal GK; alſo, draw KM [ parallel to Gn, 

and MN parallel to AC; and, laſtly, draw KN. : 
LMNKG is the Pentagon required, to be inſcribed. 

The Angle ACE is 6 fifths of a Right angle; which i is 
me Angle of a Pentagon. See 2nd Method, Pr. 1. S. 2. 

And, CG was made equal to CF; wherefore, FG may 
be confidered as a Diagonal, which is parallel to the op- 
poſite Side; and GL, a Side of the Pentagon, is in FG 
produced, which is parallel to the Diagonal KM; alſo 
MN was made parallel to AC, conſequently parallel to the 
Diagonal KL. GL was made equal to GK, and LM to 
GL; conſequently, MN and KN are each equal to GK. 

Therefore, the Pentagon, e is W any 
equiangular. | 

I have not ſeen a Pemontiration of any of theſe Problems, ; 
and have deviſed thoſe here given; but I do not affert that 
they all are ſtrictly . ; this, at leaſt, is not. 


& 


6 PRACTICAL GEOMETRY. 
Tbis inſcription of a Pentagon is very curious and 
quite geometrical (granting the Arch of the Quadrant di- 


vided into five equal parts); but, tis evident, that ' tis not 


the largeſt poſſible. For, being inverted, having a Side of 
the Pentagon in a Side of the Triangle, it is manifeſt 
that it would be larger. That part of the Perpendicular, 
from O to P, being applied from G to Q, and a Line 
drawn through Q, parallel to the Side AC, of the Tri- 
angle, would be the Diagonal of the Pentagon inverted, 
which, 'tis obvious, may be larger than the other, as tlie 
Perpendicular from K evinces; conſequently the Triangle 
would contain a larger Pentagon, in that poſition. I 
have no where ſeen ſuch an Inſcription of it; therefore 
it may not be unacceptable to make an attempt at it; but 
I advertiſe. the Reader, that tis not to be depended on, 
AC being biſected, at D, by the Perpendicular BD, 


and AD divided in extreme and mean Proportion, at E; 


DF being made equal to DE, the leſſer Segment, EF is 
ſomewhat more than a Side of the Pentagon to be in- 


ſcribed, about four, hundredth Parts. Take EF ſo much 
leſs, and draw FG perpendicular. On F, with any Ra- 
dius, as EF, deſcribe the Ark EGH, cuting the Perpen- 
dicular, and make GH equal to one fifth Part of the Qua- 
drant EG, and draw FH, which is a Side, and EFH an 
Angle of the Pentagon; HI being drawn, parallel to AC, 


is a Diagonal, in that poſition. Then, with the Radius | 


of a Side, on H and I, deſcribe two Arks, interſecting at 
K; draw HK and IK, and join El; the Pentagon 
EIKHF is the largeſt poſſible in the Triangle ABC. 

If either a larger or a leſs Radius were taken, as EF or 


eF, the Angle would be the ſame determined; for FH, 
or Fh produced, would cut the Side 20, of the Triangle, 


in the lems e H. 
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PRACTICAL 


E 0 M E =! R 


s E C T 1 N 


On PROPORTIONALS, end dividing Lines 15 oportionalhy, 


PRO B L E M I. 13. VI. Euclid. 


To ind a mean Proportional between two given 
Lines; X and 2. 


T is wr to determine a Line, to which, either of 
the Lines, X or Z, ſhall have the ſame Ratio or Pro- 
portion, as that Line has to the other. 


Or, the Square of which, ſhall be le to a Reftangl 
under the two given Lines. 7; 


Draw AC indefinite; make AB equal to one of the given 


5 Lives, as X, and make BC equal to the other, Z. 
Biſect AC, in the point D; on which Center, and with | 


the Radius AD, equal DC, deſcribe a Semicircle. 


At the Point B, draw a Perpendicular, to AC, cuting the 


Arch at Ez and BE is the Line fought. 


DEM. For, draw AE and EC; AEC! is a, Right mk 12. 3. 


And, the Perpendicular, BE, in a right-angled Triangle 
(AEC) i is a mean Proportional, between the Segments of 
| the Baſe, AB, BC, made by tlie Perpendicular. C. 10 6. El. 


Conſequently, AB is to BE, as BE is to B. ſame. 


and, AB * BC 1s equal to the ſquare of BE; Cor. to 9.6. 


SCHOL. This is the wery fame, in the operation, as P. 4. 8.6. forthe 


Side of a Square is a mean' Proportional between the two Sides of a 
Kala baving as N 2 . to th. B. 6. | 
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68 PRACTICAL GEOMETRY. 


OTHERWISE - thus, 


IX and 2 are the two given Lines. 


Make AB equal to - 4 and AC equal Z ; biſect AB, and 5 


draw the Semicircle AEB, or the Ark BD, only. 
Draw CD perpendicular, and make AE equal AD; 


AD, or AE, is a Mean, between AC and AB. Q. E. F. 


For, the Triangles ADC, ADB are ſimilar. 7. 6. El. 
whereforc as AC: AD (eq. AE) :: AD: AB, 
therefore AE is a mean Proportional, as required. 


PROBLEM II. 11. VI. Euclid. 


To ind a third Proportional to two given Lines. 


& and Z are the given Lines. 


Iti is required to find a third Line, to which the greater (2 : 
mall have the ſame proportion, as X has to Z; or, which 
ſhall have that proportion to the leaſt, X. 


Make a right - angled Triangle, ABC, whoſe Catheti 


: ac Legs, are equal to the two given Lines, i. e. make AB 
equal to one (X) and BC equal to the other. - 17. 8. 3 


Produce AB and CB, indefinite. Make ACD and CAE 


Right angles; i. e. draw CD and AE perpendicular to AC, 


cuting AB and CB, produced, in D and E. 
Then will BD be a greater, and BE a leſs third Pro- 
portional, to the two given Lines, X and Z. Q. E. F. 


DAN. For (as in the laſt) KB is to AB, as AB to BC; 
and AB: BC:: BC: BD. r N 6. El. 
Wherefore, EB, AB, BG, and BD are in continued 


Proportion, = Def 3s 
Conſequently EBis a kel and BD agreater third Pro- 


portianal, to the two Lines AB and BC, equal X and Z. 
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"PROBLEM II. . II. Euclid. 
10 divide a Line in extreme, and mean Proportion. 
= AB! is the given Line. 


| FY is required to cut it ſo, that the leſſer . ſhalf 
have that Proportion to the greater, as the I Segment 
has to the whole Line. 
| Or, the Rectangle under the hol * and the leaſt 
S - Segment ſhall be equal to the Square of the greater, w 
Biſe& AB, in C; draw BD perpendicular to AB ; ; make 
it equal to BC (half the given Line) and draw AD, 
On D, with the Radius DB, deſcribe an Ark, BE; and, 
on A, the Ark EF; i. e. make DE equal DB, and AF equal 
AE; F is the Point ſought, ... 


N. B. AF, the greater Segment, i 18 the difference between half 
the Line AB, and the Hypothenuſe, AD, of a Right-angled 
Triangle, ABD; conſtructed on the whole given Line, and Half 
the Line, for the Baſe and Per pendicular. by Pr. 27. I. I. 


This Problem: is otherwiſe performed (and demonſtrated) f in 
Prop. 11, of the ſecond Book of Elements; thus, 


Conſtruct the cieht-arighed 0 ABC, as before, 
making BC half AB. Produce CB, indefinite; and make 
Cb equal AC, and BE equal to BD. 

So ſhall AB, be divided in the Point E, as required. 

See the Demonſtration, as above. 


P R OB L E M IV. 
Two Lines being given , to cut off, from one of them, 
a part which ſhall be a mean Proportional, between 
the remainder and the other given Line, 


* and Z axe the two Lines given. 
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Draw the Right line AB, indefinite; take AC equal 
to either of the given Lines (as X) and CB equal to 
the other. On AB deſcribe A Semicircle, and draw CD 


| perpendicular to AB. 


Biſe& AC (or CB) a with the Radius DE (or DF) 


deſcribe the Ark DF (or DG); ſo ſhall CG (or CF) be a 


Mean, between the nn AG (or F 79880 and the other 
given Line, CB. 


CoxsTRUCTION. Make CE and EF each equal to o balf CB. 
Make CG equal to CG (Fig. 1.) and EI to EG; make 
CK equal to CF, and CL to CG, and conſtruct the 
"Reftangles AK, IL, and che Square CM. 5 


DEM. EI= ON, ON =OD, and EG=ED (Con,); alfo, 
the Semicircle, deſcribed on E, with the Radius El, 
paſſes through D; for, EI was made equal to ED. 

Then, CD is a mean Proportional, between AC and 
CB; and alfo, between IC and CG (7. 6: El.) ; where 
fore, the Square CM 18 equal to the Rect. IL, and 

calfow RR bel we fo Cor. 9. 6. El. 
conſequently, thoſe 8 are equal; Ax. 3. . 

F 7 ft $5 finer. Cro;.6 
But CL=CN, and CK =CF; _ 

din. AC: CN:: CI: CF; moreover, AN: NC:: IF: FC., 

equal CB; and, IF NC; therefore, AN: NC:: NC: CB 


PROBLEM: V. 


A mean Proportional being given, and the Sum of 


the Extremes, to which it is che Mean; to deter- 
mine the Extremes, ſeverally. | 


AB ; is the Sum of the two Extremes, and G the ou 
Mean, 
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Biſect AB, and deſcribe a Semicircle. Make BC per- 
pendicular to AB, and equal to G; draw CD parallel to 


AB, cuting the Arch at D; and, laſtly, draw DE parallel 
to BC; ſo ſhall AE be the greater, and EB the wy 
Extreme, as require. 


For AE: ED:: ED: EB 7. 6.); and ED is ET to BC, 


equal G .(15. 1. El.); for, BODE is a Rough 


Therefore AE :6:3G:'EB, 
P R O B L E M VI. 
The Difference between the Extremes, of three 


proportional Lines being given, and the Mean; 
to determine the Extremes. CITE 0 


G1 is the Mean given, and AB is the difference of the 
two Extremes. 


On efther Extreme (as B) of AB, make BD perpendi- 


cular and equal to G. 


Produce AB, at both Extremes; and, naving biſected 

AB, at C, draw CD; and with that Radius, on C, de- 

ſeribe a Semicircle, cuting AB, produced, at E and F. 
AE and AF are the Extremes required. 


For, AC=CSB; conſequently AE=BF; and conſe- 


quently AB is the Difference between AE and AF. 
And, EB: BD (equal G):: BD: BF. 


PROBLEM vil. Tits VL Euclid. 


To find a fourth Proportional, to three, given, un- 


equal Lines; X, Y, and Z. 
It. is required to find 2 Line, to which, the third (Z) 


{hall have the fame 800 as the; firſt has to. the 
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12 PRACTICAL GEOMETRY. 
> ſecond, Or, the ſame proportion to the firſt Le 35 
the ſecond has to the third. 


Draw two Lines, AD and AE, making any Angle at 
_ pleaſure, Make AB equal X, and AC equal Y; alſo make 


BD equal Z. Draw BC, and DE parallel to it; cuting 


AE in E; CE is a fourth Proportional, greater than . 
i. e. As Ag is to AC, ſo is BD to CE. Q. E. F. 


Or, having made AF equal to Z, equal BD, draw FG 


parallel to BC; AG is the Proportional ſought, equal CE. 


Du. For, becauſe BC is parallel to DE, the Sides of the 
Triangle ADE are cut proportionally; h 
wherefore, A; is to AC, as BD is to CE. P. 2. 6. 
But, AB is equal to X, AC is equal V, and BD equal Zz; 
therefore, as X is to Y, ſo is Z to CE. 


If a leſs Fes. be required; make AF equal to Z, 
| AC equal V, and FD equal to X. 


Join FC, and d raw PH parallel to it. 
Then, will c be the Proportional ſought. 


Dei For, as AF (equal Z) is to AC (equal Y) ſo is 
FD (equal X) to Cl. by the ſame. 
After the ſame manner, a third Proportional may be found. 
Draw AF and AG, making any Angle, as before; and, 


let AB & AC be made equal to thegiven Lines, reſpeQyely. ; 


If the greater Proportional be required, make BF equal 
to AC, and draw FG, parallel to BC. 


CG is the Proportional ſought. But if the leſſer be | 


-wanted; make CD equal AB, and draw DE parallel to BC. 
BE is the Proportional required. 


Du. For, as AB is to AC, ſo is BF to G0 


and, as ACis to AB, ſois CDto BE, - - 2.6. EI. 


But, BF was made equal to AC, and CD " - * as 
| Conf, as AB: AC:: AC: CG; and, AC: CD:: CD: BE. 
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Seer, V. PRACTICAL GEOMETRY. 73 
N. B. A fourth Proportional, to three given Right lines, may 


be * and found, in various orders of the given Lines. 


Loet X, V, and Z be three given Lines; of which, XI is the ö 


leaſt, and Z the greateſt of the three. . 
By the firſt, it is, as X is to V, ſo is Z to a fourth; ; 
and by the ſecond, as Z, is to Y, ſo is X to a fourth. 


But it may be, as V is to either X or Z, fo is the other to a fourth; 8 


alſo, as is to Z, or Z to X, fois Y to a fourth, © 8 


It may alſo be R that it is not "neceſſary to draw the 
Lines, making an Angle, for the operation, longer than the 


greateſt given Line; except when a Proportional is required 


greater; for the meaſures may all be ſet off from the Vertex. e. g. 
Let AB and AC make any Angle (BAC) at diſcretion. 


Make ABequal to V, and AC equal Z; alſo make AD equal | 


I; join BC, and draw DE, parallel to BC, cuting AC in 
Then, as 'AB, or Y, is to AC, or Z; .ſo1 is AD, or X, to AE, 
a fourth Proportional. | 
But, if DC be joined, and BF drawn, parallel 1 to DC; itis then, 
as AD, or X, is to AC, or Z, ſo is AB, or Y, to AF, Aa fourth, 


| Note, This nicthod. pe ſeting · off all the meaſures. Ca the 
5 Angle, i is the moſt eligible, when we are clear in the manner of 


placing them; being leſs liable to error than when they are ſet 
orward on a oy Line; on account of the Parallels being 
nearer, together. The Demonſtration is. in the 4th of 6th El. 


A third Proportional may alſo be found after the ſame manner. 
For, if AD be the firſt, and, if AB and AE. be each made 
equal to the ſecond; DE being joined, BC drawn parallel to 
DE gives AC, a greater third 1 or, if AC be the 


x els A is a leſſer third. 


A third or a a fourth Proportional may be very | elegantly | 


found after this manner. 


9. 


1 0 
EE 


Let Þ iD and Z be three given Das. | 

If you require a leſs Proportional, X. or V, is s the firſt 
T erm taken; if a greater be required, Z or Y muſt be the 
the firſt, contrary to the order, after the former method. 


Draw a Right line, AC, at pleaſure. Make AB and- 
BC equal, reſpectively, to the firſt and ſecond Terms, X 


and ; or Y. and X. Through the Point B, draw, at 
c Pn, DE, and make BD equal to the third ous * 
| ; L 
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14 PRACTICAL GEOMETRY. 

Deſcribe 2 Circle through the three Points A, C, and 
JJ ES ES << IE" Pr; 2.4, 
Then, BE is a fourth Proportional; in the order, as 2 
to V, fo is X to BE. 20. 4 E | 


DEM. For, the ReQangles under the Segments of Chord 


Lines, cuting each other, are equal; 1. e. the Rectangle, 
under AB and BC, is equal to that under BD and BE. 
_ Conf, as BD: AB, or BC,::BC, or AB: BE. = 9. 6. El. 


Therefore, BE is a fourth Proportional. 
If a third Proportional be required, AB and BC muſt/be each 


equal to that Term, of two given Lines, which you require 


to be the middle Term of the three. 


For, if three Quantities are Proportionals, the middle Term is 
a Mean between the other two. Ef ! 5 


A greater Proportional will be obtained, by taking Y and Z, 


inſtead of Y and X, firſt, on Ac. 


Ix analogous or equal Proportion of four Quantities, ſince the 
firſt has the ſume proportion to a ſecond, as a third has to the 
fourth; and conſequently, the firſt is to the third as the ſecond 
to the fourth ; a Rectangle under the two extreme Terms (in equal 
Ratios of Right lines) is equal to a Rectangle under the two 
middle Terms (9. 6. El.); which, in Numbers, is cafily proved. 

Take any four proportional Numbers, either continual, e. g. 
as 3, 6, 12, and 24; or in diſcrete Ratio, as 3, 5; 9, and 15. 

It is evident, that the firſt Number, 3, has the ſame proportion 

to the ſecond; 5, as , the third, has to the fourth, 15. For, if 


3 be multiplied three times, it is equal 9; and 5 multiplied three 


times, is equal 15; conſequently, 3 has the ſame Proportion to 
9, the third Number, as e 15; which will ever be, when 
any two Numbers are multiplied equally, _ I | 

For, 3 is to 3, to twice or ten times 3, as 5 is to 5, twice or 
ten times. In either Caſe, the two extreme Terms, i. e. the firſt 
and the laſt, viz. 3 and 15, and the two middle Terms, 5 and , 
re main the ſame; only, the middle Terms have changed places; 
but, the ſecond multiplied by the third or the third by the ſecond 
is. the ſame thing; and is always equal to the fourth multiplicd 
by the firſt, or the firſt by the fourth, each being equal to 45. 
Wherefore, if four Lines are Proportionals, as above; a Rect- 
angle under the firſt and the fourth, the two Extremes, -is equal 
to a Rectangle under the two mean or middle Terms; that is, 
the Rectangles have equal Areas, ſeeing, the Area of a Rect- 
angle is produced by the multiphcation of one Side by the other. 


Hence, a fourth Proportional may readily be found, as follows "TY 
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Srer. V. PRACTICAL.GEOMETRY: 55 
: X, Y, and Z are the given Lines; X being the leaſt. > 
It 1s required to find a fourth Proportional, which ſhall ' 
have the ſame Proportion to Z, as X has to Y. 
In this Caſe, X and Z will be the two Extremes; for fince X 


3s leſs than Y; conſequently, the Propor tional ts will be 
leſs than Z, and i is, properly, a Mean. 


Make a Rectangle, ABCD, under the two given pom | 
X,. l > SS Res 171. 
Produce any two Sides, from the ſame Angle, as AB 
and AD; on either of which, make BE or DF, equal V. 
Draw EG or FH, through the Angle C, cuting the other 
. Side, produced, in'G or H; then iS DG; or BH, the 
2 | Proportional ſought. , 
= Complete the Rectangle AK ; prodecs BC and DC, 
| to I and L. 


— 


— 


DEM. The Rectangle ck is under BE (equal 0 and 
' DG, the fourth Proportional required. | 
AC and CK are Complements of the Par. AK. Def. 38. 
But, the Comps. in every Parallelogram are equal. 17. 1. 
Th. the Rectangle CK is equal to tlie Rectangle ABCD. 


But, if the Proportional were required to be to Z, as . 7 
to X; then the Rectangle, or any Parallelogram, ABCD, 
muſt be under the two. Lines Vand Z; which will, in this 
Caſe, be the two Means; and DG, the Proportional ſought, 
is now one of the Extremes; being the greateſt of the 


four; which, in the former Ga. was one of the middle 
Terms. | 
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Thus may a fourth 1 be found, either greater or 
leſs than either of the given Lines, X and Z. 

For, if a leſs Proportional were required, which ſhould be an 
Extreme of the four; the Rectangle, or other” Te | 
muſt be mage under Xand Y. Fae a 


OHOL. 1 When three Lines are given; a PER Projeriienat is gee 
erally underſtood, to be: either greater than the greateſt, or leſs. t 2 
the leaſt of the three 3 but if anther mean N be required, 
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to three Lines given, as it muff be between the two Extremes of the 
three; fo it will be, either greater or leſs than the middle Line, as 
that is either greater or leſs than a true Mean, between the other 
Rb. And Fu be already a true Mean, there can no other be 
found, on either Side; for the Square of a mean Proportional, be- 
ing equal to the Rectangle under the two Extremes (C. 2. 6.) con- 
fequently, no other Rectangle but a Square, which ſhall have the 
true Mean for its Side, can be equal to a Reclangle under the two 
Extremes. | * 1 £ | | 


of 
2 
. 


PROBLEM VII. 
To find two mean Proportionals, to two given Lines. 
Let X and Z be the given Lines. 


It is required, to find two other Lines ; which not only 
contain an equal Rectangle, but, are in continual Proportion. 


Conſtruct the Rectangle ABCD, on the two given 
Lines; and on its Center, E, deſcribe a Circle, circum- 
ſcribing it. Produce the two Sides AB and AD, indefinite. 

Apply a Ruler to the Angle C, and move it on that Point, 
until FG is equal to CH, and draw FH through C. 
BF and DH are the two Proportionals ſought. 5 


For, DC, DH, BF, and BC are in geometrical Progreſſion. 
And, a Rectangle under the two Means, DH and BF, is 
© .equalto the Rec. ABCD, under the two given Lines, X & Z. 


On, briefly thus, without the Circle. 


Make a Right angle FAH; in which, from the Angle A, 
make AB & AD reſpectively equal to the given Lines, X & Z. 
Join BD, which biſect in E; and, draw DC perpendi- 
cular to AH, or parallel to AF, and BC to AH; apply 2 
ſtreight Ruler to the Point C, making EF eqpal to EH. 
Draw FH, and it is done. Q. E. F. N 
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DEMONSTRATION. 


'FG ie CH(Con. )conſ. FCisequal toGH-Ax. 6.1. 
an the ReQangles CFG, GHC, are equal - Ax.B.2. 
But, AF xBF=CF xFG; alſo, AHx DH=GHxCH. C163 - 
conſequently, the Rectangles AFB, AHD, are equal-Ax. 3. 1. | 
| Wherefore, as AF: AH:: DH: BF, reciprocally. - C. 1. 8.6. 


Rut, as AF: AH::BF:BC(Th.4)wh.BF:BC::DH:BF.Ax.13 


Again. It has been ſhewn (changing Terms) DH: BF:: BF: BC 


alſo, that BF: BC:: AF: AH; i. e. as DC: DH. - P. 4. 6. 
Therefore, the four Lines, DC, DH, BF, and BC are in 


continued Ratio; and conſequently, DH and BF are two 
pee ee and BC; equal X & Z, rem 


| OTHERWISE. | 
AB and AD are the two given Lines. | 


| Conftru& the Rectangle ABCD, as before, on AB - 


and AD. Produce AB, CB, and CD; and draw the two 


Diagonals, interſecting at O; on which, deſcribe a Semi- 
circle, in ſuch wiſe, that the Curve ſhall paſs through _ 


the Points F and G, in CB and CD, produced; where a 


Right line, joining thoſe Points, paſſes through A. - 


Draw the Lines EF, EC, EO, and OG. 
Dar TheDiags. AC, BD, biſe& each e inO; 15. I. El. 


wherefore, AO, BO, CO, and DO, are equal among 


themſelves; alſo, EO=OG, being Radii; and, becauſe 


AE is parallel to CG, and BD cuts them, both, the 


alternate Angles ABD, BDC, alſo, EBD, BDG, are 


. each equal, between themſelves. 5 4.1. El. 
Wh. the Triangles EBO, OGD are congruous; 11. 1 


conſequently, the Angle BOES DOG; and therefore 
(being vertical) EO and OG are in a Right line. 2. 1. El. 
Now, AD, and DG, are parallel, reſpectively, to BF 
and BA; and, the Angle ADG is equal to ABF; Con. 


wherefore, the Triangles AGD, FAB, are fimilar; 


| and the OR DAG 1 is equal AFB, 


PRACTICAL: GEOMETRY... 
But, BE is equal DG (as above) and AD=BC, 
wherefore, the Triangles AGD, BEC, are congruous; 
and conſequently, BEC is ſimilar to ABF. 
But, EFG is a Right angle; conſequently, the Angle 

EFB = FAB; and conf. the Triangle FEB is ſimilar 
to FAB, and to BEC. Wherefore, as BC: BE: :BE: BF, 
and BF: BA; and therefore; BE and BF are two mean 
Proportionals between AB and BC. Q. E. D. 
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Tris Problem may be briefly performed thus. 


On the two given Lines, AB and BC, conſtruct a 
right- angled Triangle, ABC (Pr. 17. 1.) and biſe& the 
Hypothenuſe, AC at D. Draw AE perpendicular, and 
CF parallel to AB; and, on D, deſcribe the Ark EF, ſo, 
that the Chord EF paſſes through the Angle B. | 

Then ſhall AE and CF be the two Means required, be- 
tween AB and BC, as is evident from inſpection of the 
Figure; DE being equal to DF, as EF to EH; Method 2, 


N. B. Theſe methods, though very ingenious, are not perfectly 
geometrical; ſeeing, the Points required cannot be aſcertained, 
but by trial; yet, they are the beſt I have met with; for thoſe me- 
thods which are performed by an Inſtrument, are not practical 
otherwiſe, and conſequently cannot be called geometrical. - | 

The method for finding a third Proportional (Pr. 2.) exhibits - 
the reverſe of this; for AB and BC, the two given Lines, in that 
Problem, are two M cans, between the two Extremes BE and BD. 


ba BB: BC::BC:BA::BA:BE, i.e, BD:BC:BA:BE = =,P.7.6. 


| _— 2 LEM IX. 
To « cut two Lines ſo, that the ur Segments ſhall be 
| " In continued Proportion. 


AB and X are the two Lines given. 


'On either Extreme, as B, of AB, make a Right . | 
| ABC, and make BC equal to the given. Line X. 
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+ Deſcribe a Semicircle, on AB, and draw AC, cuting ; 
the Arch at D. Draw DE perpendicular, and DF pa- 


rallel to AB; ſo ſhall AB, and BC (eq. X.) be cut in two 
parts, in E and F, as was required, 


For, the Triangles ADE, DCF are gurihr; - 2.6. El. 
wherefore, AE: ED: DF: FC. But, DF is equal to EB; 

and, ED is a mean Proportional between AE and EB. 
Therefore, AE: ED: DF: FC in continued Ratio. 
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To continue a progreſſive Proportion, between tuo 
given Lines, infinitely; and to repreſent the ſum 

of them all. X and Z are the two given Lins 


— 


Draw Tan indeänite Right line, AF; take AB ern to | 
X, and BC equal Z. 


Make BAG a Right angle; and ia BH parallel 0 to 8 je) 
AG; alſo, make AG equal AB, and BH equal BC. | | 
Through the Points G and H, draw AF, cuting AC, 7 


produced, at F. AF is the whole Sum pa the infinite 
Proportionals, required. | 
Draw Cl perpendicular; make CD eq. cl, and aw DK. | = Mi 
Make DE equal DK, and draw EL, perpendicular to AF. | 
Then Cl is athird, DK a 4th, and EL a 5th Proportional. 
After the ſame manner, it may be continued, ad infinitum. 
For, ſince AG is leſs than AF; ſo, BH is leſs than BF; 
and conſequently, CI, DK and EL, will {till have the | 
fame Ratio to CF, DF and EF; wherefore, the laſt may LEES» | 
always be taken from the remainder, and' therefore, AF, 
2 is equal to the whole Sum of the infinite Proportionals; and 
= 4B, BC, CD, &c. or, AG, BH, CI, &c. are in a pro- 
— grefſive, geometrical Proportion. 5 
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Dem. Firſt, AF: BF:: AB: BC; i. e. as AG: BH. 4.6. El. 
wherefore, AF: AB:: BF: BCI 4.85. 
conſ. AF AB(eꝗ. BF): eee CF): BC = 5.5. 
wherefore, AB: BF:: BC: CF n g's, 
conſequently, AB BF: BF: er: CF. 56. 5. 
i. e. AF: BF:: BF: CP; and as CF: Df, &. 


But, AF: BF:: AG : BH; and, BF: CF BG: CI, <a — 5 


and AF, BF, CF, &c. are in continued Ratio; as above; 


th. AG:BH:CI:DK, i.e. AB:BC:CD:DE, :: AF:BF,&c. = 


But, AF: AG:: BF: BH, &c. and AF is greater than AG, 
wherefore, DF is greater than DK, and EF than EL; 


_ conſequently, EL may till be taken from EF, ad infinitun. 
th. AF is the whole fum of infinite Proportionals, to Xand Z. 
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PROBLEM 1 3 


To « cut off from a given Right line any Portion 


Ons required. 


o 
KR 


Az is is a Fins . from ich it is 85 to cut 
off a fifth Part, from the extreme A, or two - fifths from B. 


Draw AC, making, with AB, any Angle, at diſeretion. 
With any opening of the Compaſſes, ſet off, from A, five 


equal Diviſions from A to C. Join the extreme B and 


the laſt Diviſion, C, by a Right line; and, through the firſt 
and third Diviſions, on AC, draw 1D, and gE parallel to BC. 


Then is AD a fifth Part, and BE e eh of AB. Q. F. 
Dex. We iD, 3E are parallel, to BC, the Triangles 


Ai, A3E, are ſimilar to ABC; | 
| ' wherefore, AD: Ali:: A;: AE, and. as AB: AC. 2.6. El. 


But Al is one-fifth, and 30 two- fifths of AC; and 


- conſequently, AD is one-fifth, and BE two-fifths of AB, 
5 
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P R O U LE 2 


To divide a Right line into any number of equal 
Parts, or as another Line is divided, in any Ratio. 


ABi is the given Line, to divide into five equal Parts. 


From either Extreme, as A, 'draw AD, making any 
Angle, BAD, at pleaſure; and, at the other extreme, By 
make the Angle ABC equal BAD, or BC parallel to AD. | 
On AD and BC take, at pleaſure, four equal Diviſions, 1 
from A and B, at a, b, c, D; and, d, e, f, C. RD | 
| Join, aC, bf, &c. as in the Figure, which will divide | | 
Ag into five equal Parts, as required; at I, 2, 3, and 4. | 


Dem. The Diviſions on AD and BC being equal, they ; 
are conſequently equal © on AB; the Lines aC, bf, &c. — 
being paralell M | 
for, AD is parallel and equal to . „ | 
N. B. If the Divifions on AD and BC were either greater or - | 

leſs, AB would be divided the fame; which 1s obvious by taking | 

Aa 3-fourths of Aa, and joining af; for, Bf is + forthe of B. : | 
J have never ſeen this method uſed for dividing a Right Þþ 

line in any given Ratio; which may be applied with ſucceſs. 2 
Let AB be a Line given to be divided; and Z, a Mea- | | 

ſure known, i. e. a Right line divided in the Ratio, required. | 
Make DAB, ABC equal Angles, as be fore. Transfer 

the Meaſures Za, ab, and bc, to AD and BC, in the order 
required; viz. make AE equal Za, and EF equal ab; 
alſo, make BG equal bc, and GH equal ab, and join 
the Points EH, FG; which will divide 1 in the Ratio 
of Z, in the Points à and 6. 


Note. The two extreme Divifions FD and CH are of no uſe 
in the operation; AC and DB, being joined, will be parallel to 
EH and FG. There is no regard had to the paralleliſm of the 
Lines EH and FG, but to a the Points, and they are neceſ- 
larily parallel. Ne | 
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80 PRACTICAL GEOMETRY. 
Dem. Firſt, AF: BF:: AB: BC; i. e. as AG: BH. 4.6.E1. 


 wherefore, AF: AB::BF:BC. = ot 445 
conſ.AF — AB(eq.BF): AB: -er) 50 5 5. 
wherefore, AB: BF:: BC: F en. 5. 5. 


conſequently, ABT BP: BF: P: 1456.5. 
i.e. AP: BF:: BF: CF; and as CF: DF, &c. 


But, AF:BF:: AG BLI, and, By: C:: BG: Cl, &. . 46. 


and AF, BF, CF, &c. are in continued Ratio; as above; 
th. AG: BH: CI. DK, i. e. AB: BC: CD: DE, :: AF: BF,&c. = 
But, AF: AG:: BF: BH, &c. and AF is greater than AG. 
wherefore, DF is greater than DK, and EF than EL; 
cConſequently, EL may ſtill be taken from EF, ad infinjtum. 
th. AF is the whole fum of infinite Proportionals, to Xand Z. 
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PROBLEM xt. 


| To 0 cut : off from A given Right line A Portion | 


1 „„reqbined. oP 


* 
% 


| ABis is a 1 given, from which it is 3 to cut 

off a fifth Part, from the extreme A, or two-fifths from B. 
Draw AC, making, with AB, any Angle, at diſeretion. 

With any opening of the Compaſſes, ſet off, from A, five 


equal Diviſions from A to C. Join the extreme B and 


the laſt Diviſion, C, by a Right line; and, through the firſt 
and third Diviſions, on AC, draw 1 D, and 3E parallel to BC. 
Then is AD a fifth kum, and BE eee of AB. Q. E. F. 


De M. 1” has iD, 3E are parallel, to BC, the Triangles 
Ai, AE, are fimilar to ABC; 
| wherefore, AD:A1::A3:AE, and, as AB: AC. 2.6. El. 


But Al is one-fifth, and 30 two-fifths of AC; and 


- ronſequently, AD i is n and BE two-fifths of AB. 
| 5 
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P R O0 B E M XII. 
To divide a Right line into any number of equal 


Parts, or as another Line is divided, in any Ratio. 


AB is the given Line, to divide into five equal Parts. 


From either Extreme, as A, 'draw AD, making any 
Angle, BAD, at pleaſure; and, at the other extreme, By 


make the Angle ABC equal BAD, or BC parallel to AD. 


On AD and BC take, at pleaſure, four equal Divi 
from A and B, at a, b, c, D; and, d, e, f, C. 
| Join, aC, bf, &c. as in the Figure, which will divide 
AB into five equal Parts, as required; at 1, 2, 3, and 4. 


Dru. The Diviſions on AD and BC being equal, they 


are conſequently equal on AB; the Lines aC, bf, &c. 
being parallel. = < = C. 15. 1. El. 

for, AD is parallel and . to BC. P. 4 1. 
N. B. If the Divifions on AD and BC were either greater or 


leſs, AB would be divided the ſame; which 1s obvious by taking 


Aa 3-fourths of Aa, and joining af; for, Bf is 3-fourths of BC. 
I have never ſeen this method uſed for dividing a Right 


line in any given Ratio; which may be applied with ſucceſs. 


Let AB be a Line given to be divided; and Z, a Mea- 


ſure known, i. e. a Right line divided in the Ratio, required. 


Make DAB, ABC equal Angles, as be fore. Transfer 
the Meaſures Z a, ab, and be, to AD and BC, in the order 


required; viz. make AE equal Za, and EF equal ab; 
alſo, make BG equal bc, and GH equal a b, and join 
the Points EH, FG; which will divide AB, in the Ratio 
of 2, in the Points a and 5. 


Note. The two extreme Divifions FD and CH are of no uſe 


in the operation; AC and DB, being joincd, will be parallel to 
| EH and FG. There is no regard had to the par alleliſm of the 


Lines EH and FG, but to > Joon the nes; and they are neceſ- 
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A Line may be readily divided, equally, or in any 


Ratio, thus. 


AB is the given Line; and Z, is a Line divided in the 


Proportion required, at 1, and 2. 


At any diſtance from AB, at n. 11 D pa- 
rallel to AB; and make CE, EF, and FD equal, reſpec- 8 
tively, to the Diviſions on Z. Through the Extremes 
of the two Lines, AB and CD, draw CA and DB, and 
produce hem till they interſect, at G. Draw EG and 
FG, cuting AB in e and f. Then, is the given Line, AB, 
divided (in e and f) in the ſame Ratio as CD (i in E and F.) 
as the given Line, Z, 18 divided, in the Points 1, 2. 2.6. El. 


If the Meaſure given had been lefs than the Line given 
to be divided (as in this NOS: it ĩs 8 AB 0 be 
divided the fame. | | 

Let cd, leſs than AB, bo divided in the known Ratio e&f. 

Draw, as before, Ac, and Bd, through their Extremes, 


| meeting at G; and, from G, through the Diviſions e and /, 


draw the Lines Ge, G, till they cut the given Line, AB, 


in the ſame Points e and f. Q. E. F. 


The difference, tis evident, is but little in the operation, the effect 


is the ſame. In the firſt Caſe, when the Meaſure is greater than 


the Line to be divided; then, the Vertex G will fall on the op- 
ſite Side, from CD; but, when it is leſs, as cd, the Point G 


| wal fall on the ſame Side with ed; as is obvious 1 in the 1 


N. B. Any other Line being drawn, as gh, raralla to AB, 
or CD, will be divided inthe fame Ratio, by the _ GC, GE, Kc. 


2. The ſame thing may be very readily and daceuraely done | 
after this manner. | 


AB; is the given Line, to be divided; and Hl is a Line 


divided in the given or known Ratio, in 1 and 2. 


At either extreme of the given Line, draw AE, in ay 
Angle, at pleaſure, An acute Angle, not too ſmall, is beſt, 
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Make the diviſions at C, D, and E, equal, reſpec- | 
tively, to the diviſions on HI: (According as you require |} 
them on AB, begin at either end, H or I.) | 
Join the Point E, and the other extreme, B, of AB; 
draw CF and DG, parallel to EB, cuting AB in F and G. 
So ſhall AB be divided in the ſame Ratio, as HI. - 2. 6. 

If the Meaſure given had been leſs than AB, as Ae, di- 
vided in c and d, the Diviſions on AB would be the ſame, 


N. B. If it were required to divide AB into any number of 
equal Parts; make ſo many equal Diviſions on CD, in the firſt, 
or on AE, in the laſt method, at pleaſure; and proceed as 
directed. _ | E „„ 3 ä 
AB may be readily biſected by either method; by the laſt, 

making Af, f E, or fe, two equal diviſions, and drawing fg, 

as before, parallel to EB or e B. Eg 

The firſt method is demonſtrable, from Prop. 6. 6. and Corol, 
For the Triangles CGE and AGe, alſo EGF and e Gf, &c. 
are ſimilar. Conf. Ae:ef:: CE: EF, and as fB to FD. 


The laſt method is eafily deduced from P. 7. S. 1. and the De- 
monſtration of it, from Prop. 2. 6. El. 7 


APPL. It is almoſt needleſs to give an Application of theſe Pro- 
blems, which ſpeak their uſe ſufficiently. They are extremely 
uſeful in the practice of Perſpective, as well as in geometrical 
Drawings of all kinds; as Plans, Elevations, or Sections. 

AB is conſidered as a finite Line, already drawn, in ſome 
Plan, &c. and the Ratio or Proportion given, is certain known 
meaſures, or diviſions, to be repreſented on AB, from either 
a greater or leſs Scale of Proportion. PS, 
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3. There is another method, by which a Line may be di- 
vided from a greater Meaſure given; which, not ſo much 
for its utility as the ſingular elegance of it, I give, as thus. 


_— — 


Let AD be divided in the given Ratio, at B and C; and 
let X, or Z, be a Line given, to be divided, in equal Ratio. 
=_ Deſcribe three Circles, on the three Diameters AB, 
K, and a9). 3 8 
F „ 


233 —— —ͤ— 


q 4 
— — — —— 8 * 


} 
1 
Hl 

F 


84 
Take the Line X, or Z, in your Compaſſes, and, ſeting 


PRACTICAL GEOMETRY. 


one Point in A, cut the greateſt Circumference, at E or F, 
with the other Point, and join AE or AF; which, will be 
divided in the ſame Ratio as AD, in b and c. 


Draw Bb, Cc, and DE, or DF, 


DEM. The Angles AbB, AcC, AED, or AFD, are Right; 


wh. As AbB, AcC, &c. are ſimilar, the Lines Bb, Cc, 
&c. being parallel, and the Angle at A common, C. 4.2.6, 
Therefore, AE, or AF, is divided in the ſame Ratio as AD. 


Pp R OB L E M XII. 


A Rigbt line (AB) being divided at pleaſure (in C); 


to deſcribe a Circle, to any Point in the Circum- 


ference of which, if Right lines are drawn, from 


each Extreme of the given Line, they ſhall have 
the ſame Ratio to each other, as the Segments of 


the given Line. 


From the greater Segment, CB, take the leſs, AC; i. e. 


make CD equal AC. Make AE a third Proportional, to 
BD and CD (equal AC). With the Radius EC, on the 
Center E, deſcribe a Circle; and to any Point, F, in the 
Circumference, draw AF and BF. 


T hen, AF is to BF as AC is to CB. Draw EF. 


Dex. Benni EA: AC:: Ac (eq. CD): DB; Con. 


conſ. EA: EAA AC (i. e. EC) :: AC: AC DR Gi. e. CB) 
that is, as EA: FC:: :e. -= Conv. to 6. 5. 
But, EF EC; wherefore, EA: EF: : AC: CB, i. e. as 
EC: EB, or EF: EB; and, as the Angle FEB is com- 


mon, the Triangle AEF is fimilar to EFB; therefore, | 


AF: BF: EA: ; EF, (<9. EC) i. e. as AC to CB. 
QE. F, &D. 
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PRACTICAL 
GEOMETRY 


SECTION 


On Transformation of Figures. 


PROBLEM | 


To make a — equal to any Parallelogram. 


ECTANGLES are Parallelograms, which may have 
various Dimenſions, yet contain the ſame Area; 
which reſults from the Product of its Sides, multiplied 
one into the other; ſo that, being a Rectangle, it is im- 


material what are the meaſures of its Sides, if it contain 


a certain Area, But if it were required to have it of a 
certain length or breadth, 'tis but to divide the Area by 
the length or width, the Quotient will be the other Side. 
Or, two mean Proportionals being found, by the 8th of 


| Sec. 5, it will approach nearer to a Square: The Side 


of a Square, equal to any ReQangle, is a true Mean, 


ABCD is an oblique angled Parallelogram ; a Rhom- 
boides, the Sides being of different lengths. 


It is required to make a Rectangle equal to the Paral- 
lelogram; by which, its Area may be determined. | 
Draw a Perpendicular from B, cuting the oppoſite Side; 


which Side being produced, until it be cut by another Per- 


pendicular, from A, at F; ABEF is the Rectangle required, 
equal to the Parallelogram ABCD; by Prop. 18. 1. El. 
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6 PRACTICAL GEOMETRY. 


For, it is evident, and obvious, that the Triangles 


ADF, BCE are congruous; wherefore, if BCE be taken 
away, and its equal be added, the Area of the e 


18 the ſame as of the Rhomboides. 


| ts. AD being taken, inſtead of AB, draw DB and AG, 
perpendicular to AD, cuting CB produced, at B and G. 
The Rectangle AGBD is alſo equal to the Parallelogram 
ABCD; conſequently, the two ReQangles are equal. 


In the former, the Triangles ADF, BCE are con- 
gruous: in this, DBC is congruous with AGB. 


PROBLEM IL 42. I. Euclid, 


7 


To make a ; ReQtangle equal to a given Triangle. 
ABCi is the given Triangle. 


| Biſe& any Side, as AC, in D (Pr. 8. 1.). Draw BF, 
parallel to AC (1. 5.); alſo, draw DG, from the point of 
ſection, perpendicular to the Baſe, AC, = = < 6.1, 
Laftly, draw CF parallel to DG. | 


The Rect. DGFC is equal tothe Triangle ABC. QE. E, 


Or, the Rectangle AHIC, contiratied on the whole Baſe 
and half the perpendicular Altitude, BK, is equal to ABC, 


Do: For, either i is half the Rettangle AEFC, which is 


double the Area of the Triangle ABC. 8 19. 1. 


N. B. If an oblique angled Parallelogram were required, 
make the Angle CDG or CAB equal to the Angle given. 
Fhe eie ABG D, between the fame Parallels, AC 
and EF, and having the fame Baſe DC or AD, half. AC, is 
equal to the Rectangl 8 AEO D, therefore to tual Triangle 2 1 2 
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SCH. From hence, and the 19th of the I Book of Elements; the wwhole 
Theory of Menſuration of Superficies is deduced ; as all Figures whatever, 

| except Parallelograms, are refobved into Triangles, in Menſuration. 
From the 19th of the firſt Book wve learn, that every Triangle is 
equal to half a Parallelogram of the ſame Baſe and Height; con- 
ſequently, the Rectangle DE, or DG FC is equal to the Trial BC, 
- "evhich is on half its Baſe, AC, and the ſame height, GD, equal BK; 

or AHIC, on the whole Baſe, AC, and half its height. 


Cor. Hence, the Rule for meaſuring a Triangle is to 


multiply the Perpendicular, BK (equal. GD) by half the 


; Baſe, AC, or the whole Baſe, AC, by half the Per- 
pendicular BK (equal AH); the firſt gives the Rect- 


angle DGFC, the other is the Rectangle AHIC. 
For, the whole Baſe, AC, multiplied by the Perpendicular 


BK, gives the Area of the Rectangle AEFC, which is double 
of the Triangle (19. 1.); 2 half that Sum is the 
Area of the Triangle ABC, and allo of the Rectangle DF, or Al. 


P R OB L i M W 


To make a Rectangle equal to a given Trape- 


zium; ABCD. 
Draw either Diagonal, as AC ; to which, draw the per- 
pendiculars BE and DF, ) Pr. 7.1.) Biſect the Perpendi- 
culars, in G and H (Pr. 8.). Through the Points G and 


H, draw IK and LM parallel to AC (5. 1.) and through , 
A and C, draw IM and KL, perpendicular to AC. 10. 


The Rectangle IK LM is equal to the Trapezium ABCD. 


Dem. For, the Rect. Al KC is equal to the Triangle ABC, 
and the Rect. ACLM is equal to the Triangle ACD. 2. 
Conf. the Rect. IK LMis equal to the Trap. ABCD. Ax. 3. 


On. Having drawn a Diagonal, as before, biſect AC, 
in the Point G (Pr. 8.). Draw BI, and MK (through 


D) parallel to AC; and, through G and C, draw HL - 
and LK, perpendicular, cuting Bl and MK, 1 
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Cox. Hence, to find the Area of a Trapezium i is to mul- 


bhufineſs of Menſuration is to find a Rectan gle equal to any Fi- 


Nov, fince it feldom happens, that a Trapezium has either 


any uſe towards obtaining its Area; whereas, the 
Perpendiculars are at right angles with each other. 


| To find he, Side of a Square, equal to a aaf 


joining Side, BC. Biſect AE in F, wich the Radius AF 


Then, the Rec. HIL is equal to the Trap. ABCD. 


For, the Rect. GHIC is equal to the Triangle ABC. 
And the Rect. GLKC is qual to che Triangle ACD. 2. 


tiply the Diagonal by half the Sum of the two Perpen- 
diculars (Fig. 1. ); or, the Sum of the two Perpendi- 
culars (BE and FD) by half the Diagonal (GC, Fig. 2.) 
3 for, to multiply the whole Diagonal by the Sum of the 
two Perpendiculars, will give the Area of the Rectangle 
MN IK; half of which,is the Areaof che Trapezium ABCD. 
It may appear ſtrange, to thoſe who "VR not conſidered i it, that 


the Area of any Figure ſhould be obtained without meaſuring its 
Sides; which are of no uſe in this operation ; for, the whole 


gure ; as, the multiplication of any two Numbers, applied to 
meaſure, denotes a Rectangle of fuck Dimenſions. 


Right angles or parallel Sides, it is plain, that 1 be of 
iagonals and 


A Diagonal divides any Quad rilateral into two Trian gles; and 
every Triangle is equal to half a Parallelogram having the ſame 
or an equal Baſe, and the fame Altitude. (19. 1.) | 


Hence, it is eaſy to account for the Rules given for meaſuring 
4 Trapezium, as two Triangles having a common Baſe ; which 
is a Diagonal of the Trapezium. For, every Trapezium. is 
equal to half a Parallelogram which circumſcribes it, having two 
Sides parallel to cither Diagonal ; ; and all Parallelog rams having 
the ſame Bale and Altitude are _ (18. t.) 3 they 
are equal to a Rectangle of tho r . 


PROBLEM 1. 


ABD is the given Rectangle. Fo 
13 any Side, as AB, making BE caval, to o the ad- 
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deſcribe a Semicircle. ' Produce C, till it cuts the Arch, 
at G; or, at the point B, draw BG perpendicular to AE. 
| Deſcribe the Square BGHE on the Line-BG; which 
will. be equal to the Rectangle ABCD. 14.3. EL 
For, BG is a mean Proportional between AB and BE. 
Conſequently, the Rectangle under AB and BE (i. e. DB) 
1s equal to the ſquare of BG (i. e. BH) by Cor. to . 6. 
N. B. In the performance of this Problem, it is only neceſſary 


to draw a Right line (AE) in which, take AB and BE — 0 
the meaſures of the two Sides, and proceed as above. „ 


P. R O B L E M V. 


To lengthen, or ſhorten, either Side of a Parallelo- 
gram, at pleaſure, and to contain the ſame Area. 


As the multiplication of Lines, geometrically, is to 
form a Rectangle of any two given Lines. P. 17. S. 1. (for 
it is, in reality, multiplying one into the other); ſo this 
Problem comprehends geometrical Diviſion. For, a Rect- 
angle being given (as in this Problem) is a Quantity given, 
to be divided; and any Line of a different length, given, 
is the Diviſor; by which the Rectangle being divided, 

the Product reſulting from the operation, is the Quotient 
ſought, which conſtitutes four proportional Lines; for, 
the multiplication of the Quotient into the Diviſor, will 
| produce a Rectangle N to the given one; by 8 9. 6. El, | 


Ahcb is the given Parallelogram, to be weiht mn 
BE, or DF a given Line, or the Diviſor. 

Produce any two contiguous Sides, as AB and AD, 
from the ſame Angle (A) indefinite ; and having made 

BE equal to the Diviſor given, through C, draw EF, 

cuting AB, produced, at F, which gives DF, the Line 


* Q. E. F. . 
N 
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Dp is the greater, and BE a lefler fourth Proportional 


with AB and AD; conſequently, they are the 'two Ex- 


. w - AB and AD the two Means.” - See Pr. 8. S. 2 
Wbefefere. BE x DF=AB xAD. (9. 6. El. ) For, . 


Dru. EH being aten parallel to AF, and F H to AE; 
BC produced to I, and DC to G, there 1s formed the 


large Parallelogram AF HE, of which ABCD and 3 


9 


are Complements. of 
But, the Comps. of Paralleles are Cee 17 1. El. 5 


Therefore, the Parallelogram, conſtructed on BE and 
DF, is equal to the given one, ABCD; for, Rectangles 
conſtructed on thoſe Lines are equal. - 9:6. El. 


This way, to 3 be made more e ſatisfaQtory, thus. 


Let the Retangle ABCD be a Quantity given, to be vided, 


whoſe Area is 24; the Side AB word bo and AD 4 . Parts; 


it is required to be divided by 3. 


Produce any Side, as AB, and Abe BE Decual 3 (half AB); 


alſo produce AD indefinite. Through E aud the Angle C, draw 


EC, and produce it, cuting AD produced, in F; DF will be 


equals of the divifions, twice AD, ee is the Quotient ſought. 


Compleat the Rectangle AEHF; produce ws to I, and DC t toG; 
the Redangle CH is equal Ac. 


For, CI is equal DF, 1. e. equal 8; and, CG. is equal BE 
equal 33 8 multiplied by 3, 18 equal 24, the Area of CH; 
which is equal to the Dividend, or the Rectahgle ABCD. 

It the Diviſor had been 8, equal DF, the * would 


have been 3, equal BE. 
If a fractional Number were given for the Diviſor, the Quo- 


tient would, moſt probably, be fractional likewiſe; for the Rect- 


angle under the Diviſor and the Quotient will always be equal 


to the given Rectangle, which is the Dividend. 
As in Diviton of N umbers, the Quonent multiplied by the 
Diviſor is (when there is no remainder): equal to the Dividend; 


"which proves the work | to be true. 


N. B. It is immaterial how the given Rectangle er diher Pa- 
rallelogram) is ſituated, in this operation, or on Which Side is 
taken — Diviſor; the Quotient will be the pes 
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PROBLEM. 
On any Side of a ſcalene Triangle, to make an Iſoſ- 
Celes equal to the given Scalene; ABC. 


Biſe& AC (or any other Side) at D, and draw DE per- 
pendicular to BC; and, from the remote Angle, B, draw 
BE parallel to AC, cuting the Perpendicular, at E; draw 
AE and CE, and it is done. GOES. . 

1 becauſe BE i is parallel to AC; the Triangles, ABC, 
| AEC, are ct EE Th and AE Is equal EC. C.4.9.1. 


PROBLEM VII. 


To make a Triangle equal to another, by a Line 
- drawn from any Point in a Side, to the Baſe. 


ABC is the Triangle given, and D the fen Point, = 


© Produce AC, indefinite; draw DC, and BE parallel 

to DC, cating AC, produced, at E, and join DE; © 
The Triangle ADE is equal to ABC. 

For, becauſe DC is parallel to BE, the Triangles DBC, DEC, 

are equal; conſ. ADC+ DBC ADC T DEC. - Ax, 6. 1. 


if the Point be taken i in any Side produced, the Proceſs 
will be the very ſame, inverted. | © Fo 

Let B be taken in the Side AD, Fromm, of 1 Tri- 
angle ADE. 5 

Draw BE, and DC oaralhel to BE, cuting AE-at ©, 
and draw BC. Then is ABC the Triangle required, 

N to ADE ; as it has been demonſtrated. 


N 


— 
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PROBLEM VIII. 


To make a Triangle equal to a given one, by Liner 


drawn from any Point within. or without the Tri- 


angle to the Baſe. 


ABC is the Triangle given, and D a Point afarcied 
within it, from which, two Lines, being drawn to the 


Tale, AC, ſhall form a Triangle equal to ABC. 


Draw DA and DC, and BE, BF, parallel to them, 


reſpectively, cuting AC, produced at both Extremes, at © 
E and F; draw DE and DF. 


DEF is the er required, Join BD. 
2nd. Let EDF be the given Triangle, and Sx Point 


aſſumed, out of it. Draw EB and BF, and AD, DC, 


parallel to them, reſpectively; then, draw AB and BC. 
ABC is the Triangle required. 


Dis: The Tri. ADE=ABPD, and, CDF = -DBC. 18.1.E1, 
wh. ADC+ADE=ADC+ ABD; alſo, EDC+CDF= 
ABDE+DBC;. and e. EDF is equal ABC. 


PROBLEM Tx. 


To make a Triangle. equal to a given one, on n the 


the ſame Baſe, and having a given Angle, 


ABC is the given Triangle; the Angle is at diſcretion. 


Make the Angle ABD (at either Extreme) as required. 
Draw CD parallel to AB, cuting BD, and join AD. 

ADB is the Triangle required; as is manifeſt. P. 18. 1. El. 
If BD were given in length, more or leſs, as in Fig. 2 


and 3. Draw CD, and BE parallel to CD, cuting AC, at E. 


R I I EA , LO Ppt DID rear og a1 oP NT 
2 > \ : 8 
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Draw AD, and EF parallel to AD, cuting AB and F; 
| and join DF. BDF is the Triangle required. 


3 Becauſe CD is parallel to BE, the Triangle 
EDB = ECB (18. F. % and, .a$ EGB is. common. 
_EDG=GCB; wh. FEGB+EDG= FEGB x GCB. | 


; Again; becauſe FE is parallel to AD, the Triangle | 
-FAE=FDE; wh.. FEDB+FAE= FEDB+FDE ; 
therefore, BDF is equal to AE. 


PROBLEM: - Wir 


To draw a Line in a given direction, cuting a Tri- 
angle, ſo, as, from any Angle, to make an eqn 


Triangle. 
ABC is the given Triangle, 


It is required to draw a Line paralle] to GH, cuting 
the Sides AB and AC, fo, as to form another r Triangle | 
equal to ABC, : 
Draw CD parallel to GH, cuting AB (rode if ne- 
ceflary ; Fig. 2.) at D. Make AE a mean Proportional, 
between AB and AD (Pr.1.5.) and drap EF parallel to CD. 
-— Triangle AEF is equal to ABC. Q.E.F. 
De M, The Triangles ACD, ACB, having a common Ver- 
tex, and their Baſes in the ſame Right line, are to each 
other as AD to AB (1. 6. El.); and AEF (on the Mean, 
' AE) is fimilar to ACD (2. 6.). Therefore (by the 
following Lemma) the . AEF is equal to ABC. 


E M M A. - 
1f 'he Boſs of three Triangles are Preportionals ; ; and, if 
the firſt be fimilar to the ſecond, and have the ſame height 
es the third, the ſecond is equal to the third. But, if the 
ae be like ſhe third, it is equal to the 8835 


— —— — —— ESATA 
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In the Right line AD, take AB, BC, and CD, in con- 


tinued Proportion; AB to BC, as BC to CD. Let ſimilar 


_ Triangles (X and Y) be conſtructed on AB and BC; and 
on CD, any other (as Z) having equal height with X; 
then will the Triangle Z be equal to V. But, if Y and Z 
be ſimilar, then: i is X equal Y. * 


Dem. The Triangles X 3 Y are fimilar ; wherefore, 
the Ratio of X to Y is duplicate of AB to BC; 12.6. 
Le wABLOD Del. 12.5 El. 
But, X: Z:: AB: CDI. 6. ); and, X: V:: AB: CD, as above; 
and conſequently,” Y is equal to Z by Ax. 5. 5. . 


Buy the ſame reaſoning, it is evident, that if Y and Z 
, are ſimilar (Fig. 2.) and X have Fa height with Z; 
X is equal to Y. - 


PROBLEM Xt. 


Fr rom a given Point, without a Triangle, to draw 


a Right line, cuting two Halen, ſo as to make 
an en Triangle. 


ABC is the Triangle, and D the given Point. 


Produce AC, and draw DEF perpendicular to AC. 
Make EF equal to DE, and draw FG parallel to Ac, 
cuting AB at G; and, on AG, make the Triangle AGH 
equal ABC (7. ). Draw DI, parallel AB; and divide Al 
ſo, at K, that AK ſhall be a mean Proportional, between 


| the remainder KI and AH. Draw DL, through K, cut- 


ing AB produced; the Triangle AKL will be equal to ABC. 


Dem. Becauſe AH, AK, and KI are Proportionals, of i 


which AK is the Mean, and the Triangles DIK, KAL 


| are fimilar, KAL=AGH, by the preceeding Lemma. 


For AGH is of equal height with DIK, by Conſtruction. 
But, AGH=ABC (Con.); conſequently, AKL=ABC. 
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PROBLEM: XII. 10 


To make a Sr equal to any 1 Ks 
gure, on any Side of it, and retaining either Angle 


made "Oy that Side; or having a HO EW 


4 0 o A e CY? 


ABCD is the Quadrilateral, 88 | 


Iti is e to make a Triangle equal to it, on the Side 
AD, rewinang the Angle A; or having A | given Angle. 


| Produce AB; draw the Diagonal DB, and CE parallel 
2 en cuting AB produced, at E, and draw DE. 
A Eb is the Frenz required, equal to ABCD. 


DE. Becauſe CE is parallel to BD, the Triangle 
BED is equal to BED. < = - 18. 
Wh. ABD+ BED =ABD + BCD; con. AED =ABCD. 


If any other Angle were required, inftead of the Avals 

A, make the Angle BAF as required (6. 1.); draw DF 

parallel to AB, and join FE. AEF is equal to AED, 18.3, 
which was made equal to the Quadrilateral ABCD. 


; 
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PROBLEM xn. 


To reduce any Poligon, whatever, to A Triangle, 
which Thall be Wop: to the e Poligon. 


| ABCDE is the Wes given, a Pentagon. 80 


Draw the Diagonals AC and CE. Produce EA, in- 
definite, and draw BF parallel to AC (the adjacent 8 
gonal) cuting EA, produced, in F; and draw F C. 


— A— 
T — En — 
_— " how EY 
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Again. Produce the Side DE, indefinite; and, parallel 
to CE, draw FG, cuting DE produced, in G; draw GC, 
and it is dq QO-E Fi T7 © | 
5 he Triangle hands 1s os, wks to the Pentagon. 
= 0 1 vl 2 
DEM. For, ak vin FCEi is equal to ABCE, 12. 
and CDE is common to both; wherefore, FCDE is 
— . . 1. 
But, the Triangle GED is equal to FCDE; - 12. 
for, the Triangle CGE is equal to C FE. P. 18. 1. 
conſ. CGE+ECD=CFE+ECD. - *g Ax. 6. 1. 
Th. the Triangle GCD 1 is equal to the given Pentagon, 


Or, FE being e ay DH drawn parallel to CE, | 
cuting it in H, draw HC; the Triangle FCH is equal to 
the given Pentagon, equal to the Triangle GCD. 


For, the Triangle CHE is equal : to CDE. - 18.1, El. . 


a Ss: may A Triangle ba readily 8 whoſe Al- 
titude ſhall be equal to a Perpendicular, from any Angle 
to any Side; as CD or CK. Or, any Angle, as D, and 

an adjoining Side, CD, of the Poligon, may be retained 
in the e HH | 


Another Example, in a more e complex Figure. 


Let ABCDEFGH be hs given Figure. | 
Firſt, draw the Diagonals BH, BG, GC, GD, and DF. 
Produce the Side GH, and, draw AI, parallel to the Dia- 


| gonal BH; euting GH produced, at I, and draw BI. 


Now, ſince Al is . to BH, the Triangle BIH,=BAH. 18.1. 
wherefore, the Triangle BIG, is equal to the Trapezium BAHG. 


Next, produce the Side BC, towards K, indefinite. 
Draw 1K, parallel to the Diagonal BG, cuting CB # ok 


: duced, — K; draw GK. 
4 
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The Tri. BK GBI G, having the ſame Baſe BG. 18.1. 
But, the Triangle BIG is equal to the Trapezium BAHG; 
wh. the Tri. BKG, is equal to the Trap. BAHG. - Ax. 3- 

Conſequently, the Triangle BKO, which is added, is 
equal to the Aae AHGO, taken away; for, BOG 
is common to both. 

Next, produce GF; draw EL, parallel to FN, and draw - 
DL. The Triangle FLD is equal to FED. 218. 1. El. 

Then, produce CD; and, draw LM, parallel to GD; 


euting CD produced, in M; draw GM. 


Then is GMD equal GLD; conf. GMC=GLDC. 
Laſtly ; parallel to GC, draw MN, cuting KC pro- 
duced, in N, and draw GN. Then, n is equal to 


| GMC, equal GL DC, equal GFEDO. 


But, the Triangle BKG is equal to the Trap. BAHG ; 


and, BKG+BGC+GNC is equal to KGN. Ax. 2. 


The Triangle KGN, is equal to the given Figure. 


From hence, and Prob. 2, it is evident, that a Rect- 
angle may be conſtructed equal to any given right - lined 


a Figure; by which its Area is readily determined; for, hav- 
ing reduced the given Figure to a Triangle (KGN) it is 


equal to a Rectangle, on KP, half the Baſe, KN, and GR, 
the perpendicular Altitude of the Triangle. 

By Prob, 4. it is eaſily reduced to a Square; or to a Tri- 
angle under my poem Angle and Side, by the gth. 


SCHOL. 7 i any one _ compare this, with the 1455 Propoſition i in te 


2 nd Book of Euclid, and go through the operation, both ways; I am 
confident he will give this the preference. To ſay nothing of the in- 
accuracy of the other, this may be done in à fourth part of the Tine. 
Each Triangle (there are ſix, in this Figure) goes throngh two opera- 
tions, viz. the 2nd and gth of this; and are added, ung into 
one Sum, or Reclangle. But, by this, the Figure is reduced one Side at 
every operation ;, from a Hexagon to a Pentagon, from a N to 
a Trapezium, from a Trapezium to a Triangle; z each being equal to 
the ä Fig * and, ow a 75 "ag to 4 1 Hu 2nd, 
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„ n SL EM Mv. 
＋ o make an equilateral Triangle, equal to any th 


On any Side, as AB, of the given Triangle, ABC, 
make an equilateral Triangle, ABD (14. 1.); and produce 
the Side DB, indefinite; draw CE parallel to AB, cuting 
it, at E, and draw AE. On DE deſcribe a Semicircle, 
and draw BF perpendicular. With the Radius BF de- 
ſcribe the Arch FGH, cuting BA produced, at G; on 
which, with the ſame Radius, deſcribe the Ark BH. 
Draw GH and BH. GHz is the Triangle required. 


— 


Dx. The Triangle AEB ABC (18. I.); and DB, BP, BE 


are three proportional Lines; wherefore, the Triangle 
GHB, which is conſtructed on the Mean (BF) being 
fmilar to ABD, on one Extreme, is equal to AEB, on 
the other, by the Lemma to Pr. 10; for they have the 
ſame height, Al. Therefore, the equilateral Triangle 
- GHBZABC, which is equal to AEB. 


PROBLEM xv. 


T o make a Triangle ſimilar to any given one, and 
| equal to any other.. 
ABC and X, are the given Triangles. 

It is required to make a Triangle ſimilar to X and 

equal to ABC. 

On any Side, as AC, make the Triangle ADC ſimi- 
lar to X (by Pr. 1. S. 8.). Draw BE, parallel to AC, and 
draw CE. AEC is equal ABC. - - 8. 1. El. 

Mak AF a mean Proportional to AE and AD; 1.5. 
and draw FG parallel to CD. 

AFG is the Triangle required, 
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Dr. The Triangle AEC ABC (18. 1.); and ADC is 
ſimilar to X. Wherefore, ſince AE: AF:: AF: AD, 
the Triangle AFG, conſtructed on the Mean, being 
ſimilar to ADC, is equal to AFC, by Lemma; for, 
ACE and ACD, on AE and AD, have equal e 
the Vertex, C, being common to both. 
Therefore, AFG, ſimilar to X, is equal to ABC, 
which is 0 AD 


FP R OI L a 
To make any regular Poligon, equal to any rights" 
lined Figure, given. 


The given Figure being ce ET Triangle, by 1 Zo 
let ABC be the Triangle, to conſtruct a re- 
gular Pentagon, equal to tho iis ABC: 

On AC (any Side) conftri | +. ſceles Triangle, 
ACD, whoſe Angle at the Ver of 72 Degrees; 


thoſe at the Baſe (AC) being 54. | 

Produce DA, and draw BE parai' » AC, cuting it at E. 

Draw EC, and AI parallel to EAl, equal ADC, 
is the Angle of a regular Pentagon, ibtended by a Side, 

at the Center of a circumſcribing Ci. Ae. 

Divide AE into as many equal parts, as the Poligon 
required has Sides; 1. e. take AF (for a nn a inn 
part of AE, and draw FC. 11 

Then, with the Radius AG, a Mean i be- 
zween AD and AF, deſcribe a Circle cuting AE and Al, 
and draw HI, which is the. Side of a Pentagon in that 
Circle, equal to the Triangle ABC, and e to 
the original given Figure. Fn ne : 


Dem. AF is a fifth part of AE; wherefore, the Tomas 9 


ACF is . a fifth part of — e. of ABC. 1. 6. El. 
2 


e 
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Pp R OB L E M XIV. 
To make an equilateral Triangle, equal to any other. 


1 On any Side, as AB, of the given Triangle, ABC, 
| make an equilateral Triangle, ABD (14. 1.); and produce 
| BE the Side DB, indefinite; draw CE parallel to AB, cuting 
| it, at E, and draw AE. On DE deſcribe a Semicircle, 
and draw BF perpendicular. With the Radius BF de- 
4 ſcribe the Arch FGH, cuting BA produced, at G; on 
| which, with the ſame Radius, deſcribe the Ark BH. 

* Draw GH and BH. GH; is the Triangle required. 


Dux. The Triangle AEB ABC (18. 1.); and DB, BF, BE 

are three proportional Lines; wherefore, the Triangle 

GHB, which is conſtructed on the Mean (BF) being 

fimilar to ABD, on one Extreme, is equal to AEB, on 

} the other, by the Lemma to Pr. 10; for they have the 

| | ſame height, Al. Therefore, the equilateral Triangle 
8 - GHB=ZABC, which is equal to AEB. 


— 


PROBLEM XV. 
To make a Triangle ſimilar to any given one, and 
equal to any other. 


_ ABC and X, are the given Trimgler. 


g It is required to make a Triangle ſimilar to X and 
11 | equal to ABC. 
| On any Side, as AC, make the Triangle ADC ſimi- 
lar to X (by Pr. 1.S. 8.). Draw BE, parallel to AC, and 
draw CE. AEC is equal ABC. - <- 38. 1. El. 
Make AF a mean Proportional to AE and AD; — 1. 5. 
and draw FG parallel to CD. | 
AF G is the N required, 
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DE. The Triangle AEC ABC (18. 1.); and ADC is 
ſimilar to XK. Wherefore, ſince AE: AF:: AF: AD, 
the Triangle AFG, conſtructed on the Mean, being 
ſimilar to ADC, is equal to AFC, by Lemma; for, 
ACE and ACD, on AE and AD, ave equal height, 

the Vertex, C, being common to both. | 
Therefore, AFG, ſimilar to X, is * to ABC, 
| which is equal to ADC. | 2 


Pp R OB L E M XVI. 
To make any regular Poligon, equal to any right- 
lined Figure, given. 


The given Figure being reduced to a Triangle, by 13. 
let ABC be the Triangle, tis required to conſtruct a re- 
gular Pentagon, equal to the Triangle, ABC. 


On AC (any Side) conſtruct an Iſoſceles Trin 
ACD, whole Angle at the Vertex, D, is of 72 Degrees ; ; 
thoſe at the Baſe (AC) being 54, each. 

Produce DA, and draw BE parallel to AC, cuting it at E. 

Draw EC, and Al parallel to DC; EAI, equal ADC, 
is the Angle of a regular Pentagon, ſubtended by a Side, 
at the: Center of a circumſcribing Circle. 

Divide AE into as many equal parts, as the Poligith | 
required has Sides; 1. e. take AF (for a n a yy 
part of AE, and draw FC. 34 | 
Then, with the Radius AG, a Mean proportional be- 
1 AD and AF, deſcribe à Circle cuting AE and AI, 
and draw HI, which is the. Side of a Pentagon in that 
Circle, equal to the Triangle ABC, and IT eu to 
the original given Fi igure. | 


Dem. AF is a fifth part of AE; 3 wherefore, the Triangle: | 
ACF is equal a fifth part of ACE; i. e. of ABC. 1. 6. El. 


8 2 


angle ACD, and con Pere AHI woul 
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But, AG is a mean Proportional between AD and 
AF; and, the Triangle AHI, on AH, equal AG, is 
 fimilar to ACD; wherefore, it is equal to ACF (by the 
Lemma); for, ACF and ACD have equal height, CL. 
Therefore the Pentagon GHK, which contains five 


= Triangles equal to ACF, is equal to AEC (eq. _ 


which is equal to > five times ACF. 


N. B. If a Hexagon had been the Poli 1 nd, the Tri- 


be * whoſe 


Angles are euch of 60 Degrees, 


This Problem may be otherwiſe 8 thus, 


Let ABC be the Triangle, equal to ſome given Figure, 
and it is required to make a regular Heptagon equal to it. 

As the Heptagon does not divide the Circle equally, in 
Degrees, let one be conſtructed of any proportion, as at X; 


* and drove ac and bc, making an Iſoſceles Ms 2h acb, 


On AC, a Side of the given Triangle, make a Tri- 
angle, ADC, ſimilar to ach, whoſe Vertex is D; and 
draw: BE parallel to AC. EC being drawn, there 1s made 
the Triangle AEC equal ABC. ; 

Divide AE in ſeven equal Parts, and ſet off one om 
A to F, on DA, produced. Find a mean Proportional 


(AG) between AE and AF; and, on A, deſcribe the Ark 


GH, cuting AD, Draw HI parallel to CD cuting AC; 
Al is the Side of a Heptagon, equal to the Triangle ABC; 


| for, à Circle being deſcribed on H, with the Radius AG, 
will contain Al ſeven times, oO to the Circumference. ; 


The Demonſtration of this | is nearly the ſame as ; befare; 


for, FA:AG:;AG:AD; and, the Triangle AHI is ſimi- 


lar to ADC; it is therefore equal to ACF, equal to à 
ſeyenth part of ACE, which are of equal height, _ 
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P'R O B L E M XVII 


: Two right-lined Figures being given; to conſtruct 
one ſimilar to either, and equal to the other. 


N and Y are the given Figures; it is required to con- 
ſtruct one equal to X, and ſimilar to V. 


Let a Side of each Figure be in the ſame Right line AH. 
Reduce each Figure to a Triangle, ABC, and CDE. 


Make the Triangle AFG equal to ABC, and equal in 


height to DO (J.). Make EH equal to AG, and EI a 
mean Proportional between CE and EH. 


Draw CI; and KL, MN, parallel to CI; and, on LN, 
conſtru& the Pentagon Z fimilar to Y; by ſt of S. 8. 


I ſay, that the Pentagon Z, is equal to the Trapezium X. 


DEM. The Triangle AFG is equal to ABC (eg. X) and 


it has equal height with CDE, which is equal Y; 
and, EI is a mean Proportional between AG and CE; 
wherefore, the Poligon Z, conſtructed on El, being 
' ſimilar to V, is equal to ABC, equal AFG, equal X. 


This Problem may by otherwiſe performed, as follows, 


It is immaterial wha the original Fi igure is, to which 
an equal one is required; ſuppoſe it reduced to the 1 
angle ABC; X 1s the other given Figure. 


A ſimilar one is W equal to ABC. 


Reduce the Figure X to a Triangle, AKL, and 455 
the Diagonal LM. Make, on AC, the Triangle ADC 
ſimilar to KLM (1.8.8.). Draw BE parallel to AC, and 
join EC. Divide AE, in F, as KA is divided, at M. 12.5. 
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Make AG a mean Proportional between AF and AD; 
draw GH parallel to DC; and, on GH, conſtruct tlie 
Tarpezium Gl, fimilar to LN; fo ſhall the Pohgon AGI 
be ſimilar to X; and it is equal to the Triangle ABC. 


Dem. For, the Triangle AGH is fimilar to ADC, there- 
fore to KLM; and AEC is equal to ABC. 18. 1. El. 

But, AF: AG:: AG: AD; wherefore, AGH ACF, 
which has the ſame height as ACD. Alſo, ACE : ACF 
(eq. AGH)::KLA:KLM; for, AE: AF:: AK: KM. 
But, KLA=ZKLN; and, KLN is ſimilar to AG]; 
conſequently, AG! is equal AEC; that is, to ABC. 


On; it is thus performed, according to Euclid. 
X and Z are the two Figures given. 


8 It 1 1s required to make a Pentagon fimilar to ; and 
equal to the Trapezium Z. | 


On any Side of the Pentagon, as AB, 0 a Rect- 
angle, AE, equal to the Pentagon; by 13, 2, and the 5th 
of this. Then, on the Side BE, deſcribe another Re&- 
angle, BF, equal to the Trapezium, Z; by the ſame Pro- 
blems. Biſect DF, at C; and, on that Center, deſcribe 
2 Semicircle, with the Radius CD, cuting BE, at G. 

On EG, if a Pentagon be conſtructed, ſimilar to X, 
making EG the correſponding Side to AB, it will be equal 


- to the given TWO Ws Q.E. F. 


De. EG is a mean Proportional 3 DE and EF; | 
and, the Ratio of fimilar Figures is duplicate of their 

_ correſponding Sides, i. e. as DE to EF (13. 6.); but the | 
Ratio of DB to BF is as their Baſes, DE to EF; - 1.6. 


conſ. the Ratio of the two Pentagons will be the ſame; tor, 


they are reſpectively equal to the Rectangles, by Con. 
Therefore, a Pentagon conſtructed on EG, ſimilar to X, 
will be equal to the Trapezium Z. 
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By the 13th any Figure is readily reduced to a Triangle; by 


the 2nd a Rectangle is obtained equal to a Triangle; and, by the 


th another Rectangle may be determined equal to that, having 
one Side equal to AB, or any given Line, giving AD for the 
other Side of the Rectangle AE; which, is a fourth Propor- 


tional to AB and the two Sides of the Rectangle firſt found, 


equal to the Pentagon; as by the laſt method of Pr. 7. S. 5. 
Conſequently, the Rectangle BD is equal to the Pentagon X, 
and BE to the Trapezium Z. | 5 1 


PROBLEM XVIII 44. I. Euclid. 
To reduce any given Figure to à Rectangle, or other 
Parallelogram, under a given Side and Angle. 


Let the original Figure be reduced to the Triangle ABC; 
FE is the given Angle, and Z the Side given. 


Make the Parallelogram DEFC, equal to the Triangle 
ABC, whoſe Angles, at E and C, are equal to the given 
Angle, X (Pr. 2.), If a Rectangle were required, DE 
muſt be perpendicular to AC. | _ | 

Produce AC and DE, indefinite; and make CH equal 
to the given Line, Z; through the Angle F, of the 
Parallelogram DF, draw HI, cuting DE produced, in I. 
| El is the other Side of the Parallelogram, required; Fig 


Praw II. parallel to AH, and HL to DI meeting at L; 
produce EF to G, and CF to K. KG is the Par: ſought. 


DEM. The Par. KLGF (having its Angles, at K and G, 
equal to the given Angle X, and a Side, FG, equal to a 
given Line, Z) is equal to the Par. DEFC; - P. 17. 1. 
which, is equal to the Triangle ABC, - Pr. 2. 
and conſequently to the original Figure. 1481 
APPL. This Problem, may be . in exchanging an 
irregular piece of Ground in one Place, for the ſame Quantity 
in another, ſuppoſe to build on; which, by reaſon of the con- 
- tiguous Buildings, is confined to a certain Angle, which is the 
Siven Angle; the length in Front may be conſidered as the 


- 
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given Side; the Queſtion is, what depth of Ground em 
the Front is required, to be equal in its Area to the other. 
Having firſt reduced the ori | port given Figure to a Triangle, 

it is-then convertible into a Parallelogram,undet any 2 by 
this or the Sch; ar, into Ren wy the 4th... 2 
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"Dr a Diameter, AB (C'is the.Center); and, at either 
extreme, as B, raw the 1 8 8 DB (3.3. and lee 
it towards E. n : 

Take D at n male DE to AB as 22 co 7 *; 


or, more exactly, as 355 to 113. Draw CD and CE. 


The Twens DCE is er to the given Circle. 


As the Circle has never, yet, been ſquared, poſitive 

monſtration cannot be given; but it is demonſtrable, 
that a Triangle having one Side equal to the Perimeter of 
any regular Poligon, and its height, from that Side, equal 
to a Perpendicular from the Center to a Side of the Po- 
ligon (See Art. ) of the Appendix, Part I. ); and conſe- 
quently, a Triangle, having one Side equal to the Cir- 


cumference, and its height to the Radius of the Circle, 
is equal to that Circle which may be conſidered as a Po- 
ligon of a number of Sides, auler till r are equal 


to the Circumference. 11 


I 


Ik BD, or BE, were made 2 to DE, the 33 


CB; or CBE Wee A, cr to DCE, n the ſame 


height; by 18. 1. 12 52 | , 
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— * 


= PROBLEM xx. 


W. 


To deſeribe a Circle equal to a given Triangle. 


Fa 


_ ABC is the TRangle given. 


Biſect any Side, as AC; to which, draw DE perpendicular. 
Draw BF parallel to AC, cuting DE, at F; on which, 


with the Radius DE, deſcribe a Circle, and reduce it to a 
Triangle, GF H. - - 8 „ 


Take Dla mean Proportional, between DC and DH. 1. 5. 
Draw IK parallel to FH; and, on K, with the Radius 


DK, deſcribe a Circle; I ſay, it will be equal to the 


Triangle ABC. 


Dru. The Triangle DKI is imilar to DFH; IK ang pa- 
rallel to FH ; wherefore, they are in the duplicate Ratio 
of their correſponding Sides; and of the Perpendiculars 
BK, BF (6. 6. El.); and, the Circles are to each other 


in the ſame Ratio Cor. 1. and 4. 13. 6. 


But, the Circle whoſe Radius is DF is equal to the 


Triangle GFH ; conſequently, that on DK is equal to 
DEI, doubled; to IKL. And therefore t to the given 


Triangle, ABC, equal IKL. 
This Section contains the Eibe of oraftical Meriſu- 


ration of Superficies;—which conſiſts in reducing every 


Figure to.a Rectangle, or Triangle; ſo that, the multi- 
plication of one Side into the other, by any meaſure of 
length, ſhall produce the Area of the Figure, however 
irregular, with the greateſt eaſe, expedition, and certainty. 
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PROBLEM 1. 


Fo Grade a Triangle in two or more equal Parts, 


by Right lines, from any Angle required; as B, 
of the Triangle ABC. 


ISECT AC (the Side op 97 and draw BD, which 
divides the Triangle ABC into two e ABD, 


| DBC, which are equal. 


If it were required to be cut into three or more equal 


Parts; divide AC accordingly, and draw Br, Ba; ſo may 
it be divided into any number of Parts, at blaue equi 
or unequal, in any Ratio required. For; however the 


Baſe, AC, is divided, the Triangle is divided in the ſame 
ee n drawn. from B. „ P. 1.6. El 


PROBLEM > © IH 


Z To divide a Quadrilateral in two or more 1050 Parts, 


by a Line drawn from any Angle. 


| ABCD is the given Figure to be divided, from the Angle h. 


| Draw the Diagonal BD, and CE parallel to. BD, cuting 
AD produced, at E, and draw BE, 


. . . , DSA 6. brit 
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3A x | 145 

The Triangle ABE 1s equal to the Trapezium AC. 1 
Bifect AE, and draw BF; which divides the Mes as 1 
required, in ABF, and FC. | 5 1 ; j | 
If AE be divided into three or more equal E Parts; Linde 1 
drawn from B to the ſeveral Diviſions will divide AC 48 
the ſame ; if they fall within the Baſe, P). 7 
This needs no further Demonſtration; ring evident, i 
from the e SJ 2: Sona Tell cad Fl 
Ox thus, without doo the given Figure t to a Triangle. | | : by 
Draw the Diagonal AC, and triſe& it, in E and F; | 1 
draw BE and BF, DE and DF; alſo, draw BD. +4 
Draw FG and EH parallel to BD, and join . e 1 
BH; which will divide the Trapezium, as required. 1 
DEM. The Triangles ABE, EBF, and FBC are oy | [! 4 
alſo ADE, EDF, and FDC, [OY 1 N 1. 6. El. Wl 
conſequently, ABE+ADE=EBF+EDF, &c. 1 
FG and EH are parallel to BD; Wh. EBH SHE DH, _ 
and EIH is, common; . conſequently, . Eggl, added, is 1 
equal to IDH taken away; and nne the: Trixnghe = 
ABH is a third part of ABCD. £14 | | 
After the ſame manner, BCG may be — to oo 1 

a a third part; conſequently, BGH is a third part ; and | 13 { 
therefore the Trapezium is divided into three nN it 
Parts, by the Lines BG and BH. Q. E. F. & D. i | 
The Figure ſhews, that it is applicable if four or bre 8 | ith 
| Parts are 8 N wound or. aer at ' pleaſure: - Dot oy | lik 


PROBLEM, III. 


9 | 

To divide any right-lined Figure into chroe or more an 
Parts, in any Ratio required, equal or otherwile ; 0 
3 | h 4318 

by Lines drawn from any Angle. 2 Wl: 
„ „ 1 

AVI 1 4401 F.C. bi PE, —_— | | 
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JE 8 required to divide the Pentagon ABCDE into hm 
Parts, in the Ratio as X is divided; from the Angle B. 
Reduce the Pentagon, given, to a Triangle, FBG. 13. 6. 
Divide FG, the Baſe of the Triangle FBG, as the 

Line X is (by 12. 5. ); draw BH and Bl, which divides 

the Fentagen as required. GEE. 


Bun. The Triangle FBG Sto the 1 See Pr. 130. 
And, the Side FG was divided in the ſame Ratio as the 
Line X; conſequently, the Triangles, FBH, HBI, [BG 
are to each other as their Baſes FH, HI, IG; P. 1.6. El 
and, the Pentagon is divided in the ſame Ratio as FBG. 
Bus For; the Triangle BAE is equal BFE; conſequently, 

BAH BFH, for EBH is common to both; alſo, 

BCD S/ BGE, and BDI is common; wh. BCI BGI; 

and therefore, the Pentagon is divided, by the Lines 

BH and BI, in the ſame Ratio as the Triangle FBG. 


If it ſo happened that BH or BI fell without the Baſe, 

Eb, of the Pentagon; or of AD in Fig. 2, as BE, it does 
not divide the given Figure, as required; although the 
Triangle ABF is, which is equal to it, in ABD, DBE, 
and EBF; for, the T riangle GBC, cut off the Trape- 
zium, by the Line BE, is greater than the Triangle EBT, 
and DBG, of the Trapezium, is leſs than DBE, by 
the Triangle DGE. 

- Wherefore, EI being drawn, . to BD, and Bl 
Join, the Triangle GBI is equal DGE; for BID is equal 
to BED, and BGD is common; BCl is therefore equal 
to EBF, and therefore, BI and BD divide the Tra- 
eee 5 other en equal c as required. 


PROBLEM og 
To divide a Triangle in two or more equal Parts, 
| by Right lines drawn from Points given in any Side. 
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Let D be the given Point, in the Side AC, of ABC. 


Biſe& the Side AC, in E, and draw BE. Draw DB, 
and EF parallel to it, cuting BC in- F, and draw DF. 
The Trapezium ABF, is equal to the Triangle DFC. 


DEM. Becauſe AE EC, the Tri. ABE EBC. - 18. 1. 
But, EF is par. to DB; wh. the Tri. BFD BED; ſame. 
conf. BFD+ ABD is equal to BED+ ABD. -- Ax. 6. 
And, the Triangle ABE is equal to EBC; — above. 
wh. the Trap. ABF P, is equal to the Tri. ABE, eq. EBC, 
and conſequently, to the Triangle DFC. - 

Therefore, the Right line DF divides the Triangle 
ABC into two equal Parts. QE. F. & D. 


If it were required to be divided into three equal Parts, 
as in Fig. 2, from the Points D and E; triſect AC; at F 
and G, and draw BF, BG. Then, the Triangle: is triſected, 
by che Lines BF. and B. Pr. 

Draw BD, and EH parallel to it; join DH; alſo, draw 
BE, and G! parallel; join EI. The Right lines DH and 
EI triſect the Triangle ABC, as required. 


Dem. ABF is a third Part of ABC, and BHD BED; 
conſequently, ABHD is equal ABF. 
By the ſame reaſon, FBC is biſected, by BG, ind 
BIE=BGE; wherefore, FBIE=EIC.- Ax. 6and 7.1. 
Ret, DFL=BHL; wherefore, DHIE=FBIE ; and 
therefore, DHIE=EIlC; conſequently, the Triangle 
ABC is triſected, by the Lines DH and EI. Q. E. F. 


After the ſame manner,. a Triangle may be divided in 
any number of equal Parts, at diſcretion ; by Right lines 
drawn from given or determined Points in any Side of 

the Triangle. | 

And, *tis evident that by the ſame means (as in the 
50 foregoing Problem) it may be divided into any number 
of Parts | in any given Ratio, as well as in equal Parts. 
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To divide a Trapezium into two equal Parts, by a 
Right line, drawn from a Point given in a Side; 
without reducing 1 it to a OE 5 | 


ABCD i is the Trapezium given, and E the given Point. 


Through the Angle B, draw BF, parallel to AD.- 5.1. 
Biſe&t AD and BF, in G and H; and draw GH and HC. 
Then the Pentagon ABCHG i is equal to the Trap. HC DPD. 


Du. For (having drawn BG and GF) the Triangle ABG 
is equal to GF D; BGH SH GF, and BCH HCF. 18.1. 
Therefore, AH+ BCH=HD+HCF. -< Ax. 6. 1. 


2ndly. In Fig. 2, let ABC HG be equal GHCD, as before. 
Draw GC, and HI parallel to GC, cuting BC i in . and: 
draw GI. GT biſe&s the given Trapezium. 


For, becauſe HI is parallel to GC, GIC= GHC. 18. 7. 
Wherefore, GIC+GCD=GHC+GCD. - Ax. 6. 


0 Draw El, and GK parallel to El, cuting BCi in K; N 
and, from E, the given Point, draw EK. 


25 ſay, that EK divides.the Trapezium ABCD ts 


For, the Trapezium GHCD was proved half ABCD; 
and.  GICD was proved equal to HCP). 
The Triangle EET is equal to EG... 18.1. 
Therefore, the Trapezium ABKE is equal to EK CD. 


3 If E had been given near the Angle A, at the leſſer end 
of the Trapezium, the proceſs would be more operoſe. 


Let Fig. 3, be ſuppoſed the ſame Figure divided by GT, 
into two equal Parts, from the middle Point G (as in Fi ig. 2.) 
which is necelliry to be the firſt Hons, in in all caſes. ; 
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= Join the given Point, E, and I, as before; draw GF, 
parallel to El, cuting CD in F, and draw EF and IF. 

Then, the Pent. ABIFE is equal to the Tri. EFD FIC. 
But, ABCD, is not equally divided by one Right line. 

Therefore, draw IH, parallel to CD, cuting EF; draw CH. 
Tue Pentagon ABCH E= ABIFE =the Trap. EHCD. 


L.asſtly; join EC, and draw HK parallel to EC, cuting 
. CFin K, and draw EK; which Line divides the' Tra- 
pezium ABCD into two equal Parts, as required. 


For, ABCKE is equal to ABCHE. But, ABC HE 
was equal to ABIFE, equal to ABIG ; which, was proved 
equal to half nn ABCD. 


5 1. 


PROBLEM VI. 


To divide any right · lined Figure in two equal Parts; 
buy a Right line drawn from any Point, in a Side. 


Firſt, let the given Figure, ABCD, be a Trapezium, 
as in the laſt. P is the given Point. 
"Reduce ABCD to a Triangle, ABE, equal to it, by 13.6. 
and divide AE in two equal Parts, at F; draw BF, which 
divides the Triangle in two equal Parts ; and conſe- 
quently, the Trapezium ABCD. | 
Join BP, and draw FG parallel, cuting BC at G; PG, 
being drawn, will biſect the given Trapezium, as required, 


This being evident, from the preceding Problem, it is ob= 
vious, that, to biſe& the Quadrilateral, from the given 
Point, P, nothing more is requiſite than to determine AE, 
and biſe@ it, in F; FG being drawn, parallel to BP, cuting 

| BC; PG divides the ener in two equal Parts. Fig. 2. 


After the ſame manner, the N ABC may be di- 
vided into two equal Parts from a given Point P, in the 
Side AC. Being reduced to a Triangle, DBE, equal 
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to the Poligon; and the Baſe, DE biſected, at F; BF 
divides the Poligon i in two equal Parts. 

Then (as in the firſt) FG, parallel to BP, gives the 
Point G; to which, a Line drawn from P cuts the given 
Figure in two equal Parts, as required. | | | 
Thus may any right-lined Figure (having no indented 
| Angle) | be biſected; from a Point, at diſcretion, in any Side, 

When there is an indented Angle (as at C) in the Figure, 
It is required to divide ABDN into two equal Parts, by 
a Line drawn from a given Point, P, in the Side AN. 

Reduce the given Figure to a Triangle, EBF, equal to it, 

Biſect EF, at G, and draw BG; the Triangle EBG is 
equal to half the given Figure, equal ABC. 

Draw PB, and GH parallel to it; alſo, draw PH and BH; 
the Triangle BHP is equal to BGP; conſequently, ASH 
is equal to half the Figure, equal EBG. 

But, BIC is without the Figure, therefore no part . 
Join BD, or draw a Line cuting CD, at diſcretion, and CK 
parallel to it, cuting BH, produced, at K; the Triangle CDK 
is equal CBK. ; conſequently, HDK is equal to CBH. 

Draw KL parallel to CD, and join LD ; the Triangle 
H LD is equal HKD. - 

Laſtly, draw LM parallel to PD, cuting CD at M, and 
draw PM; which divides the given Figure, as required. 

Thus may any right-lined Figure, whatever, be divided 
into two equal Parts, or otherwiſe, by a Right-line, from 
a Point given, in a Side; which needs no n Demon- 
ſtration, as each ſtep is evident. | 


PROBLEM VII. 


To divide a Poligon, of any denomination,* into 
three, or more, equal Parts, or any other Ratio; 
by Right ler, from Bren Points 1 in any Side. 


— 
eee. 


_—_—— 


* The Figure may hw any ants of Sides, be either ordi- 
nate or inordinate; but let it be underſtood, not to have any 
indented Angles, unleſs it be fo NR.” 
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= mend to divide the Hexagon ABC into turee 
equal Parts, from the Points E and F, in the Side AF. 9 


Reduce the given Figure to a Triangle 0 DBG) on that 
Side (Pr. 13.6.) . Triſect DG, and draw Br, Ba. Join BE; 
draw 1H parallel to BE, and draw EH. Alſo, join B and 
F; draw 21 parallel to BF, and laſtly, draw FI. 


EH and Fl triſect, or divide ABC into three equal Parts. 
DM. The Triangle DBG is equal to the given Figure; | 
and it is triſected by the Lines Bt and B2. P.1.6.E1. 

The Triangle BKEH=EK1; and BLI=FL2; for, BHE. 
BIE and BIF=B2F(18.1.El. j and BKE, BLF are com. 
Therefore, the Pentagon AH ADBr, the Trapezium 
El=A1B2, and, the Pentagon ICF= A2BG ; i. e. they 


are each equal to a third part of the given Figure ABC; 
| | and conſequently, it is triſected by the Lines EH and FI. 


After the ſame manner, it may be divided into more 
Parts, equal amongſt themſelves; or in any Ratio required, 


PROBLEM, VL 5 
1 1 

To divide any right-lined Figure in two Parts, 
from a given Point, in any Side; or, a2: given - 


Line! is divided. 


— 


ABC i is the Figure to be Fivided, and X1 the given Line, : 
divided 1 in the Ratio required, 


Reduce ABC to a a Triangle, DBE, equal to it.“ 1 3. 6. 


4 * 
b £ 2 2 * F4 —_ A 
6 k $ * 1 1 — 4 
= * 


— 4 "4 — 
3 9 i 


— 2 


* The 13th Prob. Sect. 6. has been Fequlich refered to, and” 
it muſt be obvious, that this Section is almoſt wholly built on it; 
it is therefore unneceſſary to be ſo particular, now, as in the 
oregoing Problems, ' Q | 
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Divide the Baſe, DE, at F, as the Line X is divided; Ha 
and draw BF; which divides the Triangle, and alſo the 


Poligon, in the fame, given Ratio; viz. as the Baſe, DE, 
of the Triangle. 


Draw PB, and FG parallel; PG, being drawn, divides 


the Poligon ABC, as required; as is evident from in- 
| ſpection of the Figure. 


For, BF divided it in the Ratio 1 as DF to FE, 
Conſequently, if the Triangle BEP be taken away, and its 
equal, BGP be added, AGP: GCP:: DBF. F BE,; i. e. as 

DF to FE; that is, as the Parts of the given Line, x. 

After the ſame manner, it may be divided into three or 

more Parts, in any Ratio, whatever, | | 


PROBLEM * 


To divide any right-lined. Figure in two or more 
Parts, which ſhall be, amongſt themſelves, in any 
en Proportion; ; Or, as any Side is divided. 


Fi is the Figure given, to be divided (a 8 into 
three Parts; - as its Baſe, AC, is divided, at E and F. 


Through B, draw HI, parallel to AC; and, from the 
two onter Angles of the Fi igure, draw Lines, Any to 
AB and BC reſpectively, cuting it, at H and I. 

- Through A and C, draw HK and IK, meeting at K; 

= | KN through E and F, draw KD and KG, cuting HI, 

—_ -- at D and G. Then, draw DL and GM parallel, reſpec- 

| tively, to BE and BF, cuting the Sides of the Figure, 

at L and M. Laſtly, draw EL and FM; the Poligon 
X is divided, by thoſe Lines, as its Baſe at E and F. 


Dzu. The Trapezium AH IC is equal to the Figure X. 
For, the Triangle cut off, by the Diagonal AB, is equal 
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AHB, and BIC equal to that cut off by BC ; - 18. 1. El. 
But, HI is divided, at Dand G, as AC, at E and F; 128. 
wherefore, the Trapezia AD, DF, and FI are, between 
themſelves, as AE, EF, and FC, their Baſes; * and, the "ou 1 
the Pentagon ELMBF is equal to the Trapezium DEF G 1 
(for, the Triangle ELB=EDB, alſo, BGF= BMF); Fd | 
conſequently, the Trapezium AL= HE, and M- FJ. 
Therefore, the given Figure is divided, by the Lines EL 
and FM, as AC is divided at E and F, Q. E. F. & D. 


PROBLEM X: 


To divide a Triangle into three que Park by 
Lines drawn from the ſame Point in any Side. 


Firſt, It is required to divide the Triangle ABC, into | | ill 
three equal Parts, from the middle Point, D, in the Side Ac. 1 


AC being biſected, draw BD. Alſo, triſe& AC, at E | "$ 
and F, and draw BE and BF; which divide ABC into 1 
three equal Parts (Pr. 1). Draw EG and FH parallel to | 
BD; and laſtly, draw DG and DH, which divides the 
Triangle ABC as required; i in AGD, DGBH, and DHC. 


: This 9 no Demonſtration, as (by 4 Proceſs) it 
is evident From the preceding Proviews.. 


PE CCC * N 
* 2 


— — 


— ——__— 
LA VP 


* There is no W in the whole Elements Grecly to the 
Point, the iſt of the 6th being applicable to Parallelograms, only z 
bat it may de made manifeſt by the fimilar Triangles HKD, 
AKE, &e. for, HKD: DKG, or GKl,:: AKE: EKF, or FRC; vin. 
23 HD to DG, or Gl, i. e. as AE to EF, or FC. 
W herefore, taking away the Triangles AKE, &c. from 
HKD, &c. there remains the 'Trapezia HE, EG, and GC, in 
the ſame Ratio as the Triangies, VIZ. wt AE, EF, and FC. 
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'F or, the Triangle AGD 1S equal to ABE, and DHC 


to FBC (Ax. 6 and 7. El.); conſequently, the Trapezium 
| DGBH is equal to EBF; that is, each to a third part of 


the Triangle 3 therefore, the Triangle is triſected 
ne DG and DH. 


5 andy. When the Point given 3 is not in the middle of a 


Sick, as at E, Fig. 2. In which caſe, it muſt be firſt 
divided from the middle, as in the preceding caſe ; then; 
Draw EG, and DF parallel to EG, cuting AB at F, 
and join EF. Alfo, draw DI parallel to EH, and join EI; 
EF and EI cut the Triangle ABC, as required, in AFE, 
EFI, and EIC; which 1s alſo evident, from the fore- 
going; in which caſe, the Triangles AGD, DHC, being 


equal, are equal in height. 1.8. 1. El. 


To divide any Figure into three equal Parts, by Lines 


drawn from any- Point in any Side of it. 
Xi is the given Figure 0 Pentagon) and P the given Point. 


adus the given Figure to a Triangle, DBE, equal to it. 
Divide the Baſe, AC, into three equal Parts, at A and C; 
and draw AB and BC, dividing the Triangle DBE into 
three. Draw PB, and AF, CG, parallel to it, PF and PG, 
being drawn, divide the Pentagon i into three equal Parts. 


By the ſame means it may be divided in any Ratio; by 
dividing DE in the Proportion required; at A and C. 


De. The' Triangle DBE is equal to the given Figure; 
and the three Triangles, ABD, ABC, and CBE, are 
equal, between themſelves, or otherwiſe, as required. 
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But, the Triangle BFP=BAP, & BGP=BCP; 1.6. El. 
| wherefore, the Trapezium, PFG= AABC; and conſe- 
quently, the Trap. AF= AABD, and CG equal CBE. 


| Therefore, the Pentagon! IS 8 by PF and PG, 
5 required, - 


PROBLEM XI. 


To divide a Triangle into three equal Parts, by 
Lines drawn from a Point, taken without 1 it. 


ABC is the Triangle to be divided, by two 1 drawn 
from P. 


Divide AC into three equal parts, at D and E. Pr. 11. 1. 
Draw B:) and BE, which triſect the given Triangle. 1. 6. El. 
Draw Pf and PG, ſo, as to make the Triangle AFD 
equal ABD, and EGC equal to EBC (11. 6.); conſe- 
quently, the Pentagon DF GE is equal to the Triangle 


DBE; and the Triangle ABC is triſected, by the two H 
PF and PG, drawn from P. Q. E. F. | 


This Problem i is ſo evident as to require no Demonſtration. 


"PROBLEM MC 
To cut other right-lined Figures into three equal 
Parts, from a given Point without it. 
ACE is the Figure given, to be triſected from the Point P. 


Reduce the given Hexagon to a Triangle, DBG, equal to it. 
Triſect DG, at E and F, and draw BE and BF. 


Produce BA and BC, till they cut DG, e both 
Ways, at H and I, 


Ta 
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| Draw PK, ſo, as to make the Triangle IKL equal to 
BIF (Pr. 11. 6.); alſo (if P be fo ſituated, that a Line 
drawn from P, cuting BE, will alſo cut the Side AB) 
make a Triangle equal to BEH, by the ſamc. * 

The two Lines ſo drawn, from P, will triſec the give en 


Hexagon, ACE. QE. F, 


For, the Triangle BIF was made equal to KIL; where- 
for, BOK LOF; conf. the Trapezium EK=AERF; 
and therefore, the Pentagon KF, is one-third part of ACE, 

And, if BE tends to P, the thing is manifeſt; other- 
wiſe, PB being drawn (as above) the Pentagon KAL will 
be biſected; as is demonſtrable, from the forggoing 


LS av. 


To divide any Quadrilateral in two equal Parts, by 
a Lane rows parallel to any Side. 


If it os a R or other Parallelogram, nothing 
more is requiſite than to biſect one of the contrary Sides, 
and, from the point of N to draw a Line parallel 
to the Side required. | 


It is required to cut the Quadrilateral ABCD ( Tra- 
pezium) having two Sides parallel (AD and BC) into two 
equal Parts, by a Line parallel to either of the other Sides. 


Biſect AD, and BC, at E and F, and draw EF, which, 


biſect at G. Through G, draw HI, parallel to AB, ar KL 
parallel: ro * and it is ana NT. This is _—— 


— 


— 


be If P. happens to be ſo Stuated, that BE tends to it, NO 
more is to be done; bur if a Line, from P, cuting BE, cuts the 
Side BC, it muſt be continued until it cuts AB, produced. In 
which cafe, making a Triangle equal. to BEH, it will be ſome- 
what near, but not ſtrictly true; and, although it is eaſy, by 
another operation, to draw a Line Mong KAL, it is not ſo 
to make it tend to P, as required. 
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When it has no Sides parallel, as ABCD; Fig, 2. and 3. 


Reduce the given Figure to a Triangle, ABE, equal to its: 
Biſe& the Baſe, at F, and draw BF. 
Produce AD and BC, meeting at G; and draw BF, Fig. L 
parallel to CD. Make GH a mean Proportional, be- 
tween FG and AG (1.5.); and draw HI, parallel to AB 
(Fig. 2.) or to CD, Fig. 3; fo ſhall HI cut the Tra- 
pezium ABCD in two equal Parts, as s required. | 


Deu. The Triangle ABE ABCD, and ABF =half ABE. 
But, FG: GH:: GH: AG; and ABG, FBG; alſo, ABG 
and F. BG, are equal in height; wh. GH IF BG, Fig. 2; 

or to ABG. Fig: 3. er AI ABF, half AC. 


PROBLEM XV. 
To divide a Pentagon, or other Poligon, in two 
- equal Parts, by a Line parallel to any Side. 


It is required to cut the given Figure, ABD, in two 
hos Parts, by a Line drawn parallel to the Side CD. 


© Produce the two contiguous Sides, AD and BC, meet- 
ing at E; and, on either of them, as a Baſe, reduce the 
Pentagon to a Triangle, EBG. Biſe& the Baſe (FG) at 
H, and draw BH; alſo, HI, parallel to CD. | 
Make a EK a mean Proportional, between EB and El. 
KL, drawn parallel to CD, will biſe& the Pentagon ABD. 


Dru. The Tri. BF G=Pent. ABD; and, F BH=zBFG, 
equal ABD. HI was drawn parallel to CD; and 
El:EK::EK:EB. But, KL is parallel to HI; con- 
ſequently, the Triangle EKL is ſimilar to EIH ; and, 
the Triangles BHI, BHE, have equal Altitude, where- | 
fore, the Triangle EKL=EBH; conf. BL=BFH; 
that is, the Pentagon BL is equal half ABD. 


— — 
— TY — — 22 9 ä PT" 
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| Therefore, KL, parallel to CD, biſedts the given Fi igure. 
Atter the lame manner, may any other Poligon be biſe ted | 


P 1 0 f l. E 10 XVI. 
To divide a Triangle into any number of l Parts, g 
by Lines drawn Parallel to any Side. 


ABC i is the given Triangle; let it be divided into three | 
equal Parts, by Lines drawn parallel to AB. | 


Triſect either Side, AC or BC, at D and E; Hos BD 
and BE. On the ſame Side (AC) deſcribe a Semicircle, 
and draw EF and DG . to AC, l the 
Arch at F and G. 
Deſcribe the Arks GH and FI; draw K and HL pa- 
rallel to AB; which Lines triſect the Triangle ABC. 


DEM. Cl; is a Mean, between CE and AC; the Triangles 
| CBE and ABC have equal height, and CIK is fimilar 
to ABC; therefore it is equal ro CBE, 1-third of ABC. 

Alſo, CH is a Mean, between CD and AC; ABC 

and DBC are of equal height, and HLC is ſimilar to 
ABC; therefore, It is equal to DBC, i. e. to two thirds 

of ABC; and therefore, AL is equal one-third. 

- Conſequently, IK and HL triſect the Triangle ABC. 


After the ſame manner, a Triangle may be diyided into | | 
any number of equal Parts, or in any Ratio, by n = 
AC in the Ratio required, 


F RK 1 We: NV. 


From a Point given within a Figure, to Aris: it 
into any number of equal Parts; or in any Ratio. 
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P is the Point given, in the Hexagon ABC; from which 
it is required to divide it in three equal Parts. 


Reduce the given Figure to a Triangle, JBH; then, 


|S from the Point given, and on the ſame Baſe, produced, 
make the Triangle EPF equal to JBH. - Pr. 8. 6. 

Triſect EF, at A and G, and draw AP, PG; alſo PD. 

Make DI equal AG; produce the Side DC, draw IK pa- 
rallel to DP, alſo KL to Ph and draw PL. DL is a third 
part of ABC, 

Make DJ equal to DT, and draw IM, dane to AP, 
cuting the Side AM, and draw PM; DM is another third 
part of ABC; and conſequently, MEL is a third un 


Du. The Triangle APG =one-third of ABC, and DI 
was made equal AG; wherefore, DPI APG. P. 1.6:E1. 
The Triangle PKD PID, and PLC=PKC; where= 


fore, ſubſtituting one for the other, the Trapezium 


DL is equal to DPI. 


After the ſame manner, MD may be proved equal to 


DPJ, equal APG; i. e. to a third part of ABC. UE. D. 


N. B. If the Point L falls beyond the Angle, another operation 
will be requiſite, to bring it back, into the Line BL. 


By the ſame proceſs, any Figure, may be divided into 


any number of equal Parts, or in any given Ratio; by 
dividing EF into tlie number of Parts, as required. 


PR OB IL 1 mus 


To divide any Poligon into any number of Parts, in 
any given Ratio, by fimilar concentric. Figures; 


that is, about the ſame Point. 
- OE 


— — oe. A Wn en ene en ——— — ———— = — —— 
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ABD is an irregular Pentagon; it is required to divide 

it into three Parts, which ſhall be, between themſelves, 

35 in the Ratio of two, three, and four; as the Line X is 
divided. Aſſume any Point, as P, within the Figure. 


Draw AP, CP, &c. On any of the Radii, as AP, 
deſcribe a Semicircle, and divide AP in the Ratio as re- 
quired, at E and F; draw FG, and EH, propendicular to 

AP, and join PG and PH. 
Make PI equal PH, and PK equal PG; draw KL and 
IM, parallel to AD, and continue them around the. Fi. 
gure, parallel, reſpectively, to every Side; ſo ſhall the Pen» 
tagons KNL, IOM, be ſimilar to ABD; about the ſame 
Point, C, and be in the Ratio between theraſelves, as 
2; 5, and q. 

The Poligon ABD is Sided as two, three, and four, 
the inner Poligon is two, the middle Border three, and 

the outer one four-ninths of ABD. 


2 4 n . 12 C Ae 05 0 5 
. F ö N „ 2 r # 8 9 5 7 ahh 
i q MPꝶñꝶꝶqꝶ mm! Be red a RI Rs 

2 N . AT n Aae, 28 D p 3 
* 1 JE % "A Pp a.” N 7 ** 9 » * - 


The Demonſtration of this Problem is the ſame as the 
foregoing ; the Triangle APD being divided by Lines 
parallel to AD, in the Ratio of the * X; viz. as two, 
tuhiree and four. : 
Each Triangle, CPD, &c. is divided in the FINN pro- 
portion; conſequently, as any one is divided, taken ſe- 
parately, ſo is the whole, taken colleftively; - 2.5. El. 
therefore, the given Poligon is divided in the Ratio required. 


By the ſame proceſs, it is evident, that any Poligon may 
be divided in any Ratio, and into any number of un 
equal or otherwiſe. 

If the Figure given be a regular Poligon, or ſuch as 
may be circumſcribed by a Circle, touclung every Angle, 
they may then be truly COnCentric, 
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On reducing and enlarging Figures, in general. 
Alſo, from certain Data, to delermine Things appertaining 
| to the Figures they relate 10. 


On a given Line, to conſtruct a Figure, fimilar to 


any Swen right-lined, Figure. 


Firſt; let the given Figure be a Triangle ; ABC. 


N DE to conſtruct a Triangle; ſimilar, and alike 
ſituated, ta ABC. 


At the extreme D, of the given Line, make an Angle 


Pa, equal to CAB, of the given Triangle (4.1.) and, at the 
= other extreme, E, make the Angle DE b, equal to ABC. 
£ Produce Da and Eb, meeting in TF. Poſt. 3. 
The Triangle DEF will be fimilar to ABC. Q. E. F. 


Dru. For, the three Angles are reſpectively equal. C. 5. 10. 1. 


Therefore, the Sides are proportional. P. 4. 6. 
Conſequently, the Triangles are ſimilar. — Def. 1. 6. 


Secondly; let the given Figure be a Trapenizns; AC. 


Draw either Diagonal, as BD; and, on the given Line, 


EG, make a Triangle, EFG, fimilar to ABD, by the 
5 Ky: | 


PROBLEM I. 18. VI. Euclid. 
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firſt; then, on FG, make a Triangle, FGH, fimilar ta 
- BCD; and it is done. 


The Triangle EFG is fimilar to ABD, and FGH to 
BCD; and they are alſo ſimilarly ſituated, each to each, 
reſpectiv ely; therefore, the Trapezium EFHG is fimilar 

0 ABCD. Q. E. F. 


Thirdly; ABCDE is the F given (a Pentagon) and 
ac the given Line. 


Draw the Diagonals AC, AD, BE, and CE, 


On the given Line, ae, make the Triangle abe, fi a 
to the Triangle ABE, in the original Figure, by the firſt, 
Alſo, make ace ſimilar to ACE, and ade to ADE. Join 
be and cd, which compleats the Figure. 


abcde is ſimilar to ABC DE. Q. E. F. 
This method is A from the firſt, of this Problem; for, all 


right-lined Figures may be reduced into right-lined Triangle 
It is demonſtrable from 4. and 13. 6, Elements. 


It may be thus performed, when required larger. 


On AB, or AE, the given Line, deſcribe a Penta- 
gon, Abcde, congruous to the given one; by reducing 
the given Figure into Triangles, as in the Figure, and 
making Abc, Acd, and Ade, reſpectively equal to them. 

Produce Ab, or Ae, and the Diagonals, Ac, Ad, in- 
definite. Draw BC, CD, and DE, parallel to the Sides 
be, cd, and de, reſpeRively ; cuting the Diagonals, and 
Side AE, in the Points C, D, and E. AB CDE is ſimi- 
lar to Abede. | 


After the ſame manner, any Poligon may be eee or 
diminiſhed in any e demonſtrable 4 2. 6. El. 


APPL. This Problem is of great uſe 1n various Profeſſions 
By it we take Altitudes and Diſtances, though otherways in- 
acceſſible; the Surveyor takes his Bearings, and lays down a 
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Plan of the Ground he ſurveys; by ! it, the Mariner plans the ö 0 
Courſe in which the Ship ploughs the Ocean; and the Mecha- 1 
nic plans the Ground, on which he intends to build, &c. ; in 1 
ſliort, it is almoſt of univerſal Uſe, which, to ennumerate, is 1 
not neceſſary in this place. i 

PROBLEM IE Af 

To make a Triangle, equal to any number of Fi- l | l 
gures given, and of any kind; being right-lined. i 
X. V, and 2 are three F igures given; it is required to i 

make a Triangle which ſhall be equal to them all. 8h 
Reduce all the given Figures to Triangles (1 3 b.); and, A | 

if they are not already ſo, make them equal in Le 1 
by 6 and 7. Seck. 6. | i 
Draw AD, indefinite, and make AD equal to the three "tt 

"Baſes of the Triangles X, V, and Z ; as AB, BC, and CD, [| | 
Draw AE, at pleaſure; in which, take the Point E ſo, 1 

that its Diſtance from AD is equal to the Altitude. of the bi N 

Triangles, deſcribed, and draw ED. 4 

Agb is equal to X, and ©; | 4g 

DEM. Draw BE and CE. The Triangle AEB is equal * 
to X, having equal Baſes and equal height; BEC is 0 | 
equal to V, and CE D to Z, for the ſame reaſon; 1. 6. El. i 
th. the Triangle ABD is equal to X, V, and Z. Ax. 2, | k 

PRORL EM MW by. 


To cut off a Part from a Triangle, equal to any 
given Figure; or any portion required, 


ABC is the given Triangle It is required to cut off, 
from ABC, a portion equal to the Pentagon K. 
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Reduce the Pentagon to a Triangle, equal, in . 
to the given one, ABC; make AD, or CD, equal to the 
Baſe, EF, of the Triangle X; and, drawing BD, you have 


done what was required. 


— 


For, whether AD or CD were made equal to Ep, tlie 


Triangle ABD, or DBC; is, e. equal to X, the 


given Figure. 


After the ſame manner, any portion, as half, a third, &c. 
of the Triangle ABC, or any part, whatever, may be cut 


off; by taking AD, or CD, in the proportion required 


to AC, or other Side of the Triangle, and drawing a Line, 
from that Point, to the oppoſite Angle; A, B, or C; as 
is manifeſt, and needs no further Demonſtration. 
Squares, and other Figures, may be reduced, in any 
proportion, very expeditiouſly, and ny, . in an 
manner following. | i 


Let AB be the Side of a 3 or her Figure, given, 
to be reduced a third, or two-third parts; i. e. to deter- 
mine the Side of a Square in that Ratio, to the given one. 


Triſect AB, at 1 and 2; and, from either of the Divi- 
fions, draw a Perpendicular, indefinite, Deſcribe a Semi- 
circle on AB, cuting the Perpendicular at C, and draw 
AC and BO. 

On AC, if a Square, or other Figure, be conſtructed, 

ſimilar to a given one, it will contain a third part of the 
Area; and the ſquare of BC is two-thirds of AB ſquare ; 
and therefore, it is the ſame of any other Figure, the cor- 
reſponding Sides of which (being eder AB, AC, 
and BC. 


1 AB were given, for hs Diameter of a Circle, to be 
reduced a fourth part or three-fourths, in Area; divide 
AB into four equal Parts, as at 1, 2, and 3. At the firſt, 
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on AB deſcribe a Semicircle, cuting it at C; AC and 
BC, being drawn, the firſt is the Diameter of a Circle, 


between A1 and AB; wherefore, a Figure on AC is a 


6B; by * 6. El. 
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the Angle B) by which it exceeds the leſſer ; the remain 
being equal to it. 


. gle (9. 6.). Join BE, and draw FG parallel thereto, cut- 
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or third Diviſion, draw a Perpendicular, indefinite, and 


equal to one-fourth part of the given one, and, BC is the 
Diameter of one, equal to three-fourths, as propoſed, 


The Properties of a right-angled Triangle (ACB) are 
ſo well known, and recur ſo often, as to render a De- 
monſtration unneceſſary. AC is a mean Proportional, 


third part, in the firſt, and a fourth, in the ſecond Ex- 
ample (of the Circle) of any ſimilar Figure whatever, on 


PROBLEM IK 


To cut off, from any given Figure, and from any 
Angle of it, a portion by which it exceeds any other. 


The Trapezium Z, and Hexagon BCE are the given 
Figures; of which Z is the leaſt. 


[t is required to cut off a part, from the greater (from 


Reduce the Trapezium to a Triewslh equal to it. 13.6. 
Produce AE (a Side adjacent to the Angle B) and make 
the Triangle ABF equal to Z, under a given Side and An- 


ing ED, produced (if neceſſary) and draw BG. 3 
The Triangle BGE is equal BFE; and conſequently, 
the Trapezium AB GE is equal to the Triangle ABF. 
Join BD, and draw GH parallel, cuting CD, and drax 
BH, which cuts t the Hexagon as required: the part BY. 
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being equal to the Triangle ABF (equal ABGE) which 
was equal Z; and conſequently; the part BC, cut off, is 
equal to the Difference. 

This Problem is deducible from the - 6d. 8. 7. which 
is evident; for, having reduced the Hexagon to a Triangle 
(as there) the Triangle ABF (in this) equal to Z, is a 
portion to be cut off, in a given Ratio; equal to one, two, 
or more, of the Parts required, in that Problem. 


* 
7 


— 


PROB-LEM:.V. 


To enlarge or diminiſh a Square, or other Figure, 
double, triple, or quadruple ; alſo, fix or eight 
fold, &c. the Area of the other, given one. 


Firſt. ABCD is a Square; it is required to enlarge it; 
that is, to find or determine the Side of a Square, con- 
taining twice, four, or eight times its Area, 


Produce AB and AD, or any two contiguous Sides; 
alſo, draw the Diagonal AC, and produce it, indefinite. 
With the Radius AC, deſcribe the Ark CE; 1. e. make 
AE equal to the Diagonal, AE; the ſquare of AE is dou- 
ble of AD, a Side of the given Square, ABCD. 20. 1. El, 


Again. Draw EF perpendicular to AE, cuting AC 
produced. at E, and make AG equal AF; which is the 
Side of a Square double of AE ſquare, conſequently, qua- 
druple of the given one. 

If GH be drawn perpendicular, cuting AF produced, 
at H; it will give AH for a Side of a Square, containing 
twice AG ſquare, equal to four tines AE, and, conſe- 
quently, * times AD, — 
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By the ſame means, it may be enlarged, by doubling 
iteach time, to 16, 32, and 04 times, &c. infinitely; which 
is evident from, and demonſtrated in the zoth of the 
firſt Book of Elements. 


Secondly. It is required to diminiſh the Square AIHG 
| to Squares of a half or a fourth part of its Area. 
Draw the Diagonal AH; and, with the Radius AG, de- 

ſcribe the Ark GF, cuting the Diagonal. FE being drawn, 


perpendicular to AG, or parallel to GH, is the Side of a 
Square, containing half the Area of the given Square, Gl. 


After the ſame manner (reverſe of che former) it may be 
decreaſed er. | 


Thirdly. It is Sagte to fina the Side of a Square, 
011 triple of the given Square, KB. 


Proceed as before, and find AD, the Side of a Squiate, 

double of KB, whoſe Side is AB. DE being drawn, 
perpendicular, produce KC, cuting it at F; draw AF, 
and make AG equal to AF; which is the Side of a 
. Square, triple of the given one. 


For, KF=AD, and DF =BC; „ AF, an 
AG, is the Side of a Square, equal to the two, on AD 
and DF (20. 1.). But, the ſquare of AD is double the 
ſquare of AB; conſequently, the _ of AG i is triple 
ol the given Square, KB. 


Fourthly. Draw GH perpendicular; make AI equal to AH, 
the Side of a Square ſextuple of KB; for it is double 
"the {quare: of AG, which ; IS triple of the given one. 


F. ifthly, By = Yao Proceſs, ſimilar Figures may be 
conſtrued, double, triple, or quadruple, &c. of any 
- Ben xight-lined Figure, whatever ; for Example: 

8 - — oy 8 — — 4 


— - : = — 22 A Lene Na 
: = . Ee” ICS 1-H Ana as VV IIS : 


— TIE 


9 * —— — 
——— r 
5 . 2 


8 tres A + 


130 PRACTICAL GEOMETRY. 

ABD is agiven Pentagon, which is required to be doubled, 
Produce any -Side, as AD; draw DE perpendicular 

thereto, and equal to AD; draw AE, and make AF equal 

to it; which is the Side of a Pentagon, ſimilar to ABD, 

and correſponding with AD; which is double in Area; 


for, fimilar Poligons are to each other, as the ſquares of 
their correſponding Sides. - Cor.2.13.6.El, 


After the ſame manner, as for Squares, it may be tripled 
or quadrupled, &c. at diſcretion. 


'S - 


| Sixthly. The Diameters of Circles, double, triple, and 
quadruple of a given one, are alſo determinable, by 
the ſame. ; 


C is the Center of a Circle, whoſe Diameter is AB. 


Draw CD perpendicular, and DE parallel to AB; alſo, 
draw BE parallel to CD; then, BCDE is a Square. 
Draw CE, a Diagonal; and, with that Radius, deſcribe 
2 Circle, which will be double the Area of the given one. 
Make CF equal to the Diagonal, CE. | 
FG being drawn, parallel to BE, cuting DE, produced: 
CG is the Radius of a Circle triple of the * one; and 
thus it may be enlarged, at pleaſure. 
| For, the Areas of Circles are, to each other, as the 
n of their Diameters, or Radii; by Cor. 1. 14. 6. El. 


PROBLEM Vi. 


To find the Side of any 1 Figure (f6imila 
to a given one) which ſhall be to the Siren Figur 
in any proportion required. | 


| Let AB be the een Line, or Side of the given Figute 
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It is required to find the length of a Line, for a correſ- 


| ponding Side; on which, if a ſimilar Figure be conſtrued, 


its Area ſhall be to the given one in the Ratio of 34 to 1. 


Produce the given Line, AB, indefinite. Make BD equal 
to 31 times AB. Biſect AD; and, on C, defcribe a Semi- 


circle, or the Ark AE only. At the Point B, draw BE 


perpendicular to AB, cuting the Ark at EI BE. is the Line 


| ſought, .. 
Dru. BE is a mean N between AB and BD. 7. 6. 


Wherefore, the ſquare of AB, to the ſquare of BE, is 
duplicate of AB to BE. -- 12.6. EL 
i. e. their Ratio, or Proportion to each other, is as AB 
to BD ; and all'fimilar Figures are in the ſame Ratio, AS 
the Squares of their correſponding Sides. C. 2. 13. 6. 


By this Problem, any finke-lined Vigmas whatever, may be 
nel or diminiſhed 1 in any Proportion. e. g. 


"= you would decreaſe i it a fifth, a fourth, a third, or a half, &c. 
make BF to AB in that Ratio; diſect AF, 3 deferibe the Semi- 
circle AGF, cuting the Perpendicular BE on the Point a in G; 
and BG 1 is the Line ſought. 


Hence, the Ratio between any two Figures may bo known. 


For, having FO the given Figures to Squares; i. e. hav» 


ing found the Side of a Square, equal to each Figure, reſpec- 


tirely, make AB and BE l 1 11 to them, and forming 
a Right angle, ABE. 
Produce AB or EB, indefinite; join AE, and make AED, or 


EAH, a Right angle; 1. e. draw ED, or AH, perpendicular to 


Ak, cuting AB, or EB, produced, in D or H. 


Then, as AB is to BD, or, as HB to BE, ſo is one Figure | 


to the other ;—by Cor. 1. 13. C. El. 
For, the Squares of AB and BE are, reſpe&tively, equal to them. 


N. B. If the Figures, whoſe Ratio is required, are fimilar, 
make AB and BE, reſpectively, equal to, or in the Ratio of any 
two correſponding Sides, and proceed as above. 

8 2 


— ee —k—— 
N * : Nr ere 


* 
= 
/ * 
& 
U "4 
"4 

1 

1 
1 

FF: 

7 

1 * 

i 
4 

. 

2 
f * 

i —- 
: 1 
1 
7 . l 

19 
1 
1 
7 o 

1 
1 "4 
: ; 
1 

113 
4 
1 
. 7 1 

— 4 3 
11 = 
1 

E 
i 5 

1 
$ i 
S 
1 n 
;: 

+ 

. FIY 

} 

» = 1 
1:2 B 1 
| * ip 
; 3 

1 
„ 

3 
: 5 j 
k 1 

— 1 
* 2» 3 
© = , 
5 *F $ 

D 

: 19 

3 J 
C : K 7% 
: 335 
1 1 
© 18 
- {1B 
3 
1 ! 
. 
| * 4 
iy * 
+1 2 
i 4 
- = 
1 
1 
EX 
{ Sho 
4 

iN 

14 

* 

- 

5 
| j 
+ 50 
14 1 
1 
vs; 4 
1 

5 4; 
=: 
1 9 = © 

* 4 

* £% nu 

= 3 
x - 3 
TS ; 
—_ 
: * 

1 
4 3 
i 
19 55 
4+ 4 5 
1 FL 
: 

i *-4: 

i IM þ 

/ * : 

= . 7 
 Þ 
1 1 
.* 
dy 1 7 
1 
1 
: 
1 
1 

2 
Y 
© | va 1 
Kee 

ab 
5 
4 6 
'E, I : 
=_ 

19 : - 
', = 
17 n 

_ 
| ' = 

_ - 
f 2 
i . 
fl 7 
5 
14 1 

74 | 

! if 

—_— 

- = 1 

.T 
*. 
* 
1 7 
5 
2 1 
"4 
"7 Ke 
4 9 
* 1 
F<} 
43% 
W255, 
0 # 
ou 
* 
9 
1 
+! 
7 BR! 
7901 
. 1 
1 
1 
1 
N 4 

+3 + 
1 * : 
; g y 
: MI 

1 

1 

4 1 

* 1 

11 

+] þ 2 

4 l 

14 1 
1 4 

: 4 

1 5 

I 

1 

: rH 

/ 75 

1 $S 

[ 2 
vt 
1 i 

. * * 

* 
14 
1 

1 8 
4 8 

iT 49 
be. . 

# þ 

_ 1-18 

+ *Y 

5 — 11 

i * 

9 

11 

. 
I I 
: 


o 

— — — 

— 4 — — 
— — — 


132 PRACTICAL GEOMETRY. 


| Two Figures being given; to enlarge either of them 


PR OB L E M VII. 


Jo, as to be equal to both ; that is, to find A cor- 


"reſponding Side of a Figure, ficailar to either, and 


equal to the Sum of both. 


Az and X are the given Figures. It is required to de. 
termine a correſponding Side with AB, of a 8 


ſimilar to ABC, which ſhall be equal to them both. 


Reduce both Figures to i ABD and RST. 


equal to them (13. 6.), and (by 9. 6.) make the Triangle 
BED, on the Side DB, and Angle DBE, equal to RST. 


Make AF a mean Proportional, between AB and AE. 1.5. 
On AF, if a Pentagon be conſtructed, as AFI, fimi- 


lar to ABC, it will be equal to AED; which is equal 


to the two: 'Biven: Fiir, ** Conſtcuction. Q. E. F. 


| "IAG ABD is _ to ABC, : and BED t to RST. by Con, 


— ABD: AED: AB: AE; i. e. as ABC to the year aan 


tagon AE His ſimilar. to ABC; conſequently, equal to AED. 


Cee aps 


wherefore, AED=ABC+RST, equal X ; and, as 
ABD, BED, have a common Angle (5) inſiſting on 
the ſame Right line, AE, they have that proportion to 
doach other, as AB to BE (18. 1. ); and conſequently, 


6 8 


| But, AF is a Mean, bidet AB and AE; and, the Pen- 


For, the Areas of all fimilar Figures, are in the dupli- 
cate Ratio of their "correſponding. Sides, AB, AF; and, 


AB:AF;: AF; AE; Wh. ABC: AFH::AB:AE, P. 13.6. El. 


But, the Triangles ABD, AED are as AB to AE. above. 
Th. the Pentagon AFH= A AED, equal ABC X. Ax. 5. 5. 


7 
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PROBLEM VIII. 


Two Figures being given 4 to reduce ha ron to 
a fimilar one, by ſo much as ir ercecdt the other. 


# 


"ABC and Z are 4s two given Figures, a as in the 11 


going. It i 18 required, to reduce the ra ABC, by 
how much it exceeds the Hexagon, Z. f 


Having reduced both” Figures to anos; * EL 
make DBE equal to RS T, equal Z. 2 Pr. 9. 6; 
Make AF a mean Proportional, between AE and AD; 1. 5. 
and draw FG parallel to BD, cuting AB at G. Deſcribe, 
on AG, the Pentagon AG, ſimilar to ABC. - Pr. 1. 

AGH will be equal. to ABE, the Exceſs of ABC t to Z. 


Dem. The Triangle ABD= Pent. ABC; «6 DBE to Z; 
and, AF is a Mean, between AE and AD; by Con. 
wherefore, the Triangle AGF, being fimilar to ABD, 
is equal to ABE, by Lemma to 10. S. 6. 

But, ABD AC, and DBE to RST, equal Z. Con. 
therefore, the Pentagon AGH AAGF, equal ABE, 
the Exceſs of ABD to DBE; i.e, of ABC to 2. 

1 5 For, AG: AB:! AF: AD; and, the Tria angle AGF: ABD 

: AE; AD (12. 6. El.); and therefore, AG is the. correſ- 
Pasa 805 with AB; on which, a Figure ſimilar to ABC, 
being conſtructed, is in the, Ratio required. QE. D. 
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To find the Side of a Saure, equal to any Veanbef 
| e Squares, given. 8 


"an X. XL and Z be the Sides of three given Squares. 
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It is required to find the length of a Line, on which 
if a Square be CORE, it ſhall be equal in Arca to al 
the three. . 7 15 | | 


Make a Right angle ABD (Pr. 7. 5 "From the Angle 
B, take BA and BC, equal to any two of the given Lines, 
reſpectively, as X and V, and join AC. 
The Square of AC is equal to the, two Squares, of AB 
and BC, or X and Y. P 20.1. El, 


Again. Make BD equal AC, aid BE 8 A de 
_ ED, which! is the Line „ | „ 


De M. For, ED Guards two 8 of EB and BD. 
But, BD=AC; and AC ſquare=AB+BC ſquare. 
Wherefore, ED ſquareZ=ABDo +BCo +EB ſquare. 
Te. ED ſquare=the three Squares, of X, Vand Z. -20.1, 


APPL. By this uſeful Probleta, Quantities may be increaſed | in 
any Proportion at pleaſure. 
X By means of this Problem, Carpenters form a Right angle, 
in framing Timber, &c. For, having made AB equal 4 15 cet, 
and BC equal three; then, if "WY. Js 5 955 ABC v4 
Right angle. 


- Mo Bx The Numbers 3, 4 4 66h; 5: > eignen 8 
by any one Number, at pleaſure, produce the ſame effect. e. g. 
If AB be made 6 org feet, and BC equal 8 or 12 feet; then will 
AC be equal to 10 or 15 feet, if the Angle ABC be a right one. 
For, the Square of 9 is 81; and the Square of 12 1s 144, 
added to 81 is 225; equal to the Square of 15. 20. 1. El. 
When the Timbers are long, it is neceſſary, to apply greater 
meaſures; which will give the Ange with greater AE. 
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Cor. Hence: a perpendicular may be drawn, very readily, 
at the extremity of a Right line; 15 a Scale of equal Parts. 
As BD, perpendicular to AB. e, E. 


Take, by any Scale, 3, 6, 9% or 12 wat Parts, which, 
ſet off, from B to A; at which . MA Perpendicular to 
AB is required. | 

Then take, for 8 8, 12, or 16 Diviſions, off the 
ſame Scale; and, . one Point of the 3 in B, make 
a ſmall Ark, at D. IR: | 
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By the ſame Scale, take 5, 10, 15, or 20 equal Parts, and 
with one Point of the Compaſſes, at A, croſs the former Ark, 
at D, and draw BD; which will be perpendicular to AB, 

For, the Square of AD is equal to the two W of AB 


and BD, added together; by 20. 1. El. 


By the ſame, the Side of any right-lined Figure, what- 


ever, may be determined, which ſhall be equal to any 


number of ſimilar Figures, given, equal or otherwiſe. 


Or it may be as elegantly and readily performed, thus. 


Z is the given Figure; and V, X, and V, the Sides of 


three other Figures, fimilar to, and correſponding with 
the Baſe of Z. 


Draw BC perpendicular to AB, the Baſe; make BC 
equal to V, and draw AC. Make CD perpendicular to 


AC, and equal to the Line X; draw AD, and DE per- 
pendicular, equal to V, and draw AE. On AE, if a Pere 


tagon be conſtructed, ſimilar to Z, making it the correſ- 
ponding Side with AB, it will be equal to four ſuch, 
on AB, V. X, and > 


Dru. Becauſe ABC is a Right angle, ACQ=AB+BCn; 


for the ſame reaſon, ADOQ=AC+CDa; and AEG 
=AD+DE 6; conf. ADQ=AB+BC+CD+DE as; 
i. e. equal to the Squares of AB, V, X, and V. 20. 1. El. 
But, all ſimilar Figures are, to each other, as the 
Squares of their correſponding Sides. - Cor. 2. 13. 6. El. 
Therefore, the Pentagon conſtructed on AE, being 
ſimilar to Z, is equal to Z and three other, on V, X, and V. 


Buy the ſame means, a Circle may be deſcribed, i. e. the 


Diameter of a Circle may be determined, which * be 


equal to any number of given Circles. 


V, X, Y, and Z, being the Diameters'of four Circles. 
By the ſame conſtruction, as before, AE 1 is the Diameter 


ſought, of a Circle equal to The four given Circles; as is 


maniteit, 
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W956. PRACTICAL GEOMETRY. 
| | For, the Areas of Circles are, alſo, as the Squares of 
| their Diameters; the ſame as the Diagonals of fur 
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right-lined Figures, or as their correſponding Side. 
Cor. 1. 14. 6, El. 5 


— 


Therefore, the Circle, whoſe Diameter is AE, is equal 
to four Circles, whoſe Diameters are equal to V, X, V, and Z. 
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To divide a Square into any number of Squares, in 
any Ratio required. 
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Divide AB, a Side of the given Square, in the Ratio re- 
quired, at C and D; viz. as two, three, and four, 


Deſcribe a Semicircle on AB, and draw CE and DF per- 
pendicular to AB, cuting the Cxrcumference at E and F. 
Make AG equal to CD, and draw GH perpendicular; 
draw the Chords AE, AH, and BF, which are the Sides 
of Squares in the proportion required. : 
Draw BE, BH, and AF. 


Dem. The Angles AEB, AHB, and AFB, are all Right 
Wherefore, the Chord AE is a mean Proportional, be- 
tween AC and AB; conſequently, a Square on AE is 
to the given one, as AC to AB, i. e. as two to nine. 
And, the ſquare of AH is to the given one, as AG to AB. 

Alſo, BF is a Mean, between AB and BD; wherefore 

the ſquare of BF is to the gi ven one, as BD to AB, 4 to 9; 

that on AH as three to nine, and the firſt as two to nine. 

But, two, three, and four, are to nine, as nine is to 
nine; therefore, the three Squares, on AE, AH, and 
BF are, together, equal to the. Jquare of AB, Ax. 1. 5. 


= wy - ax © 
N We f * 
— — — — 


won | "0 \ * @ G 
. a * — K — 8 — ID _ — 
. ͤ öl... &Ui! Tens wn 


—ꝓ——— I. 


—— 


n — — — — — — r — — erm — — ˙ — —— 


N 7 n 9 8 fy N » Taper: p 
DD LES OM, Ä ²˙ —ͥg ee Maeda CER ed i Frere abs Fen ade! "ape. TH ANTS; , 
„ * . h T r Ny ©. 15 * 
{3 2 5 „ ee FFC. EI om ENG DT. EE ORR FFV 3 e n 


Stet. VIII. PRACTICAL GEOMETRY. 137 


Thus may any right-lined Figiivh, whatever, as well as 
Squares, be divided into any number of ſimilar Figures, 
in any proportion to the given one, and to each other; 
dividing any icke in the Ratio e 


Note. if there are font: or more . ; all the 1 interme- 
diate ones muſt be transfered to one Extreme or the other, as 


fin this Example) CD is transfered to AG. 


PROBLEM. Xt. 


To find the Side of a Square, equal to the Difference | 


between two given Squares. 


* and Z are the Sides of the given Squares. 
rz AC indefinite; in which; take AB equal X, 


and BC equal Z. Make ACD a Right äugle, drawing 


CD, indefinite. On B, with the Radius AB, deſcribe 
the Ark AED, cuting CD at D; CD is the Side of a 


Square, equal to the difference between the ſquares of AB 
and BC, or X and Z. Draw D a 


Dex: BD (equal AB, equal X) is the -(Hypatheanſe of 8 
the right-angled Triangle DC B; the ſquare, of which, 


is equal to the ſquare of BC + ſquare of CD. by 20. 1. El. 
Conſequently, BD (equal X) ſquare, egen BC (equal 
E) . by the 1 M 


PROBLEM All 


W The Sum of the Side and Diagonal of a Square 


being given, to determine themiſeverally. 
Ag is the meaſure given, whick is ſuppoſed to be equal 


to a Side and the Diagonal of a Square, im ore Sum; it is. 
required to divide AB, ne each, fevera ll. 
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138 PRACTICAL GEOMETRY. 
Deſcribe a Semicircle on AB, the Sum given; and, 
from the Center, draw CD, perpendicular, cuting the 
Arch at D. Biſect AC; and, with the Radius DE, de. 
ſcribe the Ark DF, 1. e. make EF equal DE, and draw 
DF, which is equal to the Diagonal; the Difference be. 
tween DF and AB is, conſequently, equal to a Side of 
tlie Square; for, AB is the Sum of them both. 


Or, it may be thus performed, and demonſtrated. 


Make a Right angle at either Extreme of AB, as ABC; | 
make BC equal to AB, and draw AC. | 
On C, with the Radius CB, deſcribe an Ark, ir 
B, and cuting AC at D. Draw DE perpendicular to AC, 
cuting AB as required; for AE ts the Diagonal, and EB 
a Side of the Square. 
AD, the Difference between the 8 AC, and 
AB, as the Side of a Square, is the Side of the Square 
ſought; of which, AB, is the Sum of both. 
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Du. 3 ADE is a Right angle, and DAE half right, 
_ equal AED; conſequently, the Triangle ADE 1 is I ol. 
celes, and AD is equal DBE. 

But, EB EP; for they are Tangents to the Circle 
of which OD is Radius (C. 2. 16. 3. El.); wherefore, 
AEO Sg EB; for it is equal to ADO +DE ©; and 
therefore, AE is the Diagonal, and EB i is the Side of 2 
Square, AB being the Sum of both. 


To determine them arithmetically. 
Extract the 8 Square root of twice the ſquare of the 
Sum, and ſabtra& the Sum from that Root; the remainder 
3s the Side requifed (AC-AB=AD); which being ſub» 
trated from the Sum given, the remainder is the Diagonal; 
AB— —AD=AE., For, enen, 1. e. to 
twice EB ſquare. 
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P:R O BL. E 


The Difference between the Side and Diagonal of a 


Square being given; to determine both. 
AB is the Difference given; how to determine them. 


Make ABC a Riglit angle, and BC equal to AB. 9. Th 
Draw AC, and produce it, indefinite; make CD equal 
to CB, equal AB. Produce AB, and draw DE, making 
ADE a Right angle. AD is a Side, and AE the Dia- 
gonal of a Square, of which, AB is the Difference, given; 
as is obyious from the Figure ; which is the ſame as the 


foregoing, differently poſited, and from which * De. 


monſtration is evident, 


Dem, The Triangle ABC being Iſoſceles, right-angled 
at B, and CD was made equal to CB; and, the Angle 
ADE a right one; conſequently, the Triangle ADE is 

' ſimilar to ABC, and DE is equal to AD. P. 9. 1. El. 

Alfo; becauſe CN=CB, and the Quadrilateral BCDE 


is right angled at B and D, BE= DE; for, CE being | 


drawn, the Triangles BEC, CED are congruous. 


Therefore, AB is the Difference between DE (equal 


AB) a Side, and AE the Ra of a Square, which 
were 1 to be determined. 


They may be thus determined, arithmeticauy. 


To the Difference given, add the Square root of double 
the ſquare of the Difference, for the Side (AB + AC=AD); 
ſqyare the Side found, double it, and extract the Square 
root, which es AE, the Diagonal. 20. 1. Kl. 

oy 2 | 
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PROBLE M XIV. 


The Hypothenuſe and the Area of a right-angled 
Triangle being given, to find the Sides containing it. 


Z is the Area given, and AB the Hy pothenuſe. 


It is immaterial | in what Form or Figure the Area js 
given; as Z, let it bc reduced to a Rectangle, RS. 3: 6. 
Double RS; as RT. 
Find another Rectangle equal to RT, the W IS of 
Sele Side being AB (5. 6.) Deferibe a Semicircle on AB, 
| and draw a Perpendicular from C, the Center. | 
Make CD equal T U (the other Side, found, ofa Rea. 
angle equal to twice Z). Draw DE. parallel to AB, cut· 
ing the Arch at E; draw AE and EB. | 
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AEB i is the Triangle required, whoſe Area i 1 equal to Z. 


Du. AEB 18 a Right- -angled Triangle (12. g.) whole 
Area is AC x CD, half AB xCD. But, AB x «CD is | | 
equal to the Rectangle KT, which | is double Z; Con. = 
| wherefore, AC XCDS2,. the given Area; and it is 
the Area of the Triangle AEB. „5 
Draw CE, and EF perpendicular to AB. 
Then, CE _EF SC: and ACA CFS AF. 
But, AFN ＋EFHSAE N; and AB AEN SBE ©. 
Conſequently, the LI roots, AE and EB, are thy 
Sides required. 
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7. ek Ioſce! 285 e Triangle (AGB) whoſe Hy- 
pothenuſe, given, is AB, has the largeſt Area poſſible. | 
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The Area and the Hypothenuſe being given, in Num- 
bers; how to- find t the Sides a the 898 angle, | 
arithmetically, 1 
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Srer. VIII. PRACTICAL GEOMETRY. 
Double the Ares given, and divide it by the a 


nuſe; it gives CD. For AB CD is double the Area of 


AEB (19. 1. EF). Square half the Hypothenufe (AC, 
equal CE); ; from which, ſubtract the ſquare of CD (eq. EF ); 
tle Square root of the remainder gives CF; which added 


to half the Hypothenuſe (AC) gives AF, Square AF 


and EF, and add them together, the Square root of which 
is AE, one Side: AF fubtracted from AB, gives FB, 
the ſquare of which, add to EF ſquare; extract the Square 


R 


root, we have BE, the ather Side. 


1 
14 


1 PROBL E M XV. 


| biber Segment of the Diagonal of a Reftuogiey 


made by a Perpendicular from an Angle, being 
given, together with the continuation of the Per- 


pendicular to the oppoſite Side; to determine 
the Sides. 75 


AB; is the whole Bae which is cut by a Perpendi- 


' cular, at C; and Z is the continuation of the Perpendicular, 


Firſt; AC is the Segment given, to determine the Sides. 


Draw CD perpendicular to AB, and produce it in- 
definite, on the other Side; 1. e. make ACD a Right 


| angle, make DC equal Z, and produce DC. Draw AD, 


making a, right-angled Triangle. - 5: .» on 

Make DAE a Right angle; AE, cuting DC produced, 
is one Side; make AEB a Right angle, cuting AC pro- 
duced at B; E; is the other Side of the Rectangle, required 


This is obvious from the Conſtruction, the Angles at 
A and E being Right; conſequently, as AB is a Dia- 
gonal, AE and EB are Sides of a Rectangle, of which 
it is the Diagonal. | 
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In this Caſe, it is but to find two third Proportionals 
as by the firſt method of Pr. 2. S. 5; firſt, to CD and AC, 
then, to AC and CE; that is, to continue a progreſſive 
Proportion, to CP and AC, to four Terms; the two (CE 
and CB) ſo determined, give the Sides of the Rectangle. 

For, CD: AC: CE: CB; wherefore, if the other Seg- 

ment, BC, were given, it is but to find two mean Pro- 
portionals ( AC and CE) to BC and CD, | 


AC and CD being given in Numbers, the Sides gre 
determinable, by a geometrical Progreſſion, in Numbers. 

For, ACO+CDoD=ADn ; conſequently, the Square 
root of AC and CD {quare, in one Sum, givgs AD; alfo 
the Squares of AC and CE being added together, in one 
Sum, the Square root gives AE; and, the Square root of 
CE and CB ſquare, in one Sum, gives EB. | 


It muſt be obvious that, from either Segment # a Dia- 
gonal given, the whole is determinable, as well as the 
Sides; being the Sum of the 1ſt and 3rd Terms, AC and 
CB, in geometrical Progreſſion ; CE being the Mean. 
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or ſo proper to conclude this Work with. I have re- 


PRACTICAL 
6 E O M E T R 


"'SECTION N 


On geometrical Projection, applied to the Five regular 
Solids, or platonic Bodies. 


A the three laſt Books (13th,. 14th and 15th). of 
Euclid treat, wholly, of the five regular Solids, for 


the ſole inveſtigation of which, it is ſaid, he compiled 


his Elements; I eonceived that a clear Deſcription, and 
geometrical Conſtruction of them would be acceptable to 
the Public; either as a regular Section, or an Addenda to 
this practical Treatiſe. For, although I cannot perceive 


quite ſo much Divinity in, as the Antients atributed to 


taem, there is, nevertheleſs, ſomething extraordinary, and 
worthy to be known, in their Conſtruction and Projec- 
tion; and ſtill more in their Properties, and tlie Propor- 
tions of one to another, which runs through the whole; 
inſomuch that, I could not deviſe any Subject more fit, 


ceived great pleaſure, and ſome advantage, from my own 
ſtudy and contemplations on them; therefore, have no 
doubt of their being well received by the Public, as I have, 
no knowledge of any ſmall Tra& which treats on them, 


at all; but, to do it familiarly, and ſatisfactor i, is not 


to be done in a curſory way. 
Net 14 
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4% GEOMETRICAL | PROJECTION, 
In ſome Treatiſes on PerſpeQive, they have beet; 


| handled rather elaborately, eſpecially by Highmore; as if 


no fitter Subje&t could be found, for diſplaying Perſpective 
on: But, although Brook Tayler himſelf has ſet the Pre- 


cedent, I can by no means think fo; being w ell aſſured, that 


(excepting in the Principles) there are other Objects far pre · 


ferable. Indeed, none but Hamilton has confideted their 
Properties, and Affinity to one another, or conſtructed 
them geometrically (nothing more being neceſſary towards 
delineating them per ſpectively, than the Figure and the 


inclination of one Face to another) ſo that; but little 
knowledge of cheir Properties can be obtained from! thoſe 


Works. And, excepting Dr. Barrow, 1 believe no mo- 


dern Geometrician has favoured us with them, from Eu- 
clid; and very few, I am of opiniotr, give. much ta: 
ton to them, as treated by him. 

The delineation and inveſtigation of the reptar Solids 
are not only and merely amuſing, but T am well convinced; 


| that they are of great utility to the practical Geometrician; 


and eſpecially to the Meaſurer, of ſolid Bodies. 1 adviſe 


the young Student, therefore, to make himſelf familiar with 


them, by delincating them in various Poſitions, and Situa- 
tions to the Plane of Projection; ; for, although it be'only 
by way of amuſement, at firſt, he will find ſomewhat more 
than entertainment to the Mind, mofe advantage to re- 
ſult from an intimate acquaintauee 4nd familiarity with 
them, than he imagined. 1 ſhall therefore fay no more 


by way of Preface, or Preamble ; for, without a propen- 


ſy in the Student, all that can be ſaid here, to recom- 
mend the ſtudy of them, will avail little or nothing : Being 
treated familiarly, thereby rendered facile, i is the beſt recom- 
mendation, of which, each Perfori will Judge fot himſelf, 
T have done tlie beſt 1 can, to mike them underſtocd; ; 
and doubt not, by giving tlie attention requiſite, that 4 
competent knowledge of all that is eſſential in chem may 


1 ſoon be acquired, 


—ͤ—Ü—̃ ꝰ . — 


cp — 


* 
* 
- 
* 
1 i 
: 7 
d 
* 
* EPL 
» wh 
PX 4 — 
= 
A 
«5 . 
P 
5 
— 
* * 2 
if - 1 
* — 4 1 : 
L * * 
6 
* 4 
: - "2 
> 4 
- Og 
N aww Ce 
4 p 
* 
+ _ . 
> 4 1 


rr 22 . * 


1 * 
n 
aner 
es 


— 


Srer. IX. OF THE REGULAR SOLIDS. © 145 


A REGULAR SOL1D is one whoſe Faces are all equal 
and fimilar Figures, and equally inclined to one another, 
whoſe Angles would be all in the Surface of a circum- 
ſcribing Sphere; or, a Sphere being ſuppoſed to be in- 
ſcribed, it would touch every Face in its Center. 

No more than three ordinate Figures can form a re- 
gular Solid; viz. Triangles, Squares, and Pentagons; of 
the five, three are equilateral Triangles, one of Squares, 
and one of Pentagons. For, as by the 12th of Book 75 
all the plane Angles, forming a ſolid Angle, are neceſſarily 
leſs than four Right angles; conſequently, no other or- 
dinate Figure can form a ſolid Angle. Becauſe, the Angle 
of a Hexagon being equal to two Angles of an equilateral 
Triangle; viz. 120 Degrees, and three times 120 is 360 
equal four times 90, i. e. four Right angles; therefore can- 
not form a ſolid Angle. And it is evident, tlrat not leſs 
than three plane Angles can form a ſolid Angle (Def. b. 7); 
wherefore, a ſolid Angle may be formed of three, four 
and of five equilateral Triangles (being each of 60 De- 
= grees) one leſs than three hexagonal Angles. Three 
= Right angles form a ſolid Right angle; and the penta- 
gonal Angle, heing 108 Degrees, three of them make 
324, which is 36 leſs than four Right angles (the largeſt 
pf all); fo that, it is manifeſt, no more than five regular 
& Solids can be formed. | 


DEFINITIONS or Tn SOLIDS. 
Dr. I. The firſt is called a TETRAED RON“. It is 


a Pyramid formed of four equilateral Triangles ; having 
as many Angles, and fix Sides. Each Side being come 


nr 


— — 


* This Term, I think, is improper; for, as all the reſt are 
By called by the number of their Faces (this only is not ſo, but by 
= the Angles of a Face) I think it ſhould have been termed a 
Vai. a, or Puadracdron, > | 
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mon to two Faces (their mutual Interſection) conſe- 
quently, as each Face is bounded by three Sides, and four 


times 3 is 12, balf of which is the number of Sides of 


the Solid; and thus, the number of dides 1 in each Solid 


may be aſcertained. 


II. The 1 called a HEXAED RON. It is a Cube, or 


Parallelopiped, compoſed of ſix Squares, all at right angles 
with each other, ſave the oppoſite ones, which are 28 
rallel. See Def. ꝙ and 10. 7. El. c 

The Hexaedron, having ſix Faces (each bounded by four 


Lines) has twelve Sides and eight angles; for each Side 


has two Extremes, and three terminate in each Angle; 
conſequently, the Angles are to the Sides as two to three, 
eight being two-thirds of twelve. 


III. The third is called an OcTAatproN. It is two 
quadrangular Pyramids, whoſe Baſes are Squares, which 
do not make a Face of the Solid; for they are equilateral 
Triangles, eight in number, and conſequently it has 
twelve Sides (the ſame as a Cube) though but fix Angles, 
| half the number of Sides; becauſe four Extremes are in 


each Angle. 


IV. The fourth is called a DoDECAEDRON ; having 


twelve Faces ( Pentagons) cach being bounded by five Lines, 


it has therefore 3o Sides, and 20 Angles ; three Sides ter- 
minating in each. This does not come within any Defi- 
nition of a geometrical Solid. 


V. The fifth, and laſt, is called an IcosAEDROx. It 


has twenty Faces (equilateral Triangles) and conſequently, 
thirty Sides, the ſame number as the Dodecaedron, though 
but twelve Angles, becauſe, five Sides terminate in each 


Angle; therefore, they are, in number, to the Doe, 28 


ewo to five; 12 and 30. 
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This Solid forms as many pentagonal Pyramids, as it 


has Angles, but not ſo many diſtin& ones; for, each has 
two Faces common to each contiguous Pyramid, or it 
muſt have ſixty Faces; three times the number it has. 


Vi. TuE PLANE: OF FRN 
IN this laſt Section, I have ſhewn how to project, 
that is, to delineate or draw, geometrically, the five 


Solids, in plano, or on a Plane, in various poſitions 
to the Plane; which is called the Plane of Projeftion. 


VII. The Plane of projection may be either horizontal or 
vertical; being horizontal, the Projection thereon is called 
the Ichnographic Projection, the Plan, or Seat of the Object 


projected thereon, by Right lines, perpendicular thereto, 


from every Angle of the Object; as abedef, No. 1. 
The Lines Aa, Bb, Cc, &c. taken collectively, are 
called the SYSTEM of projecting Rays. 


VIII. When the Plane of Projection IS ; upright; as 
No. 2; the projecting Rays, Aa, Bb, &c. being perpendi- 
cular to it, are then horizontal; in this caſe (which differs 
in nothing from the former, but the poſition of the Plane 


to the Horizon; for, by turning them, either becomes the 


other) the Projection is called Orthographie; which ex- 
hibits the Elevation of an Object above the Ground 
Plane; yet, it is the Seat of the Object on that Plane. 


N. B. The Seat of a Point on any Plane (if it be not in the 
Plane) is the Point in which a Line from the Point, perpendi- 
cular to the Plane, cuts it; as a, of A. And the Seat of a Line, 
not in the Plane, is a Line joining the Seats of its Extremes; as af, 
of AF. abf is the Seat of the Face ABF, on the Plane X; 
and alſo on the Plane V. The Lines AB, BC, Kc. which 
bound the Faces of a Solid, are the Sides of it. 


When the Projection is made by a Plane cuting the | 


Obje&, perpendicular to the Horizon, or the Plane on 


which it reſts, it is called a SECTION ; which may be 
| | | U 2 
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made variouſly; but moſt generally, it is perpendicular 


to the Faces which are cut; or through the Sides (com- 
mon to two Faces) or both, frequently. 


Theſe Preliminaries being ſettled, which are neceſſary 
to a clear underſtanding the different kinds of Projection, 


we now proceed to ſhew how to project Solids on a Plane; 


. exhibiting the three Dimenſions, of length, breadth, and 


thickneſs. 


I. 
A Side being given, to deſcribe the Ichnography of 
a Tetraedron ; its Seat on a horizontal Plane. 


This Object being bounded by four equilateral Tri- 


angles, it muſt neceſſarily reſt on one of them; therefore, 


nothing more is requiſite, than to take the given Line AB 


in the opening of the Compaſſes, and, with that Radius, 


make an equilateral Triangle, ABC (Pr. 14. S. 1.) which 


is the Seat of a Tetraedron. 
Find D the Center of a circumſcribing, or an inſcribed 
Circle (Pr. 3 or 4. 4.); from which, draw Lines to each 


Angle, DA, &c. D, being conſidered, as the Vertex of 


a Pyramid, elevated out of the Plane, of its Baſe; and A, 


B, C the Seats of its Angles on a Plane, or the Angles 


themſelves. 


AD, BD, and CD may be conſidered as the three Sides, 
from the Baſe to its Vertex, and ADB, &c. the three ele- 
vated Faces projected on the Plane of its Baſe; which is 
the Figure it exhibits to an * 3 over the 
Vertex. 


IS 


ee R N FFF ²˙ꝛü ⅛ ͤü:tlt⁊· ¼ . ²˙ ES Seb 4 * 
„ FG t N wi IH . e 3 . (Lp Ep eh 8 NS 8 n 
n 55 F 2 o 5 W 2 P by 
om SST re 3 ee CR Is 194 2 Vo 2 A FRIES xn ITS TO OE ELL] 


2 
ES 
2 
Ke 
824 
Bet 
3 
IE 
8 
ITY 
Tel 
ty - 
4 
4nd? 
aire 
81] 
Sd 
8 
A254 


FEA A 


ww A 


RW N 

8 n 8 . 9 
8 BB 3 2 3 EF 
8 SCARY n 


ei 


* *: 
n 


F 
F 


Srer. IX. OF THE REGULAR SOLIDS. 149 


PRO MN 


To find the Altitude of a Tete and to dedes | 
mine the Inclination of one Face to another. 


Having drawn the Plan, ABC, draw a Perpeud | 
from any Angle to the oppoſite Side, as AE; in which, 
find D the Center, as before; and draw DF perpendi- 
cular to AE (Pr. 8, S. I.). Then, with the Radius AE, 
on E, deſcribe the Ark AF, cuting DF at F, and draw EF. 

Or, without drawing DF, take AB for Radius, and, on 
A deſcribe the Ark BF, cuting the former at F. | 
DF is the Altitude, and AEF the Inclination of the 
Faces; which is readily conceived, by imagining the Tri- 
angle AFE turned up, on AE perpendicular; in which 
Poſition, it exhibits a Section made through two Faces, 
in which AE and FE are Perpendiculars, and through 
one Side, AF. 


| This Section exhibits, alſo, an Elevation of this Object; 
in which, only one Face 1s ſeen, obliquely. 


Figure 2 is another Elevation, exhibiting a Face, hav- 
ing one Side direct; in which, AB, the Baſe, is a Side 
of the Solid; two are thus determined. 


Biſect AB, and draw CD perpendicular, make CJ) equal 
to its height (Fig.1.) and draw AD and CD, forming an 
Iſoſceles Triangle ADB. 


If the Perpendicular CD be conſidered as a Side of the 
Solid, another Elevation is exhibited, ſeeing two Faces, 
equally ; which, three, are all the regular Elevations this 
Object can exhibit; oblique ones may be various, which 
are not at all neceſſary to be conſidered. 
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15 GEOMETRICAL PROJECTION, 


J LE M HUI. 
A Side (AB) being given, to project a Hexaedron. 


The Hexaedron being a Cube whoſe Faces are Squares 
at right angles with each other; there is nothing more to 
be done, than to deſcribe a Square ABCD; — Pr. 16. 1. 
| which is either its Plan or Elevation, being conſidered as 
horizontal or vertical. 


| The Dimenſions of ahi Solid are the ſame ;. in length, 

j | breadth, and height. | 

| Another Elevation, exhibiting two Faces, equally, rf! 
| the ſame as a Section, through any two oppoſite Sides, and 


the Diagonals of two oppoſite Faces; as the Rectangle 
ABCD. (2.). Being conſidered as one Plane, it is a Sec- 
tion; but if EF be drawn parallel to AB, biſeQting BG 


and AD, it is an Elevation of two Faces. 
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PROM EE M 1V. 
To project the Hexaedron, on an Angle exhibiting 
| three Faces, equally. 
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On the Side given, having ed a Square, or a 
right angled Triangle only, ABC; on BC make an . 
lateral Triangle, BDC. | | Z 

Draw a circumſcribing ..), and biſe& each _ 
Ark (10. I.) in E, F, and H. Draw the Chords, BE, 
DE, &c.; alſo, to the Center G, draw BG, CG, and 2 
which compleats the Projection required. 

This Projection is the ſame, whether it be conſidered 
as ichnographic or orthographic; the Figure is a regular 

| Hexagon, and each Face a Rhombus. 
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"2 B L E M V. 


On a Side given, to project the Ichnography of an 
| Octaedron. 


On AB, the given Side, make an equilateral Triangle, 
ABC; and draw a circumſcribing Kun as in the fore- 


going Problem. 


Biſect each Ark, in D, E, and F; and draw the Chords 
AD, DB, &c.; alſo, draw DE, DF, and EF, which 
compleats the Plan. 

If ABC be conſidered as the Face on which it reſts, 
DEF is its oppoſite Face, parallel to it, equal and fimilar ; 
and AD, DB, &c. are Sides of the Object, joining the 
upper and the under Faces ; ADE, &c. being the declining 
Faces, from the upper Face, ADB, &c. are the reclining 
Faces from the Bottom, or Seat; as if the Solid were 
tranſparent, and thoſe Faces, -&c, ſeen through it. 


PROBLEM WW 


To determine the Altitude, and Inclination of the 
Faces to each other, in an Octaedron. 


Take AB equal to the Perpendicular of an equilateral 


Triangle, which is a Face of the Solid; on A, with that 


Radius, deſcribe an Ark; with the Radius of a Side, on B, 


interſect the Ark, at C, and draw AC'and BC. 
On the common Baſe BC, make a ſimilar Iſoſceles 


Triangle BDC; and, draw DE, perpendicular to, AB, 


produced, 
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152 GEOMETRICAL PROJECTION, 


DE is the Altitude required; and DBE is the Angle 


of Inclination of one Face to another. 


The Plane of Projection may be conſidered as cuting 

four Faces of the Solid, perpendicularly, through the Per- 
pendicular of each Face; of which, AB, AC, CD, and 
BD are Sections. 


This conſtruction is the true orthographic Projection 
of it;. in which, no more than two Faces are ſeen. 


Another is thus conſtructed, exhibiting three Faces. 


Make a Nen AB DC, on its Side and Altitude. 17.1. 

Biſect AB and CD (10 1. ) in E and F, and draw AF 
and BE, CE nd DE. 

If AFB be conſidered as the hither Face, CED is 
its oppoſite, ſeen through; or CED being the hither one, 
AFD is the oppoſite ; for either may be the other. 


AB and CD arc Projections of the upper and under Faces 


* 
® 
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PEOMIL EM. vi. 


To project the Octaedron, reſting on an Angle. 


On the given Side conſtruct a Square ABCD; draw the 


Diagonals, AC and BD, and it is done. 


This Projection is either ichnographic or orthographic, 


by ſeting it on an Angle. 


Fig. 2 is another Elevation, the "0k as in the laſt Pro- 
blem, on an . | 


Theſe ; are all the regular Projections of the OQtaedron, 
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The Inclination of its Faces, are readily determined thus, 


Take AB equal to the Diagonal of the ſquare of a 


Side; and on each Extreme, with the Radius of the Per- 


pendicular of a Face, deſcribe Arks, interſeQing at C, 


forming an Iſoſceles Triangle ABC. 


Produce either Side, as BC; ACD is the Angle of 
their Inclination. 


For AB is equal to AC, or BD, Fig. 1. and AC, BC, &c, 
are each equal to the Perpendicular of a Face. EC isa Side. 


N. B. The Inclination of the Faces of the Tetraedron and 
Octaedron is the ſame (72 Degrees). The interior Angle of 
one is the exterior of the other; and, the Side of the Octaedron 
is equal to a Perpendicular in a Face of che Tetraedron. 

The Hexaedron and Octaedron are equal in height, ſo that, 
the ſame Circle will circumſcribe a Face of either; which, in the 


firſt, is a Square, in the other, it is an equilateral Triangle. And 


it is remarkable, that the Hexaedron, having but ſix Faces, has 
eight Angles, the other but fix, although cight Faces; yet they 
have, each, twelve Sides ; ; but, four Sides terminate in each An- 


gle of one, three only in the other. 
Hitherto, the Projections of the firſt three Solids are 


| very ſimple; we now proceed to the Dodecaedron, which af- 


fords a little more variety and ſomewhat more of difficulty. 
The two laſt (which follow) depend, greatly, on the di- 
viſion of a Line in extreme and mean Proportion, with 
which, I preſume, the Student is already well verſed; if 
not, 1 adviſe him to reconſider that Diviſion of a Line, 
as he will- find it, in the 13th of B. 2. El. or practically, 
in tlie fifth Section, Prob. 3; and applied to the Pentagon 
in the 34th and 3 " Prop. of the 6th of Elewonts, | 


— 


FP R OD M vil. 


On a Side | hone to project the ae of a 
Dodecaedron. 


On AB, the given Side, ne 2 a Pentagon. Pr. 1, 8. 2. 
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Find the Center (9. 4); and draw a Line Were 
any Angle, as E, from the Center. 

Make EF to EQ as the leſſer Segment to the greater, of 
a Line divided in extreme and mean Proportion. With 
the Radius QF deſcribe a Circle; and, radiating from the 


Center (Q) draw AG, BH, &e. cuting the Circumference, | 
in G. H, Lad K --" 
Biſect the Arks FG, &c. in L, M, &c. and Arie the | 


Chords FL, GL, &c. which compleats the Plan, of either 
the upper or the under Faces; ſuppoſe it the upper half. 

Ten, deſcribe a Circle through the Angles of the Pen- 
tagon ADB; and applying a Ruler to the Center, Q, 
draw LR, MS, &c. and join RS, ST, &c. which com- 


pleats the under Faces, as ſeen through, being tranſparent, 5 


P R O 1 E M IX. 


* 


To delineate the Elevation; or, to deſcribe' the or- 


RP thographic Projection , of a Dodecaedron. 


XR is a Side given. 


Having deſcribed a Pentagon on the given Side, (1.S.2.) 
take ABequal to a Perpendicular of the Pentagon; which, 
divide in extreme and mean Proportion, at C. 

Produce AB, making BD equal AB; and, with that Ra- 


dius, on B, deſcribe the Ark DE; alſo, on D, with the 
Radius of a Diagonal, cut it at E, and draw BE. 


Produce DE to F, making EF equal X, the Side given. 
Draw AG, parallel to EF, and make it equal; then, draw 
FH and GH parallel, reſpectively, to AB and BE, cut- 


ing at H. 


Make BI equal to BC, alſo HK vl HL; und * HC, 
. HI, BK and BL, cuting at Mand N, and, laftly, join MN. 


7 
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f The Figure AHE is the true orthographic Projection 


of a Dodecaedron, whoſe Side given is X; on a vertical 
Plane; to which, the Sides AG, EF, and MN are parallel; 


and, four Faces, of which, AB, BE, FH, and GH, are 
Se&ions, are perpendicular to the Plane. 

A Plane paſſing through AG and EF, being parallel 
to, may be conſidered as the Plane of Projection, cuting 
four Faces, perpendicularly ; and exhibiting the Inclina- 
tion of one Face to another, as AB and BE; either of 
which, as AB, being produced, DBE is the * of 
their Inclination. a 


Ox, it may be thus Nebel Make an Iſoſceles Tri- 


angle, ADG (on BA produced) whoſe Baſe, AG, is a Side, 
and AD, DG, each equal to BC, the greater Segment of 
AB divided as above; which, is the greater Segment of a 
Perpendicular, cut by a Diagonal parallel to that Side on 


| which the Perpendicular falls. 
Then, producing DG, make GH equal to AB; and 
draw BE parallel thereto, alſo FH to AB, and equal 


amongſt themſelves ; EF will be equal and parallel to AG. 
The remainder is done as deſcribed in the foregoing. 


OTHERWISE, thus, on AB; a perpendicular of a Face. 

AB being divided in extreme and mean Proportion, 
| make, on CB (the greater Segment) an Iſoſceles Triangle, 
Cg, whoſe equal Sides are CB, BD, and the Baſe, CD, 


the Diagonal of a Pentagon on the given Side; by * | 


is obtained the Inclination of two Faces. 


On CD conſtruct a Square, CDIK (16.1.); and, TE” | 


produced BD, draw FH and GH through the other two 
Angles of the Square (I and K) parallel, reſpectively, to 
AB and BE, cuting at H. : 
Make BE equal AB; and draw AG and — gane! to 
CK and Dl. 
2. 
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156 GEOMETRICAL PROJECTION, 


Then, draw Lines, from B and H, reſpeQively, to the 
oppoſite Angles of the Square (as in the Figure) and 


draw MN, between their interſecting Points, which com- 


5 pleats this Projection, the ſame as before. 


In this laſt Projection, there is not one Line, exterior, 


or out of the Figure; nor a Line drawn that is redundant, 


but the Sides of the Square; which are . of the 
four Faces exhibited to view. 


A Line (OP) paſſing through the Angle E, cuting AB 
and HF (produced) perpendicularly, meaſures the diſtance 
between two oppoſite Faces; and it is cut in extreme and 
mean Proportion, in the Point E. OE: EP: EP: OP. 


Ox, it may be hw conſtrued, reſting on a Side, as ele. 
gantly, and as facile, as by any of the preceding Methods, 


Having conſtructed a Pentagon, on any Line given, 
for a Side, take AB equal to a Diagonal, Or, without 


making a Pentagon, divide the given Side in extreme and 


mean Proportion (3.5.) and, to it add the greater Seg+ 
ment; which is equal to a Diagonal.* 


Deſcribe a $quare, ABCD, of the Diagonal found, 16. 1, 
and draw the two Diagonals; which, produce at both Ex- 
tremes, indefinite. Make AF to AE as the leſſer Seg- 

ment to the greater, of a Line divided in extreme and 
mean Proportion. C. to 35. 6. El. 


Draw FG and FI parallel, reſpectively, to AB and AD, 
and complete the Square FGHI, parallel to, and concentric 
with ABCD. Draw KL, through the Center (E) parallel to 
FI; and, from K and L draw Lines through the Angles of 
the interior Squares (KC, KD, &c.) as in the Figure; and, 
laſtly, draw KA, KB, alſo LC, LD, and MN, Joining 
their Interſections, as . which 1 3 
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PROBLEM X 
To project another Elevation of the Dodecaedron, pa- 
rallel to the Diagonals, exhibiting five of its Faces. 


A Side (AB) being given, find a Diagonal, as in the laſt, 
Having biſected AB, make CD and CE each equal to 


half the Diagonal; alſo, make DF and EG each equal 


to half AB, and, draw FI and GH perpendicular to FG; 
make either of them equal to the diſtance between two 
oppoſite Faces (from the faſt) and draw HI parallel to FG, 


Divide FI in extreme and mean Proportion, and 


from both Extremes, make IK, and FL each equal to the 


leſſer Segment; through which, draw Lines parallel to FG. 


Draw DO and EP perpendicular; or parallel to GH; 


alſo CQ. Then, drawing Lines joining the Points K, R, 


S, T, and N (as in the Figure) it will be compleated. 

DE, and OP, are Sections of the Face it reſts on, and 
the oppoſite, parallel thereto ; which a are perpendicular to 
the Plane of Projection. 5 

AK D, ASB, and BNE, are three 5 Fins reclining 
from the Face it reſts on; and ORQ, QTP, are upper 
Faces, inclined to the uppermoſt, to OP, 

No more than one Side, AB (and alſo RT, 2 Dia- 
gonal) is, in this Projection, parallel to the Plane it is 


projected on; KL and MN are Sides, in a Plane perpen- 


dicular to it; and DE, OP, are meaſures of the Diagonals 
of the under and the upper Faces, parallel to AB. 

The five Faces on the other Side, formed by Lines 
joining correſponding Points, may be ſuppoſed as if ſeen 
through, being tranſparent; exhibiting the ſame Figute 
inverted; ſhewing three Faces above, and two below. 
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PR &B L E M Kl. 


To project the Ichnography of an Icoſaedron. L 
A Side (AB) being given, make an equilateral Tri- : 
angle, ABC; which may be either the upper Face, or 
that it reſts on, | 
Find D, the Center of an inſcribed or 3 : 1 


Circle; and, through any Angle, as A, draw DE, mak- 
ing AE to AD, as the leſſer Segment to the greater, of 
2 Line, divided in extreme and mean Proportion. 35.6. El. 


With the Radius DE, deſcribe a Circle; and draw 
Lines through the other two Angles, B and C, from D, | 
cCuting the Circumference, at F. and G. Biſect the Ars Tr. 

EF, EG, and FG, at H, I, and K, and draw the Chords MW . 
EH, EI, &c. Then, drawing AH, Al, BH, BK, and 
CI, CK, the Plan is A 


The Ichnography of the Icoſaedron is a ks 8 wy 
gon, that of the Dodecaedron a Decagon; each being 
bounded by half the number of Sides the other has Faces, 
ABC being conſidered as the vpper Face of this, as a 
Solid, make another equilateral Triangle, LMN, concen- 
tric with ABC, but in a ſubcontrary poſition (circumſcrib- 
ing the former by a Circle, and biſecting each Ark on a 
Side of it, at L, M and N); then, joining KL, LF, 
LG, &c. as in the Figure, we have all the under Faces 
ten, in number, the ſame as in the other, in an inverted 
Poſition to them; which may be conſidered, as being 
ſeen through them. 
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PROBLEM XI. 


To project the Elevation, or Orthography of the 
Icoſaedron; on a Plane parallel to a Perpendi- 1 
cular of the Face the Solid reſts on. | | = 


Draw AC indefinite, repreſenting a Section of the | 
Plane; in which take AB equal to the Perpendicular of | | 
| | 

} 


a Face, and make BC equal to AB. 

Make an Ifofceles Triangle, CBD, t Baſe (CD) 
is equal to the difference between a Side of the Figure, 
and the Diagonal of a Pentagon, conſtructed on a Side 

(equal EF, in the Ichnography); which gives the Angle 
of the Inclination of one Face to another, equal CBD. 
Produce CD, making DE equal to the given Side; draw 

EF parallel to AB and make it equal alſo; then, draw FG 
and AG, reſpectively parallel to BD&DE, interſectingat G. 

Draw FA and FD, alſo, BE and BG, interſe&ing at 
H and [; join H and I, which compleats the Orthography 
required; in which, three Sides, AG, DE, and HI are 


parallel to the Plane of Projection, which may paſs e 
the W AG and DE. 


"SEN Eleration may be otherwife projected, as follows, 


On AB, the Perpendicular of à Face, make an Iſoſ- 
celes Triangle ABD, whoſe Baſe (AD) is the Diagonal 
of a Pentagon, conſtructed on a Side (equal EF, in the 
Ichnography); which alſo gives the true Inclination of 
two contiguous Faces, in this Solid, by producing AB. 
Through the Angle B, draw KL parallel to AD; and, 
BF perpendicular thereto; alſo, through A and'D, draw 
KN and LM parallel to BF, and complete the Square 
XLMN. Draw EF and FG parallel, reſpectively, to AB | 
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and BD. Draw a Line through the Center (Q) parallel 


to AD; and, laſtly, draw AF and FD, BE and BG, cut- 
ing i at H and I, which compleats the Elevation. 


There is anotlier Method of projecting it, and the 
| Dodecaedron alſo, more mechanically, from the Plan 
or Ichnography; drawing Lines perpendicular to AP, 
from Points therein, correſponding with D, E, F, G, 
H, and I; the affinity of which is perceivable in and prac- 
ticable from the moveable Scheme; by which means, various 
Elevations may be conſtructed. Having found the Diſtance | 
between two oppoſite Faces (equal OP) and divided it in 
extreme and mean Proportion, at D, making PR equal 
PD, the leſſer Segment; which is the ſame in both Solids, 
in equal circumſcribing Spheres; conſequently, the Baſe 
of the fame Segment, i. e. the ſame Circle. circumſcribes 
both, the pentagonal Face of the Dodecaedron, and the 
triangular Face of an Icoſaedron; as was obſerved of 
the Hexaedron and Octaedron, a Square and nen 


5 Triangle, 


PR 0 B * E M XIII. 


To -o projet the Orchography 5 an Icoſaedron on a 
Plane parallel to a Side of the Face it reſts on. 


A Link (DE) being drawn, at diſcretion, take AB equal 
to a Side, and biſeR it, at C. 


Make CD and DE each equal to half the Diagonal of 
2 re whoſe Side 19 AB; and draw EF, James 
dicular to DE. | 
Make EF equal to the Diſtance loten t two oppoſit. te 
Faces, from the former (OP; equal AK, Bl, or CH, in 
| the BI and — the 12 2 DEFG. 
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Divide DG, or EF, in extreme and mean Propor- 

- tion, at H or I, K or L; make GH, or DI, equal to 

the leſſer Segment, and draw IK and HL parallel to DE. 


Draw AM, BN, and CO, parallel to DG and EF; 
and, Joining all the Points, thus determined, by Right- 


lines, viz. AH, Al, and AP, HP, HM, and HO, and 


the correſponding Lines on the other Side, this Ele- 
vation is compleated. 


r R OB3 L E M XIV. 
To deſcribe an Elevation of the Icoſaedron, ſtan J- 


ing on an Angle perpendicularly, on a Plane per- 
bpendicular to the Plane of Projection. 


Draw 4. Right line at Action in which, ks the 
Point A, for the Seat of an Angle in that Line, and draw 
AB perpendicular. A Side is given, 

Make AB equal to the Diameter of a circumſcribing 
Sphere (equal AE in the Elevation, Pr. 12.); in which, 
take AC and BD each equal to the Side of a Decagon 

inſcribed in the ſame Circle _— circumſcribes a Pen- 

tagon, conſtrued on a Side; AD, and BC will be di- 

vided in extreme and mean Proportion, in C, and D. 


Make AE and AF each equal to half the Diagonal 


of a Pentagon conſtructed on a Side; through B, draw a 

Line parallel to EF, and complete the Rectangle EFGH. 
Draw Lines (ab and cd) through C and D, parallel to 
EF; make CI and CK, each equal to half a Side of the 
Solid, and draw cI, ID, DK, and Kd; alſo, Aa, Al, 
AK, and Ab, cB and Bd, which — the Eleva- 
tion required. 


If DL and DM be each made equal to CI, or CK; 


Lines drawn between the Points, aM, MC, &c. as in 
| & 4 | 
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the Figure, will exhibit all the Faces in the other fide, 
as ſeen through, ten in each; the whole being inverted, 


in reſpect of the former, on the hither fide, t 

abDis the Ichnography of the Icoſaedron, on an Angle, 9 
zs in the Elevation; which conſiſts of two regular Pen- 

tagons conſtructed on a Side of the Solid, concentric, but ; 

t 


ſubcontrary in Poſition; forming a Decagon ; whoſe Sides WE 
ac, cI, ID, &c. are the Seats of correſponding Sides i IR 5 A 
the Elevation, in this Poſition. = 


The four laſt Problems, for the projection of the Ico- WW - 
ſaedron, ſhew all the regular Projections that Solid e- 2 
hibits, as the preceding three, of the Dodecaedron; the þ 


foregoing contain the whole of the other three; in which, : 
the Angles of the inclination of their Faces are alſo deter- v 
mined, ſave the Hexaedron, which is a Cube; whoſe 1 
Faces being Squares, the Angles are all Right, and con 
ſequently, the Faces are perpendicular to each other; for, 4 
three Right angles form a ſolid Right angle. Various : 5 
other Projections, Elevations and Sections, may be made, x 
which the genius of the Student will ſugeſt to him; but 
thoſe, here given, are all I conceive to be uſeful, l 
Ir remains only, to ſhew how to obtain a Face, or the | MY 
Side of a Face of each Solid, contained in the ſame Sphere [ER it 
| (the largeſt poſſible) which determines their Proportions 5 8 
to one another; ſhewing alſo the Properties and Affinity, : | 
which runs through all the five; for which, obſerve the * 
| nei Problem. | 5 = = I 
FAO 4 | 5 d. 
The Diameter of a Sphere being given, to determine I 
2 a Side of each of the five regular Solids, inſcribed; 
al 


the largeſt that can be contained in that Sphere. 
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On AB, the Diameter given, deſcribe a Semicircle, AFB. 

Triſe& AB, at D (11.1.) and draw DE perpendicular 
to AB, cuting the Arch at E; AE 1s the Side of a Te- 
traedron, in a Sphere whoſe Diameter is AB. 

The Squares of the three Sides of a Face is equal twice 
the ſquare of the Diameter; for, AE is a mean Propor- 
tional between AB and AD; conſequently, Ss =3AEq 
(for 2AB=3AD); by 10. and 12, 6. El. 

BE is the Side of a Hexaedron, inſcribed in the ſame 
Sphere. For BE is a mean Proportional between AB 
and BD; wherefore, ABG=3BED (for AB=3BD); 
alſo, AE A= 2BE Q (for, AD=2BD, and DE is a Mean 
between them); conſequently, a Side of the Tetraedron 
is equal to the Diagonal of the Face of a Hexaedron, 
which is a Cube, the Face being a Square, whoſe Side 
is BE; that of the Tetraedron AE. Its height is AD. 


If a Perpendicular be drawn from the Center (C) cuting 
the Arch at F, AF is the Side of an ORaedron; which 
was evident in its Conſtruction on an Angle (Pr. 7:) its 
Plan and Elevation being equal Squares; whoſe Diagonals 
(perpendicular to each other) paſs through the Centers of 
equal circumſcribing Circles; and conſequently, through 


the Center of a circumſcribing Sphere; the ſquare of +. 


its Diameter (AB) being equal to twice the ſquare of a 
Side (AF, equal BF). | 

If BE be divided in extreme and mean Proportion, 
at G; then is AG (the greater Segment) the Side of a 
| De infcribed in the ſame Sphere, and BE is 
the Diagonal of a Face; wherefore, the Side of a Hexae- 
dron 1s equal to the Diagonal of a Face of the Dodecae- 
dron, which is a Pentagon; whoſe Diagonal is to a Side, as 
à Line divided in extreme and mean Proportion. P. 34. C. El. 


Laſtly, for the Icoſaedron, draw AH perpendicular, 


and equal to AB, the Diameter, and draw CH, —_ 
LE 5:- 


— 
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the Arch at I, and draw Al; which 1 is | the Side of an Ico- 
ſaedron, inſcribed, 

A Perpendicular, IK, being 1 is the Radius of A 
Circle which circumſcribes a Pentagon, whoſe Side is Al; 
the Baſe of the Pyramid ſubtending a ſolid Angle of an 
Icoſaedron. And, AK;KI::KI:AK+KI. | 

AK is the Side of a Decagon, inſcribed in the 1 
Circle; and, 2AK IK AB, the Diameter of the cir- 

cumſcribing Sphere; in which, a Side of each Solid is de- 
termined, as propoſed. 


PROBLEM XVI. 
To determine the Diſtance between two vole 
Faces, in the Dodecaedron and Icoſaedron, and 


alſo of the Octaedron, from the Diameter of a cir- 
cumſeribing Sphere, given. = 


Deſcribe a Semicirele, on AB, the given Diameter; 
then, having found the Side of either Solid (15.) in 
that Sphere, find the Diameter of a Circle circumſcribing | 
. a Face of either (for, the ſame Circle circumſcribes both); 
on A, with the Radius AC, equal to that Diameter, de- 
3 the Ark CD; i. e. make AD equal to the Diameter. 

Biſect AD, and draw EF (from the Center) through 
the Point of biſection, cuting the Arch at F, and draw 
FG perpendicular to AB, Make BH equal to AG; 
GH is the Diſtance required; for, B3=E1I (the Diſtance 
of a Face from the Center) and EH is equal EG., 


The Dodecaedron and Icoſaedron, inſcribed i in the ſame 


Sphere, are equal in height; and conſequently, the ſame 
Circle circumſcribes a Face of either. The Diſtance be- 


tween two oppoſite Faces being determined, and divided 


— — — — — — Og eng 
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in extreme and mean Proportion, facilitates the Projection 
of theſe two Solids greatly, both being dependant thereon, 

The Hexaedron and Octaedron are alſo equal in height, 
and the ſame Circle circumſcribes a Face of either; their 
diſtance aſſunder is determined as the other. And, ag 
in them ſo in theſe, it is remarkable, that each has the 
ſame number of Angles as the other has Faces (12 and 20) 


yet an equal number of Sides, 30, each Solid. But, only 
three Sides terminate in each Angle of the Dodecaedron, 


and having 20 Angles, 20 x 3=60, half of which is the 


number of Sides. In the Icoſaedron, five Sides terminate 


in each Angle; 12 x 5 , twice the number of Sides; 


for, each Side is common to two Faces, and terminates in | 


two Angles; conſequently, their number of Sides is equal, 


This holds in all the five Solids; ſo, that, multiplying 


the number of Angles into the number of Sides, termi- 
nating in each, gives double the number of its Sides. 


AS the Side of the Hexaedron is equal to the Diagoond 


of a Face of the Dodecaedron, it is evident, that every 
Side of a Hexaedron, inſcribed in a Dodecaedron (12 in 
number) will be a Diagonal in each Face of the Dodecae- 
dron; ſo that, it is manifeſt, all the Angles which are, 


in this caſe, common to them both, are in the Surface of 


the ſame circumſcribing Sphere. And, cuting off ſix, 


equal and fimilar Solids, from the Dodecaedron, there 


will be formed a Hexaedron, eight Angles of one, re- 
maining in the other; twelve being deducted, or cut 
off, which were all in the Surface of the ſame Sphere. 


To obtain the ſuperficial Meaſure of any one of the 


Solids, is to find the Area of one Face, and to multiply 
that by the number of Faces. 


The ſolid Contents of a Tetraedrön i is the Area of a 


Face multiplied by a third part of its height; P. 4. 8. El. 
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- The Hexaedron being a Cube, it is but to multiply a 

Side twice into itſelf, for the ſolid Contents. : 

The Octaedron is two Pyramids on a common Baſe, 

a Square, of the Side; its Area multiplied by a third part 
ef a Diagonal gives its ſolid Contents. 

The Dodecaedron and Icoſaedron may be conſidered as 
ſo many Pyramids as they have Faces; whoſe common 
Vertex is in the Center of the Solid. Wherefore, the 
Area of the whole Superficies of either, multiplied by a 
fixth part of its height, gives the ſolid Contents * 


Tbe Proportions of the five Solids to a civcunferidine 
Spherefare as follow. The Diameter of the Sphere being 
2, Its nnn is © 28318; the Area is 3, 14159. 


Sphere. e Hexaedr. Dude. Dodecaedr. [coſaedr, 


Sides 2; Diam. | 1,6329| 1,1547 | 1,4142 47136 | 1,0514, 
Surfaces | 12,50637 | 4,6185 | 8, 6,9278 10,5146 | 9,5745 
Solidity 418879 58132 1,5396 | 173333] 247951 | 2,5301 
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In the Scheme annexed is given the two laſt Solids, in 
ſuch wiſe, that the Affinity between the Ichnography and 
Orthography is obvious on inſpection; the letters of 
Reference, being the fame to correſponding Sides and 
Angles, render a deſcription of the Proceſs unneceſſary. 

The Lines (PQ and QR) on which the Elevations are 
projected, are conſidered as the Interſections of the Plane 
of the Elevation with the Plane of the Ichnography; the 
two, to each Solid, are perpendicular to each other; one 
parallel to a Side, the other to a Perpendicular in the Face 
it reſts on. The Planes being erected on thoſe Lines, 

into a vertical Poſition, and the Object, to be pro- 
jected, ſtanding on its Seat; in which ſituation of the | 
Planes, the projecting Rays, from each Angle of the 

Solid, would fall on the Plane of the Elevation perpendi- 
cularly, giving the Seat of each Angle thereon. The Line 
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drawn between the Seats of the two Extremes of a Side is 
the Seat of that Side, projected on the Plane, in the 


Elevation ; and all thoſe Faces of the Solid, which are 
perpendicular to the Plane of projection, as well as that 
on which it reſts, are projected into Right lines; the 


Planes of the Faces being ſuppoſed to be produced, until 
they cut the Plane of projection. Two Faces ſo ſituated, 


being parallel they have parallel Projections. 


To affiſt the Imagination, if the Student ſhould ſtill be 
unable to form a clear and adequate Idea of their Figures, 


here is added a geometrical projection of all the Faces of 


each Solid, in plano; ſo diſpoſed, that, being drawn on ſtiff 


Paper, or fine Paſteboad, and carefully cut out, they will 
fold into the true Figure of each. Thoſe given are too 
ſmall; but it is eaſy (by them) to draw others, to the 
proportion of the Projections, in the Plate; or to any 
Scale he pleaſes, Being placed on the Plan, properly, 


then, turning up the Plane of the Elevation, the Affinity 
between them may be clearly ſeen; nor can more be done 


to render it clearer. 


Tux following Proportions, between the Sphere, the 


Cylinder, and the Cone, may be intereſting to ſome. 


The Superficies of a Sphere is double that of a ſquare 
Cylinder inſcribed. 
A Sphere has the fas Proportion, both in Surface and 


Solidity, to a conical Rhombus circumſcribing it, as the 


Side of a Square. to the Diagonal. 


The Superficies of a Cone circumſcribing a Sphere is 
quadruple of an inſcribed one; and, in its ſolid Contents, 
it is eight fold. 


A Hemiſphere is double of a Cone, having the ſame | 


Baſe and Altitude, 
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166 GEOMETRICAL PROJECTION, 

A Sphere has the ſame proportion, both in Surface and 
Solidity, to an 3 Cone * it, as four 
. to nine. | 
The ſame ſeſquialteral proportion 1s continued e 


a Sphere, a circumſcribing Cylinder, and an A EATS 
Cone, as four, fix, and nine. 
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On the ConftruBlionof ELLIPSES; of vows ScALES; 
of the LiNE or Chokps, and its uſe explained; with 
various other Matters, which could not, with Proporiety, | 
be otherwiſe introduced into this Tratt. 
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Tur Ellipfis is not admited into Plane Geometry, 
the nature of its Curve, and the Properties peculiar 
to Ellipſes, being of no uſe in the Elements, for Inveſti- 
gation, like the Circle; yet, both are generated by the 
ſection of a Cone, or Cylinder; one direct, the other 
is an oblique Section, in reſpect of its Baſe. But, as the 
Ellipfis is ſo uſeful a Figure to Mechanics, almoſt in ge- 
neral, and more particularly to the Architect and Builder, 
I could not diſpence with the omiſſion of it entirely. By 
refuſing it a Place, I ſhould deem the Work defective, and 
incomplete, as a practical Treatiſe; in which, elliptical, 
as well as circular Figures may, without any impro- 
priety, be introduced. 

Thoſe who would be thoroughly, acquainted with the 
Properties of Ellipſes, and the nature of its Curve, muſt 
have recourſe to the Conic Sections; which, being a diſ- 
tin& Subject, would by no means be proper to touch on, 
here; nor have I any ſuch intention. I do not mean to 
inveſtigate all its Properties, or to develop the geneſis of 
Ellipſes, N ntifically, but to ſhew its conſtruction, and 

| how it may be deſcribed in any proportion required, in 
order to render it more generally uſeful; being well con- 
vinced, that 'tis not ſo well known to many, who have 
frequent occafion for it, as it ought to be; therefore, no 


Apology need he made for Dragan it on the Public, in 
this Appendix. 


- 
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| Some of its Properties are demonſtrated, in the iſt Part; 
| in which, the Affinity between the Circle and Ellipfis is 
[ | obvious, as (comparatively, in figure) between the Square 
and Rhombus; an Ellipſis being conſidered as a Circle 
depreſſed, or drawn out at both extremes of a Diameter, 
to any length leſs than half the Circumference; as the 
Rhombus, from a Square, to any length of one Diagonal, 
ſhorter than two of its Sides, | 


DEE ET-10N . 


DEF. I. An ELLIPSIS, or OVAL, is a Plane Pn | 
| bounded by a curved Line, falling into itſelf, which, is 


not uniform or circular in any part, but varying con- 
| Ts being deſcribed on two Points.“ 


The further the Points are aſunder, on which an El- 
lipfis is deſcribed, the more it is drawn out and leng- 
thened, and is then ſaid to be excentric, outcentred; and 
_ conſequently, the nearer they are together, the nearer its 
Curve approaches to that of a Circle; for, when they 
unite, it is not an Ellipſis, but a Circle. 


DEF. II. PERIPHERY, or CIRCUMFERENCE, is the 
curved Line which bounds the RF; ACBD. 


DEF. III. CENTER, of an ELLIPS1s, is the Point E, 
where any two Diameters interſect. | 


DEF. IV. Diaweren, of an ELLIpsIs, is any Right 
line, AB, KM, &c. paſſing through its Center, E, 
| and terminated by the Periphery, © 
For, every ſuch Line divides the Ellipfs equally 1n 
two; and is alſo biſected in the Center, E. Therefore, 
any two Diameters biſect each other; as in a Circle. 


O'F ELL ITS £8 


DEF. V. TrxAansverse DIAMETER is s the longeſt which 
can be Grew in an ann As AB. 


DEF. Vi. Coxjuca TE Dane This Term is 
generally confined to the ſhorteſt Diameter, CD; but, 
that is conjugate only in reſpect of the Tranſverſe, AB; 
which is alſo conjugate to CD. 
Every Diameter has its Conjugate or Yokemate, 
If Tangents to the Ellipſis be drawn, through the ex- 
tremes, A and B, of the Tranſverſe, alſo, of C and D 
1ts conjugate Diameter, cuting each other in F, G, H 


and I, they will form a Rectangle; and if the Diago- 


nals of the Rectangle, FH and 1G, be drawn, they will 
pais through the Center of the FEllipfis; the parts, KM 
and LN, which are terminated by the Curve, are Dia- 
meters of the Ellipfis; each of which, is Conjugate, 
in reſpect of the other, and are the only two Conjugate 
Diameters that are equal. 
Note. The Tranſverſe Diameter, and its Conjugate, are the 
only two which are perpendicular to each other; and the moſt 
unequal. The Tranſverſe Diameter, AB, biſects the acute An- 


gles, FEI and GEH; and the obtuſe Angles, FEG, IEH, are 
biſected by the Conjugate, CD. 


Every Diameter, drawn within the acute Angles, i is greater 
than its . which, falls within the obtuſe Angles. 


DEF. VII. OnpinaTEs are Right * drawn parallel 
to the Conjugate of any Diameter, as MN, Op; which 
being biſected by the Diameter, AB; MN, OP, &c. are, 
therefore, double Ordinates to the Diameter AB. 

DEF. VIII. A TANGENT is a Right line touching the 
Periphery, at the extreme of a Diameter, parallel to its 


Conjugne and Ordinates. As FI, FG, &. 


DEF. IX. A of an Eien, are the Tranſverſe 
and its Conjugate Diameter; wy and CD, Fig. iſt. 
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172 THE CONSTRUCTION 


DEF. X. Foc, of an ELL1Ps1s, are the Points Q and R, 
on which it is deſcribed; as a Circle on its Center. 


DEF. XI. LArus REcTuM, or RIGHT PARAMETER, | 
is that Ordinate to the Tranſverſe Axe which paſſes 
through either Focus; as MN; Fig. iſt. 


The Latus Rectum, and every Parameter, is a third Proportional 
to the two conjugate Diameters, to which it is the Parameter. 


Note. The Parameter to the Diameters KM and LN, Fig. iſt. 
coincides with them; for, being equal, there cannot be a a third 
Propotional to them. | 


DEF. XII. Anscissa. If the Tranſverſe l be 
cut, in any Point at pleaſure; the two Segments, made 
by that Section, are called Abſciſſas. 


Note. An Ellipſis may be generated, by the Shadow of a 
Cirele, or Ring, projected on a Plane, not parallel to the Ring; 
provided, the luminous Point be not in the Plane of ne Circle. 


* 


7 7 R O B L E M 


The Tranſyerſe and its Conjugate Diameter being gi- 

ven, how to determine the Foci, on which an El- 
lipſis may be deſcribed; and how to deſcribe 1 it, of 
the 1 required. 


Let X and Z be the ee given. 
| Dub at right angles, two Right lines, AB and CD; 
make them equal, reſpectively, to X and Z, and biſecting 
_ each other, in the Point E. 
On either extreme, CG, or D, of the Conjugate Diameter, 
deſcribe an Ark, with the radius AE, or EB, half the 
Tranſverſe, cuting it in F and G; which are the Foci, 
or Centers, on which the Ellipſis may be deſcribed. 


oF EL LIT 


Then, proceed in the manner following. 
Take a fine, ſmoorh Cord or String, and having fixed 
two Pins, in F and G, carry the String round both Pins, and 
draw it, on both Sides, to the Point C, or D; where, fix a 
Pencil, and revolve it around, on the two Pins, keeping the 
String at full ſtretch ; the point C will deſcribe a Curve, 
which will paſs through the four Points A, C, B, and D. 


From which conſtruction it 1s evident, that any two Right 
lines, FH and GH, drawn from the Foct to any Point in the 
Circumference, are equal to FC and CG; that is, to the Tranſ- 
verſe Diameter, AB. | 

For, FG being common to both the Triangles FCG and FHG, 
the remaining Sides, added ene are equal; 3 1.0. FS added 
to CG is equal to FH added to HG. 

As it is difficult to keep the Point or Pencil true, in a String, 
this Method is not fo eligible, for ſmall Ovals, or for any, which 


require the Curve to be exact; but, from what has been advanced, 


(being well confidered and underſtood) i it will be found practieabie 
to deſeribe ſmall Oyals with tolerable exactneſs. 


Having determined the two Foci, F FR G, in the 
Tranſverſe Diameter, AB, whoſe Conjugate is CD (as 
above) as many Points, H, may be determined, in the Pe- 


riphery, as are neceſſary; through which a Curve may be 


deſcribed, by a ſteady Hand, which will be a true Ellipſis; 
after the following manner. 

With any Radius, at diſcretion, A one Point of the 
Compaſſes in either Focus, as at F; with the other Point, 


make an Ark, at H. 
Then, with the ſame meaſure, FH, ſeting one Point 


in either extreme of the Tranſverfe Diameter, as at A, 


cut the Tranſverſe, at E with the other. 


Take the remaining Segment, ZB, as Radius, and on 


the Center, G, deſcribe another Ark, cuting the former 
in H; which will be a Point in the Periphery. 


Thus, as many Points, H, or h, may be obtained as you | 


pleaſe; which are all in the Periphery. 
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That the Point H is in the Periphery is manifeſt. For, ſeeing 
that the Foci are determined from the extremes, C and P, of the 
Conjugate Axe, making CF and CG each equal to AF, half 


the Tranſverſe; (by Prob. 1.) conſequently, FH and GH being 
made alſo equal to AB, the Point k i in the Periphery, 


p R O B I. E M II. 


To deſcribe an Ellipſis, by means of an ae 
called a Trammel, of a given Proportion. 


The TRAMMEL 1s made of two pieces of wood, fixed to- 
gether at right Angles, in the form of a Croſs; or, for 
| ſmall Ovals, it is made of Metal, with two ſtreight Grooves, 
truly perpendicular to each other, as AB and CD. | 
Then, having provided a ſtreight Ruler, of wood or 
metal, fix a Point or Pencil at one end, as at E; and, let 
two ſhort, round Pins (equal, in Diameter, to the width 
of the Grooves in the Trammel, which will flide in them, 
freely) be fixed at F and G, in ſuch manner, that EG is 
equal to half the Tranſverſe, and EF half the Conjugate 
Diameter. | | | 


The Trammel and the Ruler being thus prepared, let 
the Trammel be placed, as in the Figure; exactly on the 
Tranſverſe and Conjugate Diameters. 


Then, apply the Ruler, with the Pins in the Groove, 
along the Tranſverſe Diameter; G being in the Center, and 
the Point E in the extremity of the Tranſverſe. f 

When the Point E is moved towards C, the Pin at G, 
in the Center, falls into the Groove towards D, whilſt 
the Pin at F, moves towards the Center; which is con- 
tinued till it falls into the Center, at G, and the Point E 

being arrived at C, has deſcribed, by its motion, the Curve 
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AC, a fourth part of the Periphery; which has all the 
variety of the whole, for every fourth part is the ſame; 
from C to B, and from A to D, it is inverted. | 
The Ruler being now in the poſition of the Conjugate 
Diameter ; the Pin, at F, in the Center, and that at G 
fallen down to g; the motion 1s continued to B; the Pin 
at F (being now ſuppoſed to be in the Center) moves to- 
wards B, and the Pin at g goes back again to the Center; 
when the Point has deſcribed the Curve CB, another 4th 
part, the converſe of the former. Thus continuing the mo- 
tion until the Curve is compleated, and the point E arrives 
again at A; the Pin, at F, ftill moving, to and again, in 
the Tranſverſe, from F to f, and back again to F; and 
the Pin at G, to and again, in the Conjugate Groove; by 
which means a true Ellipſis is formed; which, it is evident, 
has no part of the Curve of a Circle in its compoſition, ſee- 
ing it is deſcribed on two Centers. N 
The nearer tlie Foci are together, that is, the leſs the 
difference is between the Tranſverſe and Conjugate Dia- 
meters, the nearer it approaches to a Circle, 


PROBLEM NN 
To find the Center of an Ellipfis. 


Draw, at pleaſure, two parallel lines, AB and CD, in 
| the Ellipſis. Biſe& them, in E and F; through Which 

Points draw HI, which is a Diameter, of the Ellipſis. | 
Biſect the Diameter, HI, in G, which is the Center 
of the Ellipfis. | 


For, every Right line drawn through the Center is a 
Diameter; and every Diameter is biſected in the Center. 
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„ P00» LM Iv. 
To find the Axcs of an Fllipfis. 


Having found the Center, by the laſt, with any Radius, 
leſs than the Tranſverſe Diameter and greater than the 
Conjugate, deſcribe a Circle, cuting the ie in four 
Points, A, B, C, and D. | 

Draw the Ordinates AD and BC, md biſe& them, 1 in E 
and F; through E and F draw HI, which 1 IS the Trant- 
verſe Axe, | 

Through the Center, G, draw Kl., at 3 Angle : 
with the Tranſverſe, or parallel to the Ordinates, AD and 

BC, and that? is the Conjugate Axe. 


) 
To ind the Fyct of an Ellipſis. 


Having found the Center, and drawn the Tranſverſe and 
Conjugate Diameters, or Axes; take GH, half the Tran(- 
verſe, for Radius, and on either extreme, K or L, of the 
Conjugate, as a Center, deſcribe an Ark, cuting the 
Tranſverſe in two Points, E, and F, which are the Foci, 

or Centers, on which the Ellipſis is deſcribed; as in Prob. 1. 


In reſpect of the Foci, only, this Problem may be 
thought ſuperfluous; but, the firſt ſhews how to deter- 
mine them, in order to deſcribe an Ellipſis, of a deter- 
mined Proportion; this, to find the Foci, of an Ellipſis 
already deſcribed, for various other purpoſes, 


or E L EI 


Y R O B I. E M VI. 


To draw a Tangent to an Ellipfis at any Point given, 
in the Periphery. 


If the Tangent were required at either extreme of the 


tranſverſe or conjugate Axes, as B or C, it will be perpen- 
dicular to them, as in the Cirele, and conſequently makes 
equal Angles, 


Let D be the given Point, through which a TH is 
required to be drawn. | 


Find E and F, the Foci of the Ellipfis, by the forego · | 


ing; and draw ED and DF. 

Make DG equal DF, and draw GF; to which, if HI 
be drawn parallel, through the given Point D, it will 
touch or be a Tangent to the Ellipfis in that Point. 

For, let KL be drawn, through C, parallel to the Tranſ- 
verſe, AB; it will touch the Periphery in C. 


Draw EC and CF; they are equal, by Conſtruction; Pr. 4. 
and, conſequently, the Angle ECK, is equal LCF - 4. 1. El. 
for the Angles CEF, CFE are equal. = - 9. 1. El. 
But, the Tri. GDF is Iſoſceles, and HI is par. to GF; 


conſ. the Angle HDG or E is equal to FDI.. - 4.1. EI. 


Therefore, HI touches the Ellipfis, in the Point D. 


PROBLEM VII. 


Any Diameter, as AB, being given, to find its Con- 
jugate, CD. 


Through either extreme of the Diameter, as A, traw 


| the Tangent FG; through the Center E, draw CD, pa- 
| | | Aa EE 
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rallel to the Tangent ; which is conjugate to the Di. 


meter AB. 


If Tangents are drawn, through the Cour” Points A, 
B, C and D, of any two conjugate Diameters, meeting 
in F, G, H and I, the Parallelogram FGHI, is equal to 


a Rectangle under the two Axes. 


PROBLEM VIII. 


To make a Repreſentation of an Elliph is, with 


Com paſſes, 


"EI AB be the given Tranſverſe Axe, and CD the Con- 
Jugate. 
Biſect AE and EB, in F and G, and on the Centers F 


and G, deſcribe the Circles ALEK, & EHBL, touching at E. 


Draw CA; and, with that Radius, on C, deſcribe the 


Ark AM, cuting the Conjugate Axe in M. 


Make EN equal EM; on which Centers, M and N, 
with the Radius MC and ND, deſcribe the Arks HI and 
KL, falling into the Circles AE and EB, at H, I, K and L. 


Ox thus, when the difference 8 the . is leſs. 


Divide the tranſverſe, AB, into three equal Parts, at 
C and D; on which, with the Radius AC, deſcribe two 
Circles, cuting each other in E and F; on which Centers, 


with the Radius AD, deſcribe the Arks GH and IK. 


This laſt is nearer to an Ellipſis than the other; they 


may be lengthened or ſhortened at pleaſure. But, it is very 


obyious that they are not Ellipſes, but compounded of 
circular Curves; whereas, a true Ellipſis has no part of 
the curve of a Circle in its compoſition, the Curve, being 


OF ELLIPSES a 


every where deſcribed on two Points, is continually vary- 


ing; wherefore, no Oval, formed by Circles, can partake 
of the Properties of Ellipſes. 


HavinG explained or defined all the Terms peculiar to 


the Ellipſis, and ſhewn how to fix the Points on which 
it is deſcribed, ſo as to conſtruct it of any given Dimen- 
fions, there remains nothing more 'to be done in reſpe& 
of the utility of it, to Mechanics, &c. 


The Properties of the Ellipfis are really very extraordi- 
nary; many of which haye ſo near an Affinity to thoſe of 
a Circle, that they are almoft neceſſarily deduced from 
them. But, as it is requiſite to have ſome acquaintance 
with the Conic Sections, in order to a clear underſtanding 
of the Properties of Ellipſes, I ſhall ſay no more con- 
cerning them, here, having demonſtrated ſome of its pe- 
culiar ones, in the Appendix to the n Work, the 


firſt Part of this. . : | - 
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PROPORTIONAL SCALES; 


FOR DRAWING, &c. 


PROPORTIONAL SCALE, or Scal: of equal Paris, is ſo ge- 


nerally known, that it can ſcarcely be rendered more ſo, 
being applied to Maps, and geometrical Plans of all kinds; 


with the uſe. of which, all are acquainted, who know the 


meaning of, and are converſant with Plans. Such Scales 
are nothing more than a Right line divided into ſome 


number of Parts, without any geometrical Proceſs, but 
merely manual; by dividing and ſubdividing, biſecting 
and triſecting. by trial; which may, indeed, be accurate 


enough for thoſe purpoſes ; but into fifths, !:venths, or 


eleventh parts, &c. the effecting it, by ſuch means, is a 


tedious proteſs, yet it may be done, though but rarely 


into equal Parts; which is done, geometrically, with eaſe, 
certainty, and expedition, the ſame as any even Diviſion | 


whatever; and, by a diagonal Line, the ſmall Diviſions 


may be ſubdiyided into any number of Parts, as minute 
as the Eye can diſcern (as in the following Problems) 
with the greateſt accuracy imaginable. 


FROAL EM I 


To divide a Right line, of any determined Length, 
into Decimal Parts; that is, into tenth and hun- 
dredth Parts, &c. 


AB is a given length, or Line to be 6 carded, into a hun 


| dred equal Parts, 
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_ Firſt, divide AB into ten equal Parts, by ſome of the 


Methods (Pr. 12. 5.); which Parts being each ſubdivided 
into ten equal Parts, the buſineſs is done. 

But, from the ſmallneſs of the tenth Parts, the ſame 
proceſs cannot be applied, for nn, mm with any 
ſucceſs. Therefore, a 


Draw mother Line, CD, indefinite; and, with any 
opening of the Compaſſes, at diſcretion, take ten equal 
Diviſions on that Line, from C to D, at 1, 2, &c. 

Make DE equal to one of the Diviſions on AB, and 
perpendicular to CD; draw CE ; and, at every Diviſion 


on CD, draw Perpendiculars, cuting CE.“ 


The perpendicular Diſtances between CD and the dia- 


gonal Line CE are all the intermediate Diviſrons, from 


one to ten, according to their Diſtance from C, begining 
at Unity; and may be continued to any number of places, 
ynequal as well as equal, the Sum being taken on CD, 


p R O 


To make a Scale, having the Integer divided into a 


hundred equal Parts, by diagonal Lines. 


Let AB be a determined Meaſure, repreſenting one e F ot, 
or any other meaſure required. 


Produce AB, and repeat the meaſure of AB, to C and 
D, as often as you think neceſſary. _ 


Draw AF and DE perpendicular to AD; on either of 


which, make, at pleaſure (i. e. with any opening of the 
Compaſſes) ten equal diviſions, as on AF; and, through 
them, draw Lines parallel to AD; as 1, I, and 25 2, N. 
in all, eleven Lines, 


— 
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Divide AB into ten equal Parts (12.5.); and, having 

made Fi one tenth, draw Ar, 1 2, &c. diagonal-wiſe, as 
in the Figure; proceed in the ſame _—_ to 9 G, pa- 
rallel amongſt themſelves. 

By which means, the length or "FUR given (AB) is 
divided into a hundred equal Parts ; each interval, between 
AF and the firſt Diagonal Al, at 1, 2, 3, &c. N 
all the Units from 1 to 10. | 

Between each of the Diagonals, as Ar, and 1 2, * 
the intervals are each ten of thoſe hundredth Parts, being 
every where equal (as it is evident) to the Diviſions on AB. 

In the ſame manner, any Meaſure whatever, either 
greater or leſs than AB, may be accurately divided into 

Decimal Parts. 


ArrEx ſuch plain directions, in the Conſtruction, the 
application of it, in Practice, may ſeem unneceſlary ; yet, 
probably, not ſo to all. 

AB, BC, &c. repreſent the Integer, Feet, Yards, or 
other Meaſure, the firſt, or the laſt (AB) being ſubdivided 
into the ſmaller Parts required; as here into 100th Parts, 

Whatever number of Feet, that is, of the Integer is 
required; ſuppoſe two, and 27 hundredth Parts, or other 
number. Apply one Point of the Compaſſes to 3, on the 
Line DE, and open them to the Interval, on the Line 

3 3, to the Diagonal 78, which is the Meaſure wanted. 

If thirty-ſeven were wanted, the Compaſſes muſt be 
extended. to the next Diagonal; and ſo to forty, fifty or 
other tenth Parts, with the ſame Units, 7; but, accord- 
ing to the number of Units, application muſt be made to 
the Line on which that number of Units are, between | 
BG and Gg; the tenth Parts are the fame on them all. 

Perhaps it would be as well if the fractional Parts were 
made at the other extreme of the Scale; and better, being 
ppmbered : as here; but that is at the diſcretion of each 
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Perſon, who makes a Scale for his own uſe, who wall, 


with a little experience, ſoon diſcover which is moſt 
convenient. 


p R OU WM 


8 wks a Scale having the Integer divided into 
Duodecimals (12th Parts) as Feet and Inches. 


Duodecimals is ſeldom practiſed, further than the divi- 
fion of a Foot into Inches, which are the ſtandard Mea- 
fures on all common Rules ; therefore, to make a Scale of 
Feet and Inches, to any determinate meaſure, bn 


the following directions. 


Let AB be the determined Meaſure of a Foot, accord- 
ing to the proportion you intend to make a Drawing; or 
Plan of any kind. 

Produce AB, and repeat the meaſure of AB as 3 as 
you think neceſſary, as C, D, E. 

Draw AG and EF, perpendicular to AE, and make fix 
equal diviſions on AG, at diſcretion; through which, 
draw 1a and 2b, &c. parallel to AE, and alſo BH and 
CI, &c. perpendicular. 

| Biſe& AB, or GH, and draw the Diana Ab and B6; 
the given Meaſure, AB, is divided into twelve equal Parts, 


as they are numbered from the Perpendicular AG; on 
the Diagonals. | | 


Note. It may be done with only four, or ae Spaces, as be- 
tween BI and CK; but I think it more applicable, in Practice, 
with ſix; that is ſubmited to every Perſon's diſcretion, who makes 
it for his own uſe; the Diviſions are the ſame in all. 


The application of this Scale to uſe, and of all other, is the 
e as the proceling. 


— 
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To make a Scale of Modules and Minutes, for pro- 


portioning the OR DERS, in Architecture. 


TE Defect in the old Authors, Palladio, Vitruvius, and 


others, and more ſo, in the modern ones (Ware, Cole, &c.) 


who have republiſhed their Works, in not giving à Scale 
of the Module, and Minutes, by which the ſeveral Mem- 
bers are proportioned, is much to be lamented; nor have 
many of our modern Architects remedied that defect, in 
their own Productions. This gave occafion for ſome 


pretenders to Architecture, to mutilate and deſtroy that 
harmony of Proportion which is in the Originals, in order 
to reduce them to a Scale of their own; by ſubdividing 


the large Parts, into the ſeveral Members of it, as if they 
muſt neceſſarily be fome equal part; which has introduced 


many Innovations, according to the caprice of each Au- 


thor, and thereby, the original beauty of the Grecian Or- 
ders has been much defaced, in order to render their 
Works more facile to the Artificer ; who could not, for 
want of a Scale (which they knew not how to make) 
apply the Proportions of the old Authors, in Minntes of 
a Module. 55 . 

The Ionians and Corinthians took the Diameter of the 


Shaſt of their Columns (at the bottom) for the Module, 
which they divided into 60 equal Parts (as an Hour is di- | 


vided into Minutes, or minute Parts); by which the ſmall 
Members are proportioned. Perhaps, 48 would have been 
a better Divifion; the ſmall Fillets, which are but one 


Minute, being too ſmall for the adjoining Members: The 


Dorians took but half the Diameter for their Module, 
which they divided into 30 Parts; ſo that their Minutes 
| Ns | + 
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have the ſame tion to the Diameter; the other is 
an uſeleſs diſtinction, to adhere to, at this time. 
The Proceſs, for making a Scale of a Module into Mi- 
nutes, is the fame as intq hundredth Parts (Prob. 2.); the 
Integer (which is no fixed Meaſure, but infinitely variable) 
being divided into ſix only, as the other into ten equal Parts. 


AB is the meaſure given, for a Module; being the Dia- 
meter of the Columns, proportioned to the Drawing you 
are about to make. | 


Repeat the meaſure of AB as often as is neceſſary, at 
diſcretion; and at the two Extremes, draw A2 and DE 
perpendicular; take ten Diviſions on Aa, with any open- 
ing of the Compaſſes; through each of which, draw Lines 
parallel to AD; alſo, draw Bi, and CF, parallel to A2 
and DE. Divide CD into fix equal Parts, and draw E55; 
to which, through all the other Diviſions, draw Lines 

parallel, as in the Figure. So ſhall CD (equal AB) be 
divided into ſixty equal Parts, as required. 


Some make twelve Diviſions on Aa, others but fix ; 
conſequently, CD into five, or ten; but I think theſe 
Diviſions preferable to either; becauſe, the Spaces between 
the diagonal Lines being ten Minutes, every where, we 
are leſs liable to err, in taking the number of Minutes 
wanted; for, by applying to the Line of the Vaits, the 
tens are much eaſier to add (as 10, 20, 30, &c.) thaw 
twelves or ſixes, | The Diviſions are the ſame. 


In laying down and delineating the Plan of a large 
piece of Ground, or Building, it is uſual to take an Inch, 
or leſs, to repreſent ten Feet; a Scale, for which, is made 
the ſame as for Duodecimals (Prob. 3. ); taking but ten 
Diviſtons inftead of twelve, as there, for Inches. The 

 Imaller Parts (Inches) in a * half an Inch, or 
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three-tourths repreſents ten Feet, are ſeldom wanted with 
that accuracy, as to require a Foot ta be divided in leſs 
than fourth parts, 3 Inches each ; which may, neverthe- 
leſs, be done, into any number, by Prob. 1. but thoſe | 
| minutias are gueſſed at. F109 | 


THE LINE OF CHORDS, 
and its Uſe, explained. 


AS the Line of Chords, and its Uſe, is bettet known 
than underſtood; I preſume, a Deſcription of it may not 
dhe deemed unneceſſary. | 


P R O B I. E 1 
| To conſtruct a line of Chords. 


With any Radius at diſcretion, as AC, deferibe the Suk 
ADB, of 90 Degrees; i. e. make ACB a Right angle ; and, 
on the Center, C, with any Radius, AC, draw AEDB;which | 
will be a fourth part of the circumference of a Circle. 

Divide AEDB in nine equal Parts. Firſt, make AD 
equal AC, and divide DB into three equal Parts; AD will 
be equal ſix of thoſe diviſions, each of which will be ten 
Degrees of that Circle. 


Draw the Chord ine AB; in, Sow the extreme A, 
as a Center, transfer all the meaſures on the Ark, to the 
Chord AB, as in the Figure. Each Divifion being ſub- 
divided, into ten, and transfered in the ſame manner, 
AB will then be a Scale for any number of Degrees, from 
one to ninety ; which give a Right angle at C, the Center 
of the Circle, of which, AC is the Radius. 
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Note. This Line of Chords is upon every common Scale, i in 
a Caſe of Inſtruments, for drawing; Hits Uſe is the ſame as the 
Protractor, viz. to meaſure, or lie down any Angle required, 

on a Plane, the number of Degeees, it contains, being known. 


8 applying the Line of Chords to uſe, take 60 Degrees 
from A, on the Line AB, with your Compaſſes; and, 


with that Radius, on any Point, C, of the Line AC (at 


which Point an Angle is required, with that Line, of 
ſome known meaſure) deſcribe the Ark AE DB, cuting AC 
in A; from which Point, ſet off the number of Degrees, 
on the Ark, which is the Meaſure of the Angle required. 
e. g. Suppoſe an Angle of 35 Degrees be wanted, take 
35 Degrees, from the Point A, on the Line of Chords, and 
ſet it off from A to E, draw EC; then, ACE is an = 
of 35 Degrees, 


If an Angle of 60 Degrees were —_—_— make AD | 


equal to the Radius, and draw DC; then is ACD an An- 


gle of bo Degrees. For ADC is an equilateral Triangle, 


whoſe Angles are all equal; and conſequently, the Chord, 
AD, is equal to the Radius, AC, = + P. 12. 4. El. 


If a Right angle be required ; from A, make AB equal 


to the whole Line of Chords of go Degrees, and draw BC, 
which will be perpendicular to AC. 


Thus, may any Angle, leſs than go Degrees, by nadie 


obtained. But, if an obtuſe Angle be wanted, as 105 De- 
grees, with the Line AC, at the Point C having firſt ſet 
off 90 Degrees, from A to B, or 60, to D; take the re- 
mainder, BF, 15 Degrees or DF 45. and draw FC, mak- 
ing the Angle ACF, 105 Degrees, Thus may any Angle 
whatever be deſcribed, 


Or, an obtuſe Angle may be thus taken, at once, if 


there be room on your Paper. 
If an Angle ACF, of 105, or ACH, 125, be required; 

| ſubtra& the number of Degrees from 180, the Sum of 

two Right N the 2 is 757 or 55. 
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Produce AC, towards G; with: the Radius AC, equal : 


AD (i. e. to 60 Degrees, on the Line of Chords) de- 


ſcribe the Ark GHF, and ſet off GF, 75, or GH, 55 De- 


grees, and draw CF, or CH, making the Angle required, 

After the ſame manner an Angle may be meaſured; by. 
deſcribing an Ark, on its Vertex, with the Radius of 60 
Degrees, cuting both Sides; as AE, cuting AC and CE, 


of the Angle ACE; then, the meaſure of the Chord Line, 
AE (applied to AB) ſhews the number of — that 
Angle contains. 


THe reaſon of all which is ſo very obvious, it EDEN | 


no further explanation; but, be ſure that you always 
take your meaſure, or number of Degrees on the Line of 
Chords, begining at the Point A; becauſe, it is evident 
that they are continually diminiſhing, from A to B, al- 

hougli they are equal on the Ark ; for the Diviſions on 


AB are the Chords of each Ark, ſet off from A towards 


B; each, of which, is leſs, i in proportion to the Ark. 
The Chord of 10 Degrees, it is evident, deviates very 
little from a Right line; the Chord of 30 Degrees deviates 
confiderably, and AD, the Chord of 60, ſtill more; for 
the Chord AD, of 60, and the two Chords of 20 make 
a Triangle, AED; of which, it is manifeſt, that, the 


two Sides AE, ED, each of 30 Degrees, are greater than 


Ab, the Chord of 60. (13. 1. El.) 


IF it ſhould be aſked, why 60 Degrees, particularly, is 
alk for Radius, when we begin the Operation of taking 
or deſcribing an Angle, by the Line of Chords? The 


reaſon 1s plain ; becauſe, the Chord of 60 Degrees is al- 


ways equal to the Radius; and, the Side, AD, of the 


equilateral Triangle ADC, is the Side of a regular Hexa- 
gon inſcribed in a Circle, of that Radius; and conſe- 


quently, it is equal to a ſixth Part of the Circumference, 


or 60 Degrees, Hence it is clear, that no other Radius 
can anſwer to that Line of Chords. 
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In conſtructing the Line of Chords, it is neceſſary to 
triſe& an Ark of a Cirele; in order to obtain the Chord, 
or the Ark of ten Degrees, for which no geometrical Pro- 
ceſs is given ; the following, therefore, may be acceptable 
to the young Student, but Þ muſt apprize him, that it is. 


not ſtrictly * obtained; mne Demonſtration 
18 truly ſo, | 


PROBLEM 
Lo triſect an Arch, or Ark of a Circle. 
1 AB is the Portion required to be triſeted, of the 
| 1 Circle ABD. 


If the whole Circle were not given, it would. bs north 
ſary to perfect it; as by Pr. 2. S. 3. 
Through the Center (C) draw AF, indefinite; eming 
the Cireumference at D; to which, draw CE perpendi- 
cular. Draw BF, ſo, that EF he equal to the Diameter of 
the Circle, which will cut the Circumference, at G. | 
DG is equal to a third Part of AB. Draw GH, through 
the Center; and CI parallel to BG. 


8 


' Dear, Becauſe CG is Radius of the Circle, and Ex is i | 
cqual to the Diameter, and ECF a Right angle, CG, || 
EG, and GF are alli equal amongſt themſelves; and | | 1 
the Angle EGC=2GCD (fer GED=GCD). 10. f. Ek. 
But, ACH=GCD(2. 1.); and, EGC (i. e. BGH) + || 
being at the Circumference, its meaſure is half the: Ark 1 
BH, equal HI; for, the Angle HCL is equal BGH, 
which is double GD. - , Pr. 4. 1 EI. [WY 
Wherefore, AH (equal Al) which. meaſures. half the Z || 
Angle BGH, is a 4th Part of the Arch BH; conſe- 
quently a third of AB, Therefore, Al, equal A 
(equal DG) is a third part of AB. 


— — 
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% ARTTHMETICAL. PROBLEMS. 
If the Arch to be triſected be more than a "RN ELY | 
triſect its Complement to 180 Degrees; a 3rd Part taken 


from 60, the remainder is a 3rd Part of the Arch given, | 


Taz following arithmetical Problems are ingenious, 
and may be entertaining to ſome Readers. 


PROBLEM VI. 


The Sides and one Diagonal of a Trapezium being 
given ; to determine the other, arithmetically. 


ABCD is the Trapezium given, the meaſure of whoſe 
Sides and the Diagonal AC are known; to determine BD. 


Square the Diagonal given, and all the Sides. 


Then, to the Square of the Diagonal, add the Sener 
of the oppoſite Sides, ſeverally; from which Sums, ſub- 
tract the Squares of the other Sides, lying on the ſame 
fide of the Diagonal, ſeverally. | 


2nd. Divide half the Remainder of each by the known 
Diagonal, and from it ſubtra& the Sums of both Quotients. 


3rd. Subtract the Square of each Segment of the Dia- 
gonal, from the Square of the adjacent Side, reſpectively; 


the Square roots of the Remainders give the Perpendi- 


culars, which add into one Sum. 


4th. Square the Sum of both; to which, add tlie 1 
of what remained of the Diagonal, in the ſecond ſtep; the 
Square root of that Sum is the other Diagonal ſought. _ 


AB Cb is a Trapezium ; the meaſure of whoſe Sides, 


and of the Diagonal AC, are given. 


Draw the Perpendiculars, DE and BF, and produce the 
latter, indefinite; to which, draw DG perpendicular, 1. e. 
28888 to AC. | 
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PDM. ACO +BCO—ABO=2ACF. And, Ac 
AFa+FcCo+2AFC (4. 2. El.); and BCN BFA 
TFC (20. 1.). Wherefore, AC +BCO=ZAFO | 


.+BFQ+2FCO +2AFC, or AF x FC. 


But, Boa=AFqQ+BFn; conf. ACo +BCo= 


AB, =2FCOE+2AFC. And, AFCqe+FCo= 
ACF (3. 2.); th. AC BC = AB N AC x CF. 
By tlie lame, ACA ADH DCN AC x AE. 


Hence, 2 the and ſtep, we have the Segments AE 5 


and FC, of the Diagonal AC, and conſequently, EF. 


By the 3rd we have BF and DE; for, BF A BC -F C Q; 'E 


and, DEH ADN - AE; 82 the Square roots 
of the remainders give them. 


D being parallel to AC, BG is the Sum of the two | 


Perpendiculars, and DG=EF. But, the Angle BGD is 
right; wherefore, BDQ =BG +DG as; and conſequently, 
the ſquare of the two Perpendiculars, in one Sum, added 


to the ſquare of the intermediate part, EF (eq. DG) of the 


Diagonal AC, the OY root of that FOE "wo 
B, the other, | 


p R O B L E M Vin. 
The three Sides of a Triangle being given; to de- 
termine the Diameters of a circumſcribing and 


of an inſcribed Circle, nn, 


Square the hw Sides, and add elites two into one 


Sum; from which, ſubtract the other, and divide half the 


' remainder by either Side of the two whoſe Squares were 
added together. Square that Quotient; which, ſubtra& 
from the {quare of the other, of the two added. 
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Then, multiply the Side of this laſt, of the 1wo-whoſe 
| Squares were added together, into the Side of that which 
was ſubtracted, and divide that Sum by the Square root 
of the laſt Remainder; the Quotient i 1s the Diameter of 
a Circle which will circumſcribe the given Triangle. 


Let A, B, and C be che three Sides. Square them, and 
| add the ſquare of A to that of B; from which Sum ſub- 
tratt C ſquare, and divide half the remainder by A (or B). 
Square the Quotient, and ſubtract it from the ſquare of 
B (or A). Then, multiply B into C (or A into C) and 
divide the Product by the Square root of the laſt remainder; 
the Quotient is the Diameter ſought. _ | 

If A be 12, B 13, and C 14, the Diameter is 15. 


Let ABC be the Triangle given, in which, draw a Per- 

pendicular to any Side, as BD; which was the laſt Diviſor: 

Let a Circle be circumſcribed (Pr. 4. 4 ); draw A Dia- 
meter, BE, and Join AD. 55 


Dem. AC TBC MAB 1 x CD; ee 
AC BCO ABO SAC XCD (13. 2. El.); Half 
which Sum divided by AC gives CD. 

But, BC =BDoO TCD (20. 1.); wherefore, BC 
CD g BD, the * root of which — BD, 
the Perpendicular, | 

= me Triangles BCD, ABE, are Se: for the An- 
gle at D is right, and BAE is alſo right; 12. 3. El. 
and, the Angle at C=AEB ( 10. 3.) wherefore, BD: AB 
(or BC) :: BC (or AB): BE; and conſequently, BE is 
a fourth Proportional, to BD, AB, and BC; which, 
is the Diameter of a circumſcribing Circle. 


2nd. Having obrained a Perperpendicolar (as BD, 2s 
above) find the Area of the Triangle given; Pr. 3. 6. 

double the Area, and divide that Sum by half the Sum of 
the Sides; the Quotes is the Diameter of an inſcribed 
Circle. QE.F | 
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For, drawing CA, CB, and CD, to the Sides, reſpec - 
tively, as in Fig. 2. being Radii, they are equal; and 
AE ZAF, &c. wherefore, AE x EC+BE x EC+CF x DF 
Sthe Area of the Triangle (Ax. 2. 1.); (which was, the Ra- 
dius multiplied into half the Sum of the Sides), conſe- 
quently, the Area divided by half the Sum of the Sides, 
gives the Radius; and therefore, double of the Area di- 
vided by the ſame, gives the Diameter. 


TRE Area of every Triangle is equal to a ReQangle, on 
Half the Sum of its Sides . into ce Radius of 
a Circle inſcribed. 


PR OB L NM 


The Square, of the Hypothenuſe, of every right- 
angled Triangle, is equal to four Times the Area 
of the Triangle, added to the Square of the Differ- 
ence between the Sides containing the Right angle. 


If the Triangle be Iſoſceles (the Sides, containing the 
Right angle, being equal) it is manifeſt; for the ſquare 
of the Hypothenuſe is equal to two Squares of a 
Side (20. 1. El.); and, the Sides being equal, there is no 
Difference; therefore, four times the Area of the Tri- 
angle is equal to the ſquare of the Hypothenuſe. | 

This is not perfectly explicable, in Numbers; becauſe, 
the Hypothenuſe, in this caſe, is the Diagonal of a Square 
of the Side, which are incommenſurable with each other; 
from a geometrical Conſtruction of it, the thing is ma- 
nifeſt, and evident on inſpection of the Figure; for 
. ACDE, a Square conſtructed on AC, is equal to four 
Triangles, each equal to ABC, which is equal to half 


the Square, on a Side, AB. See Fig. 1. 
- Ce ; 
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1 Let the Sides containing the Right angle be 3 and 4, th 
Hypothenuſe will be 5; the Square of 5 being equal to 
the two ſquares of 3 and 4; for, 94 162 25, the ſquare of 5. 
The Area of the Triangle is 6 (half 3x4) and four 
| 5 times 6 make 24; to which, the ſquare of the Difference, 
5 1, being added, the Sum total is 25, equal to the ſquare 
of the Hypothenuſe, 3 | 


| That this holds in every right angled Triangle is mani- 
| feſt, and evident from inſpection of Fig. 2; although the 
E | meaſures of no other, than as above, can be taken with 


that accuracy as to produce equality, yet near eng to 
give conviction of it. 


On the Hypothenuſe, AG, of the Triangle ABC, con- 

- firu the Square ACDE; and, on the three Sides, CD, 

DE, and AE, Triangles, CFD, DGE, and AEH, ſimi- 

lar to ABC, and alike ſituated on each Side; there will 
be formed the Square GB, having its Side equal to the Dif. 

ference between AB and BC, equal BH; which, with the 

four Triangles, occupy all the Area of the Square ACDE. 


FROM a Conſtruction fomewhat ſimilar; it is evident 
and obvious, that the Square of the Hypothenuſe is equal 
to the two Squares conſtructed on the Sides containing 
the Right angle. | 

The Square ACDE being conftrudted, on the Hos: 
thenuſe, AC, of che right angled Triangle ABC, and the 
two Squares, AG, and CH, on AB and BC, as in the 

Figure; let the Sides, FA and FG, IC and IH, be pro- 
duced, meeting at K and L, forming the Square FKIL. 

The two Rectangles, KB, and BL, are equal; for, 
AB = BG, and CBS BH; and, the four Triangles, AEF, 
ACK, &c. are equal among themſelves, for each is equal 
to half a Rectangle, BK, or BL; and conſequently to the 
Triangle ABC; wherefore, the four Triangles, AEF, Kc. 
are equal to the two Rectangles, AB and BL. =; 


— — NE nnd Ira . 
——— —— 


GEOMETRICAL PROBLEMS. 195 

But, the Square FI is equal to the two Squares, AB 
and BI, added to the two Rectangles, KB and BL. Ax. 2. I. El. 
And it is alſo equal to the Square ACDE, added to the 
four Triangles, AEF, &c. Therefore, the Square ACDE 
(of AC) is equal to the two Squares, A; and BI, of AB 
and BC, as it was affirmed. Ax. 3. 

That the Angle E, of the Square AG will need 
cut FG, a Side of the Square AG; and, that IH, being 
produced, will paſs through the Angle D, of the Square 
AD, is demonſtrated, in Page 60, of the firſt Part; Th. 20. 1. 
in every proportion of the Triangle ABC. | 


Tre Squares FB and BI, being cut by the Square AN, 
of the Hypothenuſe, into five Parts (three Triangles and 
two Trapezia, ABE and CH) they will cover the whole | 
Area of the Square AD. 

For, the Trapezium ABE, and Triangle Cde are com- 
mon to both ; and, the Triangle AEF is congruous with 
ACB, and EaG with abD (Db being drawn perpendi- 
cular to BG); alfo, the Trapezium CI[Hd is congruous 
with Dbcd, which fills all the ſpace of the Square ACDE, 
and conſequently are equal to it, in Area; as it is demon- 
ſtrated in Th. 20. 1. El. 

The two Squares being cut thus, with care, the Parts 


coinciding with the correſponding Figures in the Square 
A will exactly cover it. 


Pp R OB E 


In Parallelograms, the Difference between the Areas 
of thoſe which are about the Diameter 1s equal to 
the Difference of their Baſes, multiplied into the 
Sum of their Altitudes ; ; Or, the Difference of their 


| Altitudes, multiplied into the Sum of their Baſes, 
Cc 2 | 
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In the Parallelogram ABCD, DEFG, and HI are 
about the ſame Diameter, BD; I ſay, the Difference 
between the Parallelograms HI and EG is equal to the 
Difference of their Baſes, HF, FG, or ED, multiplied 
into the Sum of their Altitudes (CP); or, the Diffe- 


rence of their Altitudes, multphed - into the Sum of 
their Baſes, AD. | 


Take EK equal AE, PR HF; draw KL parallel to 
CD, and (through Q_) MN parallel to AD; and draw 
the Perpendicular CR. 

Then, the 3 72 Hl, AO = EO, equal 0G, 
and QG=GL; conſequently, GL=AO. Wherefore, 
if from 3 MF Parallelogram, EG, there be taken 
the leſſer RI, or its equal OP, there is left the Gnomon 
EO, equal to the Difference; > 

But, AQ=QGz; wherefore, the Parallelogram AN= 
the Gnomon EQ; i. e. equal to the Difference between 
HI and EG; alſo, as GL=QG, equal EQ, the Paral- 
lelogram KC is alſo equal to the Gnomon, K, and 
conſequently, to the Parallelogram AN. 

But, KC 1s under the Difference of their Baſes, KD, 
and DC; and, AN is under the Sum of their Baſes; 
AD, and DN. | 

The Area of KC is KD xCR, and AN=AD XNR; 
1, e. the Difference of their Baſes multiplied into the 
Sum of their Altitudes, and the Difference of their Alti- 
tudes multiplied into the Sum of their Baſes; each of 
which, being equal, is equal to the Difference between 
HI and EG, the Parallelograms about the Diameter BD. 


PROBLEM IX. SECTION VII. 


197 

ON a retroſpection of the gth Problem, Sect. 7. I find 
that, as it is there performed, it is applicable to Pentagons, 
or Trapezia, only; as the words, from the two outer Angles, 
will be liable to miſlead the Student, in Figures having 
more Sides; therefore, I think it neceſſary, or not im- 
proper, to give a more general application of it, to Fi- 
gures of other Denominations, as follows. 


I is required, to divide the Heptagon ACF into three 

Parts, which ſhall have the Ratio, each to the other, be- 
tween themſelves, as the Parts of the Side AG, divided 
at P and Q, at diſcretion. 

From the th, Sect. 5. we might conclude, that C and F | 
were the Angles meant, by the two outer Angles, parti- 
cularly C, from the Diagonal AD; EF being parallel to 
DG, neither of them, or both, is implied thereby. 

But, the Line (as there directed) muſt not be drawn 
from either, C or F, in this Figure, but from other 
Points, to be determined; by reducing the Trapezium 

ACBD to a Triangle, AHD, and drawing HI n 
to AD; and KM parallel to DG. 3 

It is the ſame, whether the Triangle DKG, or DLG, 
be taken, equal to the Trapezium DEFG, as the Point M, 
it is evident, will be determined the ſame, by either; 
or by DNG; for, K and L are both in the Right line 
MN, parallel to DG. | | 
Ihe remaining Proceſs is there deſcribed (9. 7.); draw- 
ing IO and MO, through A and G, meeting at O; from 
which Point, Lines drawn through P and Q cuting IM, 
at R and 8, divide the Trapezium AIMG in the Ratio, 
as AG is divided, at P and Q; by means of which, the 


given Figure is divided in the ſame uh by the 
Lines OT and . 
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TO THE RE A D E R. 


7 HEN I undertook to write a Parallel and Cri- 
Y Y tique, on the Engliſh Authors, in Perſpective, 
I was not apprehenſive, then, I could not conceive how 
arduous a taſk I had engaged myſelf in., T have, however, 
this ſatisfaction, that the Authors, then living, have never 
attempted, in any wiſe, to accuſe me of making uncandid 
Remarks on their Productions; and am on good terms, 
now, nor was ever otherwiſe, with one of them, not the 
laſt in merit. Another, a Gentleman. of great literary 
n I am not acquainted with; a third (Noble) an 
ingenious Writer (ſince dead) J knew, and ſent him a 
Copy of the Critique on his Performance, before it was 
worked off. He came to me, on the occaſion, and had 
nothing to alledge againſt the Remarks I had made, of 
any moment, but expreſſed himſelf in theſe Words, as 
near as I can remember; * That he fared as well as 
others; if I gave him a rap on the knuckles in one 
place, I adminiſtered a plaiſter for a Sore, in another;'» 
lo that, after ſome trifling alterations, at his requeſt, 
he could not diſapprove of what I had faid, or impeach 
my Candour. He ſaid, further, © if I ſhould alter it ſo 
as he might wiſh for, and direct, it would be no longer 
a Critique of mine, but an Eulogium of his, on his 
own Work.“ 5 6-5 


— 


TO THE KEADER 


1 | A 7 HEN I undertook to write a Parallel and Cri- 
| tique, on the Engliſh Authors, in Perſpective, 
1 was not apprehenſive, then, I could not conceive how 
arduous a taſk I had engaged myſelf in., I have, however, 
this ſatisfaction, that the Authors, then living, have never 
attempted, in any wiſe, to accuſe me of making uncandid 
Remarks on their Productions; and am on good terms, 
now, nor was ever otherwiſe, with one of them, not the 
laſt in merit. Another, a Gentleman of great literary 
Abilities, I am not acquainted with; a third (Noble) an 
ingenious Writer (ſince dead) I knew, and ſent him a 
Copy of the Critique on his Performance, before it was 


worked off, He came to me, on the occaſion, and had 


nothing to alledge againſt the Remarks I had made, of 
any moment, but expreſſed himſelf in theſe Words, as 
near as I can remember; * That he fared as well as 
others; if I gave him a rap on the knuckles in one 
place, I adminiſtered a plaiſter for a Sore, in another;'» 
lo that, after ſome trifling alterations, at his requeſt, 
ne could not diſapprove of what I had ſaid, or impeach 
my Candour. He ſaid, further, if I ſhould alter it ſo 
as he might wiſh for, and direct, it would be no longer 
a Critique of mine, but an Eulogium of his, on his 
„„ | 6 


_— iN ² dd. 
I ſhould have done the fame by the other two, {till liv- 
Ing, had they lived in London, or near it; but they were 
at too great a diſtance from town; nor did I know where 
the learned Doctor reſided, liens. Nothing on the ſub- 
je& has appeared ſince, that I have heard on, at leaft, 
fave a ſmall Pamphlet, of 79 Pages, in ſmall Octavo; 
which, from the manner of printing, might be com- 
| prized in 40 of theſe, and little more than half of it on 
Perſpective, with three Plates, the ſize of that annexed, 
by Mr. Bradberty ; a Gentleman who has been making a 
figure, for ſome time, in the optical line ; known, by the 
curious, in the ARTS of Deception. From the apparent in- 
ſignificance of the Work, on a curſory view of it, the 
Plates particularly, which are all of a piece with the fam- 
ple here given, I ſhould not have paid it, or the Author, 
ſo much Defference as to take any notice of ſuch a Pro- 
duction, had not the Preface breathed ſuch an Air of 
ſupercilious (what can I call it? not Ignorance, but) 
ſomewhat, bordering on Arrogance; which, giving it 
the moſt favourable conſtruction 1 can, may be termed 
ASSURANCE. | 


Bring, at the time, employed i in reprinting this Work, 

as a new Publication, in two Volumes, and was juſt be- 
gining this ſecond Part, when I firſt ſaw that Perfor- 
| mance, although a ſecond Edition (as it ſays); and con- 
ceived it could not be improper, or deemed impertinent (ex- 
cept by the Author) to point out the merits of ſuch an 
extraordinary Production, in an Addenda to this Work. 
For as I had taken off a large Impreffion of the Appendix 
to my Treatiſe on Perſpective, in which was the Critique 
on the various Authors thereon, it could not be added 
thereto, ſoon; and 'tis pity that ſo much modeſt merit 
ſhould be unnoticed : The Reviewers, I apprehend, have 
noticed and paid the attention due to its merits. I ſhall, 
therefore, make no Apology, for obtruding it on the 
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Public, here; in a Work, the Subject of which has ſo 
near Affinity with Perſpective, the foundation of it, 
which muſt neceſſarily be known, before the other can 
poſſibly be underſtood ; inſomuch that, many Authors 
have made Geometry an Appendage to their Works, as 
being introductory to Perſpective. That it is neceſſary 
to be underſtood is moſt certain, and it is equally fo, in 
many other branches of the Mathematics; yet is never 
touched on, in the Introduction, or made an Appendage to 
Treatiſes on Aſtronomy, Projection of the Sphere, Conic 
Sections, &c. and yet, Geometry is previouſly neceſſary 
to a thorough underſtanding of thoſe Subjects, as well as 
Perſpective; but the Authors, on them, are content to 
refer to Euclid, for proof of what they advance, when it 
is requiſite, in their Demonſtrations ; nor do I conceive 
it neceſſary to do more in a Treatiſe on Perſpective. In 
ſmall Tracts, merely practical, there is no impropriety 
in giving the elementary Principles of practical Geometry; 
as the practice of Perſpective is ſo much dependent on it, 
that, without it, no progreſs can be made therein, being 
the Baſes and Foundation, on which that elegant Super- 
ſtructure, Perſpective, is built. | 


THE Work now before me is entitled, The Prin- 
_ ciples of Perſpe&ive, explained in a genuine Theory, 
and applied in an extenſive Practice; &c.” Surely, Mr. 

| Bradberry was diſpoſed to make a jeſt of it; if I thought 
he was ſerious, I would tell him, -that his application of 
it is ſo very trivial, *tis ſcarcely poſſible for any other 
Perſon to practice from it, at all, without other, and bet- 
ter afſiſtance.“ with the conſtruction and uſes of all 
ſuch Inſtruments as are ſubſervient to the purpoſes of 
this Science.” The whole of which is a Parallel ruler, 
and a reticulated Frame, :pplied to Drawing, and taking 
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| Views; one of them well known, to every Draughtſ- 

| man ; the other has been ſufficiently deſcribed, by others 

YT long ago, and, by ſome of them, much better. | 

| In his Preface, he ſays; No mathematical ſcience 

TT requires a Theory more than Perſpective, and perhaps no 
one has been leſs attended with it in publications of this 
kind.” * The laſt Sentence is literally true, laying em- 

phaſis on this, nor has he deviated from the reſt, that 1 

can ſee; for, ſurely, Mr. Bradberry does not imagine, 
that HE has remedied that defect, in other Works, of the 
kind. The complex manner+ in which ſome Authors 
have treated the theoretical part has not been fatisfaQory 


to me;” probably ſo, nor to many more; who can help that? 


** I had no intention to cavil at, nor do I mean to criticiſe 
on Mr. Bradberry's literary Abilities, which are conſpicuous 
in this Work; but, there is ſomething ſo remarkable in the ſyn- 
tax, and grammatical conſtruction of this firſt Sentence, that I 
cannot but take notice of it. The whole Sentence is divided, 
by a comma, into two parts; the firſt is ridiculous and ab- 
ſurd. What kind of Science is that, which has no Theory? 
the term SciEx ck, I think, implies Theory. Is not all Science 
| ſpeculative? How then can a Science exiſt without Theory ? 
| But many Arts may be, and are practiced, without knowing 
the Theory of the Art; as is moſt notorious in the uſe and 
application of Numbers, which are ſo generally known. 
Rut, the ſecond part of the Sentence is what I moſt admire; 
which ſhould have had another diviſion, cuting off the ablative 
part, in publications of this kind, It is hard to ſay, whether or no 
there was Deſign in this. What Mr. Bradberry meant is, in 
my opinion, complete without it; changing the Conjunction and, 
for yet; and attended with it, for illuſtrated thereby. But, if he 
meant the ablative Sentence to expreſs what it really does, why, 
I think him remarkably candid; for I do readily acquieſce with 
him, that no Publication ever was leſs attended with Theory 
(where it was requiſite) than ſuch as his. What elſe it im- 
' - - plies, I cannot diſcover; 'tis in no wife neceſſary, to enforce 
or elucidate the foregoing ; of what kind, then, can he mean? 
| Publications on Perſpective would be worſe than Tautology, it 
IF | would be, literally, moſt abſurd ; for ſurely, Publications on other 
| Subjects have nothing to do with a Theory on Perſpective. 


+ I preſume, he means rather, the perplexed manner. 


AN AD = 
But why, I aſk? what ſatisfaction does Mr. Bradberry 
require? Is the defe in the Theory given, or elſewhere? 
for JI can aſſure him, that Perſpective has. been as co- 
piouſly, fully, and as fatisfaQtorily treated as any Science, 
whatever; and as ſimply (for, Perſpective is by no means 
an abſtruſe Science) nor is any other more capable of 
the ſtricteſt Demonſtration, and particularly, of thoſe 
which are optical. | | : 
\ , Obſerve what follows. And as many. others are of 
my way of thinking, I here prefent them with a Theory 
of Perſpective, which appears to me the moſt genuine, 
natural, and perſpicuous that poſſibly can be;” That 
may be; who can anſwer for, or object to its appearing 
ſo to him? but I think it will do ſo to none elſe; For, 
L apprehend that, thoſe who know what Theory is, and 
look for it in Mr. Bradberry's Work, will look for it 
in vain. Again; “ as it conſiſts of the feweſt, and thoſe 
the moſt fimple principles.“ Is it poſſible he can imagine, 
that this paltry Diagram (a very lame and imperfe& Copy 
from Kirby's 53rd Figure; made more general in the 
54th and 55th, and perfected in the 5th) contains the 
whole Theory of Perſpective? all his Theory it may, I | 
grant. A Novice, in Perſpective, might be led to ima- 
gine, that Mr. Bradberry had diſcovered ſome defe& in 
Brock Taylor's Principles; or, that he had found out 
ſome new ones, by which, the Proceſs might be facili- 
tated, and, the whole comprized in leſs compaſs ; in the 
proportion of his Work, to Dr. Taylor's. But I cannot 
find that he has made any new diſcovery, or the leaſt 
ſhadow of improvement in it; but greatly diſparaged the 
Science, and Art of Perſpectiye, in what he has done, 
And yet, 1 muſt ſay, that he ſeems to underſtand the 
Subject better than Ferguſon; whoſe Treatiſe on Perſpec- 
tive, though more elaborate and ftriking, to ſight, than 
this, 1s, of all other, the 52 puerile; and (ſave this) 
285 1d 3 5 
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the moſt contemptible production, on i lee, that 
has ever been expoſed to public view. 

The following Paragraph is curious, and the moſt ex- 
traordinary of all. The application of this Theory 
to practice, in the common way, is ſo eaſy and natural, 
that I think what is here ſaid may ſutfice for the pur- 
peſe;” Is it poſſible for any Perſon to be ſo partial to 
his own productions and talents, as, by the magic of ſix 
lines, about “ the motion of a point, and a viſual ray 
proceeding from it to the eye,“ to make any one elſe 
apply them to practice? What is meant by the common 
2way is only to be underſtood by himſelf. But, as there 
are many important particulars relative to the Theory and 
Practice of Perſpective not touched upon in treatiſes of 
this ſort, I have added as much on that head as I Judged * 
was neceſſary to give the ſtudent of the Polite Arts as 
juſt a notion of this ſcience as it deſerves, and as he 
ought to conceive of it.” On what Head can he mean? 
Was ever the like of this publiſhed before? it exceds 
all I have ever read, or heard of. 1. ſhould be glad to 
know what thoſe important particulars are, which have 
not been touched on by others, in Treatiſes of his fort; 
*tis, indeed, true enough, for none are to be found here, 
of any importance at all. It is much to be lamented, 
that Perſpective has been fo ill treated, in geheral, as to 
make it ſo little deſerving the notice of Students in the 
- Polite Arts, particularly; and juſily may it be faid, if 


what Mr. Bradberry has publiſhed thereon be all that was 4 


neceſſary, to give them as juſt notions of the Science as 
it deſerves. But, ſurely, not as they ought to conceive of 
it; for, I think they ought to conceive more highly of 
Perſpective than, in general, they do; and apply them- 
ſeives, more aſſiduouſſy, to the ſtudy of it, before they 
give too free ſcope to their volatile genius ; by which, 

t might be _— within due bounds, and without being 


N 
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ſhackled thereby, or tied down to Rule and Compaſs, 


in their Defigns ; their Judgment being corrected, by juſt 
notions, and a competent knowledge of Perſpective, 
though but in rationale; would prevent their runing into 
palpable and groſs abſurdities, in their Compoſitions ; 
which they cannot account for, and reconcile to Reaſon, 
nor know how to corre&; and therefore, they lay the 
whole blame on Perſpective, of which they have got a 


little ſmattering ; juſt ſufficient to make them deſpiſe and 
light its Rules, and treat that entertaining Science, and 


moſt valuable Art, the foundation of their own, with 
ſupercilious Contempt. | 

« Genius and inclination for a particular ſtudy may, by 
labour and aſſiduity, ſurmount many dificulties ; yet to 


— 


remove impediments from the path of ſcience i is a grate- 
ful taſk, and genius will feel and acknowledge the obli- 


gation; for thoſe who are molt capable of profiting by 
inſtruction are generally the moſt ſenſible of its value.“ 


Doubtleſs; but, 1 apprehend, few will profit from his la- 


bours, in Perſpective, though truly Herculean, in re- 


moving Impedi ments from the path of Science ; which, 


with him, is a grateful taſk, being ſo able to encounter 


every difficulty of the kind, and ſo well diſpoſed to the 


undertaking. Real Genius muſt, and ever will acknow- 
ledge how much the fine Arts are indebted to Mr. Brad- 


verry for his generous affiſtance, in lending his able hand, 


to facilitate their Studies; the Obligation can never be 


ſufficiently acknowledged. 
{© have (he ſays) purpoſely avoided all kind of pro- 
Iixity,”* (of difficulty rather) “ and ſtudied one point 


only here, f viz. to make the way to ſcience as eaſy and 


— 


hs There are different degrees of 1 it, but I never, before, heard 
of different #inds of Prolixity. 


1 As nee ; to get Money, by W means; no matter how. 
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conciſe as poſſible, and with the leaſt expence of money 
and time.” Yet, notwithſtanding his precautions, he has 


not, though with much Apparatus, of a perſpective Priſm, 


(a ridiculous term) a Viſual ray, and the 1Maginary mo- 


tion of a Point; &c. communicated, and given ſo clear 
an Idea of what he intended, and that partially, as may 


be done generally, and more intelligibly conveyed, by 


imagining a Plane to paſs through any Right line, in 


an Object any how ſituated, and the Eye; which, cuting 
another Plane (the Picture) interpoſed, their interſection 
is the indefinite repreſentation of that Line, thereon ; nor 
can the geneſis of a Right line on the Picture, be better 
and eafier conceived, by a multiplicity of words and much 
circumlocution ; the finite Line is determined by a Viſual 
ray from each extreme of the original; not its Seat, 
but the perſpective repreſentation of the Line. 

Is this to pave the way to SCIENCE? and with the leaſt 
expence of Time and Money; I fear both will be thrown 


away, loſt, to thoſe who purchaſe this Production, and 
determine to ſtudy it, 'till they acquire a competent 


knowledge of Perſpective, either in Theory or Practice. 


1 applaud his Gratitude to a Generous Public (in the fol- 


lowing) for the ſupport they afforded him, in his. © Ex- 


Hibitions, of Optical and Philoſophical Effects,“ and his 
inſtructive Lectures; I would adviſe him to exert and 


employ al! his great talents on tat Work, which "Tnovu- 


 $ANDs are ſo anxious for; and not let that future Day 


be too remote; by which, the generous Public may (per- 
haps for ever) be deprived of the pleaſure and ſatisfac- 
tion, which muſt: reſult from the moſt wonderful and 


beautiful effects (of his Art) that has hitherto appeared 


in Optics, ſuch as have never been thought of by any 


| perſon but himſelf ;” with what confidence he aſſerts what 


tis not poſſible for him to know. What a loſs to the World, 
for ever, ſhould he be called hence, before it be perfected, 
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His modeſty is commendable, in not requiring any ad- 
vance on it, from the Subſcribers. I adviſe him not 


to be too nice, in that reſpect, having experienced, to 


my coſt, the ill effects of a generous Credulity ; ima- 
gining that the Bubble, called Honour, was a ſufficient 
Pledge ;. well-a-day ! that's as eaſily broke as a bubble 
of AW - | . 


| I 94vr, now, followed Mr. Bradberry entirely through 
his Preface ; which is, indeed, genuine, and truly ori- 


ginal. Next, I proceed with © The Genuine Theory of 


Perſpective, demonſtrated from its firſt Principles.“ 
Firſt, then, I meant to examine his Definitions ; as 

his Theory is genuine, one might reaſonably expe& ſome 

new Terms to be defined. But, fo far from that, I can 


find ſcarce any; a new and genuine Theory of Perſpec- 


tive, almoſt without Definitions of the Terms made uſe 


of; and without one Axiom to ſupport the Theory. 


However, he defines Perſpective to be the art of de- 
| lineating on a plain ſurface the appearance of objects, 
ſuch as they have upon a plate of glaſs, placed between 
the eye and any object we look at, when the eye is placed 
at a given diſtance from the glaſs.” | ſhall paſs over the 
ſenſe, and literal conſtruction of this Definition, ſuch as 
appearance of objects, upon a plate of glaſs, which would 
lead me into an extent that would be endleſs; and which, 


[ have not, at this time, either leiſure or inélination for. 


How greatly defective, and inadequate, this Definition 
of Perſpective is, ſhall be made evident. I ſhould imagine 
that, from Mr. Bradberry's optical ſtudies, he muſt, or 
ought to know, that the perſpective delineation of an 
Object is not its appearance; nor have Objects any Ap- 


pearance on, or upon, a plate of Glaſs interpoſed ; but, 


that a repreſentation, or apparent figure of the Obje& 
traced thereon, will communicate and convey: an Idea 


. 
j 
4 
W 
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of the Object to the ſenſorium, or ſeat of Viſion, ſuch 
as it appears to the Eye, at a determined diſtance and 
poſition, or Point of view, in reſpect of the Object and 
of its Repreſentation, The Eye being placed at a given 
diſtance from the Glaſs is vague and undeterminate; as 
giving latitude for its being either higher or lower, to the 
right hand or to the left, to any diſtance, all around, 
from the only true point, which is invariable. 

I find, ſcattered, here and there, without order, or 
form of Definitions, ſome few Terms explained; as, in 
the next Paragraph he ſays, ** the point in which a viſual 
ray tranſits the tranſparent plane * is that which we call 
the place or ſeat of that point upon the perſpective plane. 
This is exceptionable, and we call it wrong; but, in a 
genuine Theory, who ſhall judge of the propriety, or 


preſcribe rules for the Author; who may call it what he | 


pleafes. I can only aſſure Mr. Bradberry that it has not 


' uſually been fo called, by other Authors; it is the per- 


ſpective place, or repreſentation of the Point thereon. 


5 The Seat of a Point, out of a Plane, is where a Perpen- 


dicular from the Point to the Plane cuts it, invariable; 


the other is nine variable, dependent on the SC 


of the Eye. 
« But this doctrine of the ſeat of a point, a line, a * 
perficies, and a ſolid muſt be demonſtrated by proper dia- 
grams, that it may become eaſy and perſpicuous;” they 
ſhould be ſo; but, that they 1 is rather arbitrary, and 
cannot always be enforced, as is the caſe here. What 
fulſome pompoſity is in this Jdofrine, &c. This me- 
thod conſiſts in the conſtruction of a perſpective priſm, 
and its interſection by the perſpective plane; ſection by, 


* 


* To tranfit a Plane is to paſs by or over it, not (as here 
meant) through the Plane; as a Planet is faid to tranſit the 
Sun's * an apparent laue, when 1 it 85 over the Diſk. 
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it ſhould be, or interſection 21th the perſpective Plane. 
Ibis perſpective Priſm of the Author's is, 1 believe, ge- 
nuine. The baſe of the priſm IGMK is the ground 
plane, in which all objects in the plane of the horizon 
are conſidered, and their perſpective ſeats determined in 
the plane AC,” That is, the Baſes of ſuch Objects as 
ſtand on the Ground ; their perſpectiye Seats determined 
in the Plane AC is abſurd, and as erroneous as of a Point. 

« The vertex Y of the priſm is the place or pofition® of 
the eye as its given diſtance Yy from the perſpective 
plane, which is here ſuppoſed to be poſited direct before 
the eye, or at right angles to the priſm,” It is very diffi- 
cult to conceive either, from this Diagram, which has 
more the appearance of the Vanes, or Sails of a Wind- 
mill, ſeen obliquely; but ſurely, the Plane of projection, 
that is, the Picture, may he direct before the Eye, when 
the per ſpettive Priſm is very oblique to it, as well as per- 
pendicular thereto. The term Vertex is not applicable 
to Priſms, but to Cones and Pyramids; it is here, ſimply, 
the Vertex of a Triangle (G VI) one of the Baſes of the 
Priſm; for, what he calls its Baſe is not ſo, properly. 
56" is part of the plane AD, which ſtands on the 
ground, is called the ground line; I ſhould have ſaid, the 
Line in which it cuts the Ground; „ the point 0 is cal» 
led the point of fight ; and the line EyF (parallel to AD) 
the horizontal line.“ y is not the Point of Sight, but T, 
the Vertex of his Priſm ; the other is (according to Dr. 
B. Taylor) the Center of the Picture. Theſe are all 1 


* 
4 5 1 = 


* The Eye, conſidered as a Point, merely, has. uo Poſition, 


+ Where is che propriety of puting y in a Parentheſis, as hers? 
o leave it out in reading the Sentence (as, the point is called 
the point of ſight) what Point is not determined: This, I obſerve, . 
uh frequently done, in this Work; yet, the n. F, N 
might be within Parentheſes, 18 nt „ | 
| e 


F , AD e K. 

can find which can be called Definitions. The hori- 
zontal Line, and the Ground line, are certainly as he 

calls them; but, the former is arbitrarily fo, he gives no 

reaſon why it is ſo called, as is reaſonable to expect. 

This very extraordinary Plate” contains the whole of 
Mr. Bradberry's Theory, and indeed, of his Practice too; 
for the firſt Figure, in this Plate (No. 3.) is taken fiom 
the ſecond of his, and the ſmall ones (No. 10. & 11.) from 

. the zrd; ſo that, here is the largeſt half of his three Plates, 
VE | in this one, which contains multum in paso; as, in 
| it is comprized a genuine Theory of Perſpective, ex- 
| * plained and demonſtrated from its firſt Principles (it is 
1 difficult to find out what thoſe Principles are) and ap- 
plied in an extenſive Practice (without ever riſing out of, 
or above the Ground plane, a groveling Practice); which 
are almoſt ſecure from Criticiſm, they are below it. I am 
aſtoniſhed, that any Perſon can have the effrontery and 
_ aſſurance, as, with ſuch confined talents for ſcientific ſpe- 
culations, apparently, and xo genius in the Art of Deli- 
neation, ſhould attempt to impoſe on the Public an oſten- 
tatious diſplay of Knowledge, on a Subject which requires 
both. Had his perſpective Priſm (as he calls it) been 
better deviſed, or more judiciouſly copied, from Kirby's, 
ſomething might be deduced from it, where there was a 
Capacity for the undertaking ; but in this Work (alas 
poor Yorick) others may find out, by it, what I cannot; 
and yet, extenſive as it is, I think I ſee, in it, all that the 
pompous Author of it aimed at, which is little enough. 

In the firſt place, I think he intended, that his perſpec- 
tive Priſm ſhould be an equilateral triangular one (but it 
does not appear fo) or Iſoſceles; one Face horizontal, and 
its length parallel to the Plane it is projected on, but very 
oblique to ſight; and, the perſpective Plane cuting it per- 
pendicularly. J would aſk Mr. Bradberry, whether, a 
this caſe, the two horizontal Lines, IG and KM, of the 


: 
} 
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Ends, or Baſes, are not parallel Lines, and parallel to 
the Ground line, AD (the part of the perſpective Plane 
which ſtands on the ground) which are perpendicular to 
the Plane they are projected on, and conſequently vaniſh in 
its Center; and how they can have parallel repreſenta». 
tions here, with the Line CB, alſo? Seeing that, they 
are confidered as receding, directly, from the Picture, or 
Plane of projection. And as OQRT is ſuppoſed to be 
a Square, whether, in this caſe, the two Sides OT and 
QR ſhould be equal, and the other two (OQ and RT) 
alſo equal and parallel Lines, and longer than the other, 
which are parallel to the Picture? I think, that, as a 
perſpective appearance of the whole Apparatus was aimed 
at, theſe things ſhould nt be ſo. | 
I would alſo aſk him, if yX and yZ ſhould- be * : 
kere, as in Fig. 2? And if he means that they ſhould be 
each greater than Yy, the geometrical Diſtance? For I - 
am inclined to think they ſhauld not; he'll excuſe a No- 
vice; if I am not clear in theſe matters, I ſhould be glad 
to be better informed. I alſo imagined, that the diago- 
ral Lines, OX and QZ; on the perſpective Plane, would 
cut the Radials, Oy and Q y, in the ſame Points where 
the Viſual rays yR and y T tranſits it; that is, at r and :; 
but, as they do not concur in thofe Points, I am at a 
loſs to find out, by what means r and 2, the Sears of R 
and T (as he calls them) on the perſpective Plane, are 
determined.“ There are various ways of doing it, I 
imagine; but as there is no appearance of any other, 
kere, I ſhould expect to have found a perfect coindidence, 
between OX and the Viſual ray YR, in the Point r, | 
which is (as L apprehend) n meant to n. the Angle 
RK, of the Square aH | 


R — — N 
el e — * 
ye * 


* — 


4 ad — 


3 This is a Ju and correct Copy of Mr. Bradberry* 8 Dd 
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As Mr, Bradberry has made the Science of Optics his 
peculiar Study; I mean, ſome Deceptions in Optics his 
Profeſſion, ſo long, it cannot be unreaſonable to ſuppoſe 
that he is thoroughly acquainted with the Subject he has 
attempted here, or, why did he attempt to inform others ? 
Thoſe things may be mathematically demonſtrated ; then 
ſurely, they ought by no means to be diſpenſed with, in 
this Diagram, which contains his whole genuine Theory, 
the moſt perſpicuous that can pee bly be, as well as ge- 
nuine, and natural. Genuine it is, though not original; 
and it may appear to him, the moſt perſpicuous poſſible ; ; 
I apprehend to none beſide. And yet, he has taken no 
\ ſmall pains to appear well verſed in Perſpective, i in Theory 
at leaſt; and uſes the term SciExck as familiarly, on 
every unneceſſary occaſion, as if he meant to infi inuate, 
that he is compictely qualified to inveſtigate the Subject 
ſcientifically, or, in ſome degree, mathematically. He 
has, indeed, diſplayed ſome knowledge in the doctrine 
of Proportion ; and ſpeaks of ſimilar Triangles with a 
degree of familiarity, indicating a thorough acquaintance 
_ therewith. But whether he has or not, I do aſſure him, | 
that, that Doctrine is very eſſential in Perſpective; to un- 
derſtand it clearly, without a tolerable knowledge of fimi- 
lar Triangles is not poſſible; 'tis the Eſſence of Perſpec- 
tive, both in Theory and Practice. 

But, I do not ſee the uſe, or neceſſity for conſtructing 
the fimilar Triangles QZ O, QZ V (Fig. 1 and 2) by mak- 
ing OV equal to yZ, the diſtance of the Eye (See Page 20) 
ſeeing that, the Triangles already formed, QTO, yTZ 

(of which he ſays nothing) do all that was wanted, effec- 
tually, without any other; nor can fuller Demonſtration 
be given than is deducible from them. For ſince, by 
them, OT: Ty::QO:5Z; conſequently, OT: Oy, i. e. to 
OT+ Ty,::QO:QO+zZ (equal QV). In plain Words, 
TI" the N O7 (of ad of OT, has 


5 Theory, would aſk him, if no other Writer, on Per 
ſpective, has done the ſame thing, as clearly, and far 
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that proportion to the whole indefinite repreſentation, 


O), as QO, equal OT or ſhould be) has to OT added 


to the diſtance of the Picture, or perſpective Plane, equal 


Q. by his unneceſſary Conſtruction; in which, he 


takes no notice of VZ being equal to O y, though an 
eſſential requiſite i in his Demonſtration. As to the poſi- 
tion of the whole, being horizontal, it is of no conſes 
quence ; becauſe 'tis all the ſame, being vertical, or other- 


wile poſited. As this is the whole of Mr. Bradberry's 


more ſatisfactorily before? or if he imagines that there 
is any thing either original or novel, in what he has done? 


I muſt here beg his pardon for having faid he gives no 
reaſon for calling EF the horizontal line; for, in another 
ſhort Paragraph, at the diſtance of four Pages, a reaſon 
is given, in theſe words, It is manifeſt that any ling 


QO, however large at the perſpective plane, yet removed 


to an indefinite diſtance, viz, to the horizon, will there 
appear in the line EF, paſſing through the point ( y) which 


is therefore called the Horizontal line.” But, why muſt 


it paſs through the point ? is it not enough to be i the 


Point? nor can it go through, while it is in the ground 
plane, at leaſt, nor if it were raiſed out of the ground 
plane; for, the Point y repreſents a Diſtance that is in- 


finite; and therefore, as the Line cannot move beyond 


infinity, conſequently, it cannot appear to be paſſing 
through the point (y); and I am greatly miſtaken if "_ 
be not a Oy reaſon . 


TuS Work is divided into eight Sections or Eb 3 
the firſt of which (the genuine Theory of Perſpective de · 


monſtrated from its firſt Principles) I have examined, 
and find nothing in it which anſwers to that Title, no- 
ting that BY be called genuine, except the motion of 


| 
| 
| 
| 
| 
| 
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a Point be ſo, as applied here, For (as I have already 
obſerved) the Perſpective priſm is by no means genuine; 
and which, of all the Diagrams, J have ever ſeen, cut 
on Copper, is the moſt uncouth and diſtorted; and, ex- 


cept to thoſe who are acquainted with the Subject it re- 


lates to, the moſt unintelligible: I could not, for ſome- 
time, find out what it meant, how then ſhould a novice 


7 2 — . . 
- In the Science. As to the motion of a Point, and Viſual 
ray tracing out the line on the Picture, which repreſents 


the Line it moves in, the Idea is a good one; but. 'tis 
merely ideal, as 1s that of the line OQ moving in the di- 
region of OK and QM, having one extreme always in 


each Line, until it vaniſhes in the point y, but never 


can paſs. through it; yet, although I cannot, at this time, 
refer the Reader to the Author of that Idea, he may take 
it for 'grantec, that it did not originate with Mr, Brad- 
| berry; it is not genuine, and never thought on before, 
by any but himſelf. Probably, it may not have heen 
applied to Perſpective before; and if it never had, the 
Science would not, I am of opinion, be in any reſpe& 
defective, for want of it; for the Subject is not, in the 


leaſt degree, rendered more perfect thereby; it neither 


elucidates the fundamental Principles, nor renders them 
more applicable to practice; as, a Line ever was drawn 


on the plane of the PiQure, by the motion of a Point. 


Tux ſecond Section he calls a Demonſtration of the 
foregoing general Rule of Practical Perſpective, &c. which 
has alſo paſſed examination: But what that general Rule 
is, I am at a loſs to diſcover; for I did not perceive that 
any Rules are there given. On a retroſpeQion, I find 
ſomething like a Rule, in theſe words; All indefinite 


tight lines perpendicular to the ground line of the plane, 


as Od, Pe, Qæ, have their erſpective expreſſed by right 


* 
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lines converging to the point of fight (y) as Oy, Py, Q y,* 
which are called radial lines.” As by the old Authors; 
another Definition, which is grown obſotete, as not ex- 
preſſive, and fignificant of what is meant by them. Lines 
radiating from the Eye only, are, by Dr. B. Taylor, called 
Radials; and, I think, with far more propriety than 
Lines tending to their vaniſhing Point, even though tha: 
raniſhing Point be the center of the Picture; but, who 
ſhall decide when Doctors diſagree, in their Poctrines: 
I ſhall not preſume, being well ſatisfied to take them as 
I find 'em given by ſuch able and learned Men. Nothing 
more having the leaſt appearance of a Rule, either general 
or particular, is to be found in this Section; or elſe- 
where, the fecond being a Demonſtration, only, of the 
foregoing ; which Demonſtration. I have examined, and 
find, that by an unneceſſary conſtruction of ſimilar Tri- 
angles, the Points and : are the feats, on the Perſpec- 
tive plane, of the Points R and T, on the Ground plane; 
yet, no Rule is given for determining thoſe Points, on 
the Picture, practically. „ | 


- = — * * — —— 
. 


Taz third Section of this extraordinary Production is 3 
„The Principles of Scenographic Perſpective explained | 
and demonſtrated.” The Subject of this Section ſeems | 
to be a fair field for critical diſquiſition; but, unfortunely, 4 
the Book 1 have (which was ſhewn me by mere accident) 
is defective there; that whole Section, with part of the 
foregoing, being torn out; and I have not been able to 
meet with another Copy of it; as it is printed for the 


IS 


* — 


* Surely, this is not his general Rule! I think it a very 
partial one; becauſe, not only Lines perpendicular to the 
Ground line; and in the Ground plane, but all which are pa- 
rallel to them, as being perpendicular to the plane of the Pig» 
ture (which is general) wherever ſituated. 
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Author, only, I can't hear . of it at the Bookſellers, 
What he means by Scenographic Perſpective, 1 can't de- 
viſe, which is there explained, I regret the want of its 
information; as | muit have been under a miſtake, hi- 
therto, reſpecting it, having always conſidered the Term 
Scenography as ſynonimous with Perſpective ; or, the 
difference between them is not, to me, very obvious; and 
] I find, that ſcientific Lexicograph ers have the ſame notion 
| | of it; ſome defining one with the other. But, here, it 
ſeems to be a diſtin& part, or branch of Perſpective, only; 
with which I may, probably, be unacquainted, and with 
to be better informed; nor can I be fatisfied until I know 
how this able Author has explained it, and, on what 
its Principles conſiſt; which, doubtleſs, he has rendered 
clear and perſpicuous as poſſibly can be. The loſs is to | 
me the greater, in that, I cannot, at this time, com- 
municate that branch of Perſpective to the Public, and 
my Treatiſe is defective therein; the notion I always had 
of it is, at full, in the ſecond Section of the ſecond 
Book. Page 47; which, without doubt, muſt be very 
erroneous, as Mr. Bradberry has demonſtrated it, on 
Principles in no wife congenial with my conceptions of 
It, as Ron a diſtinct ſpecies, or kind. 


Tas next Section is called the Analyſis of PerſpeAive, 


Having, in the foregoing, given the whole Theory and 
Practice of Perſpective (in which Mr. Bradberry has 
added as much on the head of important particulars, not 
touched upon in Treatiſes of this ſort, as he judged to be 
neceſſary for a student in the Polite Arts, thereby ren- 
dering it copious and full) he is now diſpoſed to enter- 
tain them with. an analization of Perſpective, as by a 
chymical Proceſs, reſolving it into the original and con- 
ſtituent Parts, of which it is compounded; a thing much 
wanted 17 them; who, not ſatisfied with knowing Per- 
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ſpective ſuperficially, from other Works, will be happy 


to find it analized in his; by which they may comprehend 
it clearly and ſatisfactorily, ſeeing into the very Eſſence 
of it, to the bottom. He tells us, © it conſiſts in the 
reſolution of a per ſpecti ve picture into its prototype, or ori- 
ginal component parts, ſo that we may form a juſt idea 
of their ſituations, diſtances, dimenſions, &c.“ and, that 
« The firſt ſtep to be taken in this preceſs, is to con- 
ſtruct two lines of meaſures” (i. e. Scales) © one for take 


ing the dimenſions, diſtances, &c. of objects upon the 
ground plane, 1 the other for thoſe which have an ele- 


vation above it.” 1 ſhould think one ſufficient for both; 
anſwering, equally, for Plans and Elevations; but, to 


fave trouble, one is fixed upright, the other lies, ren 


on the Ground line, 

The whole of this Chapter, or Section (chic I find, 
comprehends, or contains no very important particulars) 
is, of all the others, ſo futile and inſignificant, as renders 
it beneath my notice; and, as he applies it only to Lines 
parallel and perpendicular to the Picture, and that for 
the moſt obvious and cogent reaſon imaginable, it was 
in no wiſe neceſſary; as, all the Lines, on the Picture, 
whoſe originals are parallel thereto, are, every where, in 
the proportion to one another as the Originals; the 


others are dependant on the Diſtance wholly. It is im- 


poſſible to do juſtice to the merits of this curious Ana- 


lyſis, without quoting and remarking on every Sentence, 
which is unworthy of Cenſure; as I do not conceive any ' 


advantage' to the Reader, or ſatis faction to accrue from it, 
it would be treſpaſſing on his time, to no purpoſe what» 


ever. In one place he ſays, ** if Lines were drawn by 


the edge of a rule from the point (y) to each of thoſe di- 
viſions, they would ſhew in any part of the ground plane, 
or ſide plane, the proper length of any perſpective lines 
Parallel to the ſaid ſcales, and, 27 courſe the form of 
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walks, canals, viſtas, Se. which are perpendicular to the 
| ſaid ſcales.” This is altogether incomprehenſible, that 
| | their forms ſhould be ſhewn by the application of a Ruler, 
or Rule; it muſt be more expreſſive then, than that given, 
In another place, But now to reſolve and meaſure = 
any perallelogram in perſpective parallel to the ground 
| line, &c.” A Parallelogram may be parallel to the Pic- 
ture, but, to the Ground line is not determinate, All 
3 | his Parallelograms are fo, and (to avoid — right 
angled, chiefly Squares. | 
To analize a building, or other object, in any part 
[ of the landſcape, you are to obſerve, that all the ichno- 
.  grapay of it is reſolved and meaſured by the method juſt 
| 6 mentioned; and the RN is determined by mea» 
| ſuring the upright lines thus.” I had not, before this, 
| any conception, what part of a perſpective Draught is 
diſtinguiſhable from the reſt, by the appellation of Sceno- 
graphy, which is here made evident; for, as he uſes the 
| _ - term Ichnography (as being more pompous) for Plans, 
algnd Figures on the Ground plane, he applies Scenogra- 
| phy to Elevations above it; ridiculous! ſo, here is an 
explanation of his third Section; and as to the demonſtra- 
tion of it, it may be very well diſpenſed with. 1 always 
underſtood, before, that Scenography included the whole, 
not applicable to particular parts of a perſpective View, 
| only, a as here. 
The three laſt lines of this 4th Section are worth all 
the foregoing, as having ſome ſenſe, and meaning in 
| | them. Thus birds diminiſh to our view, and appa- 
| rently deſcend towards the horizon, when they fly from 
us in a direction parallel thereto;” and even this is excep- 
tionable; for we may be, and are frequently, ſo ſituated, 
that they will ſeem to aſcend, as they {kim along the ſur- 
face of the Ground, or Water, in a direction parallel to 
| * Horizon, below us; which needs no demonſtiation. = 


* 
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The Analyſe of Perſpective, i in the laſt Section, is ſo 


very puerile, ſo triffing and uſeleſs, as not to deſerve 
further comment on it; being, from its inſignificance, 
below Criticiſm ; otherwiſe, much more might be ſaid, for 


ät is exceptionable in almoſt every part of it. I there- 
fore proceed to the fifth, and laſt Section on which 1 


mean to expatiate, and do honour to, in making remarks 
on it; the ſixth being a Deſcription of * the conſtruc- 
tion and uſe of a Perſpective Table (as he calls it) for 
readily drawing in true Perſpective, &c.” invented by 


Sir Chriſt. Wren, fince, much improved, and perfected 


by our Author; as his, he thinks, admits of the greateſt 


facility and certainty of motion, which is the utmoſt ex- 


cellency of this ſort of inſtruments.” This Inſtrument 
(which he deſcribes in a moſt puerile manner, telling us 
of what materials each part is formed, how fixed or moved, 
like a School boy) is, ſimply, a large double parallel 
Ruler; which he deſcribes, more fully, in the 5th Chapter. 

One Sentence, in this Section, In remark on, as 
my peculiar Province is to detect Error. He ſays (P. 53) 
© ALSO, it is evident, that For the ſame height of the Eye 


Y P, the landjcape will increaſe or decreaſe as the diſtance of 


the Eye from the per ſpeciue plane decreaſes or increaſes.” 
As the whole of this Sentence is in Italics, I apprehend, 


= he meant to have it particularly noticed; J adviſe him, 9 
5 however, in the third edition (if not too late) to reverſe it, 


leaſt his judgment in Optics thould be queſtioned, which 
might hurt him, in the wonderful effects of his optical 
genius, which he has propoſed to produce, ſometime; it 


will be eafily done, by changing the firſt Syllables in the 
dio laſt Words, making them increaſes, and e as 


the Ratio is not reciprocal, but direct. 
But, what has the height of the Eye to do with in⸗ 


creaſing or decreaſing the Landſcape? which, previous to 
this, he ſays, “ will be larger as the height of the Eye is 
5 | | e 8 
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greater, at the ſame Diſtance; and in continuation of the 
foregoing Paſſage ; „Hence, when the eye is at a great 


height, and the diſtance of the plane or table from it very 


ſmall; the perſpective of a given ſquare will be exormouſly 
great, and almoſt of a triangular form.” How ridiculouſly 
abſurd and nugatory 1s all this; the height of the Eye is 


not productive of increaſe of the Objects on the Picture, 
but is the cauſe of diſtorted repreſentations of them, by 


draging out the receding Lines in the Object, too much. 


No Perſon can be ignorant, or inſenſible, that the higher 
the Eye is raiſed, the Horizon of the Landſcape is raiſed, 
in proportion; and conſequently, the Ground is raiſed 


to a greater height, in the Picture; yet, the Objects are 
not larger, but we fee more of them from an Eminence, 
than we can do on a level with them. | 


Tux fifth Chapter 18, as he terms it, * The Mechaniſm 


of Perſpective; or Mechanical Conſtruction of the 


Theory thereof, for a Demonſtration to the Sight.“ 


Which, he tells us, “ is the next thing neceſſary for the 


young deſigner to be acquainted with, and to have often 


before his eyes.” The Man 1s, ſurely, beſide himſelf, 


with his deep ſtudy of Optics; or intoxicated with the 
ſmall ſhare of knowledge he has acquired in that branch 
of it called Perſpective. The Mechaniſm of Perſpective, 
he ſays, ** confiſts in conſtructing, or building up the 
theory of perſpective into a real or material form, that 
the rationale of the ſcience may, as it were, become the 
object of fight, and thereby eaſier conceived by the mind.” 

It is well the ingenious Author has ſo clearly explained 
what the mechaniſm of Perſpective is; as J could never 
have formed an Idea of it elſe. In order to this, it will 
be neceſſary to have a rectangular piece of wood (ma- 
hogany) about twenty four inches long, and fix or eight 
wide; in this, at about ten inches from the end, is to 
be made a dove-tail grove, half an inch deep, and wide; 
and then a frame muſt be made to move or ſlide freely in 
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the ſaid grove, yet ſo as to be always upright or perpen- 


dicular to the ſurface on which it ſtands.” J am at a loſs 


how to ſpeak, or what to ſay of this curious deſcription 


of his Mechaniſm of Perſpective; a material Fabric, con- 


ſtructed of Mahogany, Braſs, Ivory, Horn, Paſtboard, _ 


with Threads, repreſenting Viſual rays ; an Apparatus to 
aſſiſt the Imagination, in contemplating the Theory of 
Perſpective, not the Theory itſelf, which is the Soul of 
the Apparatus, and exiſts without the Body, or mate- 


rial form, I preſume. 


It is not neceſſary, nor is it noffible to point out the 


particular excellence of this Conſtruction, which is lite- 


rally and truly meclianical; Inſtructions for an Arrificer 


how to make it, and of what Materials, as if that were 


material. . Suppoſe the whole Fabric of one kind, of 


Wood (Deal, or Wainſcot; no matter which) or of Paſt- 
board ; is it the Materials or the Form, from which we 
are to gain Information? or, are the dimenſions of the 


parts neceflary thereto? If ſo, he has left us in the dark; 


for, although he is ſo minutely exact in the width and 


depth of the Groove, he has neither given the dimenſions 

of the Frame, which is to ſlide in it, nor told us of what 
materials it muſt be made. The Square OQRT is. to be 
a thin piece of Braſs, having fine holes drilled in the an- 


gles and ſides, to faſten Threads to. Now, I ſhould ima. 


gine, that if good Paper were paſted over the whole Board, 
and Lines drawn on it, forming a Square, having the 
| Threads faſtened at each Angle, &c. by ſmall pins or pegs 
of Wood, in holes made with a fine Awl, the ſame end 


would be anſwered. The Lines GM and IK might alſo 


be drawn on the Paper, without any auxiliary help of 


either Ivory or Paſteboard; but, as the edges of the maha+ 


gany Board form theſe Lines, alſo GI and MK, I don't con- 
ceive that any other are neceſſary, or can be drawn, there. 
All that has been hitherto ſaid relates to the mech: 
nical conſtruction of the theory; but the practical part of 
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perſpective may alſo be proved and confirmed by experi- 


ments made in the ſame machine, with a little variation; 

for which, he ſays; * it ſhould have a round plate of braſs, 
inſtead of the ſtile HY in form of a wire, with a fmall 
hole in the middle, to look through, like a common 


fight vane to quadrants, &c.” It is, I ſuppoſe, abſo- 


Jutely neceſſary to be of Braſs, and round, with the Hole 


zin the middle; yet, I ſhould imagine, that if a piece of 
lin plate, ſquare, and with the Hole ſomewhat on one fide 
were at hand, it might anſwer every purpoſe of the other, 


and full as well; unleſs ornament, rather than utility, 


zs the object aimed at. 


1 am afraid I have quite exhauſted the Patience of the 


Reader, for mine is, I freely own; but one quotation 
more, and J have done; I will follow him no farther, 


* Then if ſeveral pieces of horn (very ſmooth and tranſ- | 
parent) were fitted to the frame AC, ſo as to be taken in 
and out at pleaſure, and upon theſe ſeveral perſpectives 


of objects drawn, as of a chair, table, inſide of a room, 


doors open, &c. Then if theſe are ſucceſſively and op- 
poſitely placed by the ground plane of the original, and 
viewed through the fight vane at V, the prototype and its 
perſpective will be ſcen perfectly to coincide upon the 
plate of horn in every point and part; and conſequentlyß 
the truth of the draught is eſtabliſhed.“ 
Tis very true, ſo it is, if they do coincide; but ſuppoſe 
they ſhould not, what is to be- done? where are your 
Rules, Mr. Bradberry, for making thoſe Perſpectives of 
Chairs and Tables, Doors open, &c. upon the horn? | 
I don't find any in your Book for them, nor for any 
thing but ſquare Figures, on the Ground plane: They 
are, I ſuppoſe, firſt traced on the Horn, from the Origi- 
nal; and, the truth of it is eſtabliſhed by this coincidence, 
as ſeen through the Sight hole from which they were | 
drawn, which! is, with n, Demonstration; of what ? 


- 


lx the foregoing, then, and in the application of a 
double parallel Ruler, io his perſpectiye Table (which, 
I am of opinion, is not ſo applicable to the purpoſe as 
he imagines) with the uſe of Reticulation, applied to 
Drawing and taking Views, deſcribed, confiſts the whole 
of Mr. Bradberry's extenfive Practice; which, he tells us, 
1 is univerſal for all objects remote or near.” So, here 
is a genuine Theory of PerſpeQive (which is the moſt na- 

tural and perſpicuous that poſſibly can be) contained in a 
puerile deſcription of an Apparatus for illuſtration; and ap- 
plied in an extenſive Practice, without any Rules for draw- 


ing, at all, but by mechaniſm; and all this for the in- 


confiderable- price of five Shillings; though embelliſhed 
with three Plates, of Diagrams only, which might, pro- 
bably, coſt him little ſhort of one Guinea; very mode- 
rate indeed. If merely to get Money be not the motive, 
it is ſcarcely poſhble to conceive what inducement any 
perſon could have for publiſhing ſuch a Work; and yet, 
I ſhould not have imagined, that the name of BRADRERRY 
is ſo famed as to depend on that, for the ſale of ſuch a 
Work as this: HE is not a Ferguſon, or a Walker, yet. 
When ſuch mercenary and ſordid motives, added to the 5 
vanity of becoming an Author, are ſo predominant, as 
to ſtimulate Men to publiſh to the World their ili- 
digeſted performances; it is not to be wondered at, 
that the Preſs teems with ſo many and ſuch monſtrous 
Productions. But, how any Man can be affected with 
the empty Vanity of writing on, and publiſhing ſuch Sub- 
jects as he is by no means competent in, and but very 
little converſant with, or has abilities for (as is ſo emi- 
nently conſpicuous in this Eſſay) is moſt ame N 
and entirely beyond my comprehenſion. 
The firſt Figure in the Plate, being wholly practical, 
its meaning is obvious, at one glance. But, 1 am ata. 
Toſs. to deviſe why the large Circle, ſeen obliquely, is 
reticulated wut in n to Squares; as I don't = 
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perſpective may alſo be proved and confirmed by experi- 
meyts made in the ſame machine, with a little variation; 
for which, he ſays, it ſhould have a round plate of braſs, 
inſtead of the ſtile HY in form of a wire, with a ſmall 
hole in the middle, to look through, like a common 
| fight vane to quadrants, &c.” It is, I ſuppoſe, abſo- 
_Jutely neceſſary to be of Braſs, and round, with the Hole 
in the middle; yet, I ſhould imagine, that if a piece of 
tin plate, ſquare, and with the Hole ſomewhat on one ſide 
were at hand, it might anſwer every purpoſe of the other, 
2nd full as well; unleſs ornament, abe than utility, 
* the object aimed at. 

I am afraid I have quite exhauſted the Patience of the 
eder for mine is, I freely own; but one quotation 
more, and ] have done; I will follow him no farther. 
1 Then if ſeveral pieces of horn (very ſmooth and tranſ- 
parent) were fitted to the frame AC, ſo as to be taken in 
and out at pleaſure, and upon theſe ſeveral perſpectives 
of objects drawn, as of a chair, table, inſide of a room, 
doors open, &c. Then if theſe are ſucceſſively and op- 
poſitely placed by the ground plane of the original, and 
viewed through the ſight vane at V, the prototype and its 
perſpective will be ſcen perfectly to coincide upon the 
plate of horn in every point and part; and r | 
the truth of the draught is eſtabliſhed.” | 

Tis very true, ſo it is, if they do coincide; but ſuppoſe 
they ſhould not, what is to be-done? where are your 
Rules, Mr. Bradberry, for making thoſe PerſpeQives of 
Chairs and Tables, Doors open, &c. upon the horn? 
J don't find any in your Book for them, nor for any 
thing but ſquare Figures, on the Ground plane: They 
are, I ſuppoſe, firſt traced on the Horn, from the Origi- 
nal; and, the truth of it is eſtabliſhed by this coincidence, 
as ſeen through the Sight hole from which they were 
drawn, which 3 is, with him, Demonſtration; of what ? 
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"=: I the foregoing, then, and in the application of a 
double parallel Ruler, to his perſpective Table (which, 
I am of opinion, is not ſo applicable to the purpoſe as 
he imagines) with the uſe of Reticulation, applied to 
Drawing and taking Views, deſcribed, confiſts the whole 
of Mr. Bradberry's extenſive Practice; which, he tells us, 
is univerſal for all objects remote or near.” So, here. 
is a genuine Theory of Perſpective (which is the moſt na- 
_ tural and perſpicuous that poſſibly can be) contained in a 
puerile deſcription of an Apparatus for illuſtration ; and ap- 
plied in an extenſive Practice, without any Rules for draw- 
ing, at all, but by mechaniſm; and all this for. the in- 
confiderable price of five Shillings; though embelliſhed 
with three Plates, of Diagrams only, which might, pro- 
bably, coſt him little ſhort of one Guinea; very mode- 
rate indeed. If merely to get Money be not the motive, 
it is ſcarcely poſhble to conceive what inducement any 
perſon could have for publiſhing ſuch a Work; and yet, 
I ſhould not have imagined; that the name of BRADBERRY 
is ſo famed as to depend on that, for the ſale of ſuch a 
Work as this: HE is not a Ferguſon, or a Walker, yet. 
When ſuch mercenary and ſordid motives, added to the 
vanity of becoming an Author, are ſo predominant, as 
to ſtimulate Men to publiſh to the World their ill- 
_ digeſted performances; it is not to be wondered at, 
that the Preſs teems with ſo many and ſuch monſtrous 
Productions. But, how any Man can be affected with 
the empty Vanity of writing on, and publiſhing ſuch Sub- 
jects as he is by no means competent in, and but very 
little converſant with, or has abilities for (as is ſo emi- 
nently conſpicuous in this Eſſay) is moſt vo 
. andentirely beyond my comprehenſion. 
"The firſt Figure in the Plate, being wholly practical, 
its meaning is obvious, at one glance. But, I am at a 
loſs. to deviſe why the large Circle, ſeen obliquely, 13 
reticulated thus, in ane to Squares; as L don't 
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ſee any uſe in it. (It is a juſt copy). Is the diſtance 
GN) which is uſed here, ſuch as Mr. Bradberry approves, 
and would recommend, for drawing theſe Objects, at 
the height y? in which, the indefinite repreſentation 
of Oz, a fide of the Square, is (3X) a perpendicular Line; 
although the original is inclined to the Ground line, AD, 
in an Angle of 45 Degrees; if not, why has he. . 
2 greater diſtance, having room enough on the Plate? 

The ſmall theoretic Figure (10) has ſome glaring imper- 
ſections. Is KH meant for a horizontal Line? What does 
EH, cuting it, mean? and 16, cuting FH? L apprehend, 

that El, in the: Horizontal plane, is meant to, be parallel 
to the bottom line of the Picture, BP; yet they:dprt ap. | 
pear as ſuch; a hint is enough to Mr. Bradbefry. Fig. 11, 
18 intended, L ſuppoſe, to demonſtrate (or to ſhew, at leaſt) 
that the Angle of Incidence of a Ray of light, is equal to 
that made by the reflected Ray; for, unfortunately, I 
have no deſcription of it, in my imperfect Copy. I 
have alſo to lament, that, of the laſt Section (The Princi- 
ples of Spherical Perſpective, demonſtrated) I have no more 
than three Pages, out of ſixteen; ſo that I can ſay nothing 
of it; in which,. he ſeems to diſplay a greater depth of 
Erudition than I ſhould have imagined, from the forego- 
ing ſpecimen; he ſeems to be quite at Home, among the 
Stars. IL can make no better Apology to my Readers for 
the omiſſion, in not extending theſe Strictures to the end 
of the Book; which, 4s the -moſt- en Produc- | 
„ tion, of the Lind, I have ever ſec enn 


There are two coloured ſketches, Ovals (41 Þy 34 Inches) 
Paſted on blank Leaves, by way of Frontiſpiece, intended ſor Views 
of South Bridge Street, and George Street, Edinburgh, merely 
for mow; what elſe Mr. Bradberry could have in view, from 
ſuch paltry Scrawls prefacing his Work, I cannot deviſe, They 
_ ſhew, however, what great /i/tle things may be effected by the 
drawing Apparatus; not by the ſtudy of PerſpeCtive, from his 
Book, as nothing can be done from i it, by Rule. a 
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„„ POST TSCRIPT. 


8 INCE the w 11 of the Ad was s printed off, ſundry impedi- 


ments protracted the publication of this Work; until, by accident, 
turning over ſome ſmall Trafts, and Eſſays, on various ſubjects, 1 
chanced to look into one of Martin's, Optician, on perſpective. On pe- 


ruſing the Title, it immediate) y ſtruck me, to be the ſame with Brad-, 


Ta ry's. I was ſomewhat ſurprized ; but, turning over the leaf, I read 


he knew not how to turn to better account; together with a greek 
Proverb. (in the foregoing Paragraph, that, “ a great Book is a great 


evil;“ and, the latin adage,“ Verbum ſat ſupienti®” (a word to the wiſe) 


and, © an Engliſh genius can ſee Day at a little hole;“ which, Mr. 
3 s modeſty would not ſuffer him to add, to 1 Preface: There 
is ſe me addition of his own. I was amazed; but, on looking further, I 
found the Contents the ſarie, verbatim, and in the ſame order; Martin 


having nine Chapters, Bradberry (omiting the eighth) has hut eight, and 


be calls them Sections; with the Appendix, concerning, the difference be · 
rween optical and perſpective planes; and of the appearances of Objects 


| upon them. The eighth Chapter which Bradberry has omited, wholly, is 
4 Demonſtration that Pei ſpective is only a branch of the ſcience of Op- 


tics, &e; almoſt the principal Section, on which, being ſo famous in 


Optics, he ſhould have deſcanted largely. Why it is omited, I leave the ” 


' 2blic to judge of, I ſhall not . ; though J think it is not very 
difficult to be accounted for, 

Examining further, I found that he had copied the . Work, al- 

moſt verbatim; only, here and there, omiting a ſentence; as, after 


theſe words (in the Preface) * I have purpoſely avoided all kind of P:o-- 


lixity, and ſtudied one Point only, here, as in all my other Mritings; wiz." 
Mr. Bradberry's delicate, bluſhing Modeſty not permitting him to 
Inſert thoſe words; it being, I apprehend, his firſt Eſſay, as an AUTHOR, 
On the only Point ſtudied, I have added a Note (ſee Page 205) which 


this diſcovery has verified, and confirmed; being well infoi med, that | 


he had the unparalled aſſurance to ſolicit and teaze bis Acquaintance to 
ſubſcribe, for the Work, at-the very reaſonable price, of five Shillings; 
the whole Work being, not pirated from, but, a literal Copy of 
Mr, Martin s. I have often heard. alle of Pinging but never of 

EF --. 


** 


| reface, which is alſo, verbatim, in Mr, Bradberry's, he having 
en the laſt Paragraph, of five Lines, only; which tells us, hat 
that work was only the recreation of his (Martin's) leiſure hours, which, 


i 
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| ſuch an one as this, before. What kind of ſentiment and feeling muſt 
ſuch Ven have; and how do ſuch Impoſters deſerve to te treated ? The 
whole of the Letter, and the Diagrams, alſo, being exactly copied, 
without the leaſt variation or tranſpoſition ; no varying the Expreſſions, 5 
to give an appearance of being his own; the very references are by the 
ſame Letters, and every, even the moſt palpable Error truly and faith- 
fully copied. Martin has but one Plate, Bradberry has made three 
of it, without an additional Diagram, of his own, Mr. Martin being 
ſomewhat famous, as an Optician, he imagined (like Mr. Kirby, re 
| ſpecting Hogarth's Line of beauty) that “he could not treat the Sub- 
ject better than 4e has done; and therefore, thought it ſafeſt not to' 

. riſque any thing of his own, but to pubitſh the whole of Martin's tract 
for his, I had given him credit to know ſomething ; but am now well 
convinced, that this wonderful Man knows nothing at all of Perſpective ; 
and, I apprehend, as little of Optics. Poor Ferguſon; I aſk his Manes 
pardon, for rating his abilities, in Perſpective, ſo very low, as to 
put Bradberry in competition with him. Sce Page 203. 

The attentive and critical Reader may think it ſtrange, that, having 
wrote Strictures on all the Engliſh Authors, on Perſpective; and that, 
Martin being in repute, as an Author, on various Sciences, particula. ly 
in Optics; and having treated on Perſpective, as a branch of Optics, 
I ſhoy!d be fo impoſed on, as to criticize, on Bradberry's production, 
as his own, I muft own, that it may ſeem ſomewhat ſtrange; but, 
let them eonſider, that my ſtrictures are on ſuch Authors, only, as 


had wrote Treatiſes on the ſubject, not trifling Eſſays; of which, 


thoſe who have my Appendix (which, has been made public, though 
never ad ve tiſed, ſome years) may be ſatisfied. A! though I had Mar- 
tir's tract by me, When I wrote thoſe Strictures, I thought it fo inſigni- 
ficant a work as to deſerve not four Lines to be ſaid on it, in theſe 
words. „The late, ingenious, Mr. Martin publiſhed a ſmall Eſſay; 
with only one plate, in order to explain the Principles of Perſpective. 
He was a voluminous writer; and therefore, it cannot be expected that 
he ſhould be tho oughly verſed in every Subject; of which, this Eſſay is 
a manifeſt proof. Several other ſmall Tracts, by Painters, and even 
Mathematicians, of yreat repute, as Emerſon, Muller, Ozanam, are 
noticed only in the ſame manner. 


WW. herefore, as I thought ſo igttty of Martin's Tract, at Fug time, ol 
having never ſcen, nor thought of is ſince; tis not ſtrange that it ſhould | 
make fo litt'e impreſſion on my memory, as not to retain any Idea of it, 


a 
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fo long. Nor ſhould I have taken notice of Mr. Bradberry (as the Au- 
thor of it) now, but for the ariogance of the language, in ſundry ex- 
preſſions, and treating it as a ſubject of little conſequence, even to the 
Artiſt; that, I thought 'twas incumbent on me to defend it from the 
obloquy of ſuch pretenders to Science. From Mr. Martin, indeed, 
who was 1n repute, as an Author, and a ſcientific Man, it mizht come 
with a better grace; than from Mr. Bradberry ;. yet, I muſt ſay, that 
the language of that work could not redound to his credit; and, the 
1anner in which he has treated the ſubject eyinces that he was by no 
means competent therein; and therefore, he was highly deſerving of 
cenſure. Moſt probably, had I noticed thoſe paſſoges in the work, 
which are fo very cxceptionable, I ſhould have taken more notice of it, 


then, as being more dangerous from a man of Mr. Martin's known 
abilities. However, I have made him amends, now, for that negle&, 


and have treated him (through Mr. Bradberry) as he deſerves ; 


and, in ſo doing, Ro verified the old n of An two Birds with 
one ſtone. ' 


A quarto Work has been publiſhed, fince the commencement of the 
year 1793, by a Mr. Sheraton, Cabinet-maker, called the Cabinet- 
maker and Upholſterers Drawing Book; which ſeems to intimate its 
being of no uſe to any other; and is, indeed, encouraged chiefly by 
them, Subſcribers for it. A large part of the Book is on Perſpective, 
applied to Furniture, chiefly ; without any improvement propoſed, either 
by rendering the ſubject clearer, or more eaſily applicable, | 

I ſhould not have taken notice of this production, had not the Au- 
thor given ſome glaring proofs of his incompetency, in Perſpective, by 
dogmatically taking up, and endeavouring to ſupport an argument On a 
point which had, long ſince, been debated on, and ſettled ; viz. that 
the repreſentation of a Circle, ſeen obliqueiy, is not a regular Ellipſis; 
and attempts to ſhew, that Mr. Noble (who ſertled that point, with 


| the Critical Reviewers, ſatisfactorily) is under a miſtake ; and for the 


ame reaſon that others have alledged, viz. that the repreſentation of the 
b\ither Semicircle is larger than the other; and ſo, concludes that they 
are not of equal curviture. What ſeems to miſlead this Author (as it 
has done others) is, that the Axes of the Ellipſis are not the repreſen» 
tation is of any Diameters of the Circle; nor the center of one, the cen- 


ter cf the other. It would bo ſtrange if they were, and contra- 


ditto to the principles of PerſpeAive ; but that is no proof that tis 
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a Circle can be ſeen, but when the Eye is perpendicularly over its 
center; and, when the ſection of the Optic cone, by the Picture, is 


curviture, at the extremes of the tranſverſe Axis. Probably, the ſeverat 
writers on Conic ſections have not well conſidered this matter; future 


| | thor's obſervations thereon. Or, that Mr. Sheraton, re-conſiders jt, with 
ledge it, candidly; it would redound more to his credit than to perſiſt 


as acquieſcing in the general concurrence of ſo many ſcientific Men, * 
greater repute in the world of Science. . 


diſtances from each other, it would be a curious and moſt extraerd in: iry 4 


be firſt divided into ten. 


F*®: k % 4 


not a perfect Ellipſis, in every caly and in every ſituation in which 


ſubcontrary ; though, in the former, only, it appears a Circle, in the | 
latter, an Ellipfis. 

But he goes further; and boldly objects to the oblique ſection of a 
Cone, being a true Ellipſis; becauſe, the curviture of a Cone is conti- 
nually various, from the Baſe to the Vertex; and thence imagines, 
that the lower half of the Section muſt be flatter in its cutviture than the 
other, nearer to the Veitex. © A Cone (he ſays, Page $1) is a ſolid 
which terminates to a point at the top; and therefore any ſection᷑ oblique 
to its baſe muſt produce an oval, broader at one end than the other;“ 
not conſidering, that the plane of the Section is more inclined to the ſide 
of the Cone, at the lower end, than at the upper, and occaſions an equal 


writers would do well to reconſider it, and benefit themſelves of this Au- 


attention, before he publiſhes a ſecond Edition; and, if he ſhould find 
himſelf under a ſmall miſtake, that he will not be aſhamed to acknow- 


and pcrſevere in error, though it may not appear quite clear to him; but, 


There are ſome few inaccuracies in this work; n in raking 
Mouldings, for Pediments (Plate 5, fig. 35); in which, the Author, I bh 
ati perſuaded, is ſomewhat miſtaken. Alſo, in the 11th figure, (Pl. 17) 1 | 
there are ſome unneceſſary lines, in order to determine the Vaniſhing lice 7 
of a Plane inclined, obliquely, to both the Horizon and Picture. In | 
Plate 26 (the laſt figure) I apprehend, that the reflected i image of the in- I 7 
clined peſt (a b) ſhould be meaſured from the ſurface of the Water, not 1 
the. Ground; as it would be various, according as the ground i is more or 
leſs above the water. 

If Mr. Sheraton had done . is propoſed, in page 71, to find any ; 
number of mean proportional lines, between two given ones, at equal # 


ro blem, indeed; but he ſhews only, how, by an unneceſſary proc. eſs 
to divide one of · them into nine equal parts from the other, which e te 1 
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